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Preface 1 


PREFACE 


Welcome to Calculus Volume 2, an OpenStax resource. This textbook was written to increase student access to high-quality 
learning materials, maintaining highest standards of academic rigor at little to no cost. 


About OpenStax 


OpenStax is a nonprofit based at Rice University, and it’s our mission to improve student access to education. Our first 
openly licensed college textbook was published in 2012, and our library has since scaled to over 20 books for college and 
AP courses used by hundreds of thousands of students. Our adaptive learning technology, designed to improve learning 
outcomes through personalized educational paths, is being piloted in college courses throughout the country. Through our 
partnerships with philanthropic foundations and our alliance with other educational resource organizations, OpenStax is 
breaking down the most common barriers to learning and empowering students and instructors to succeed. 


About OpenStax's Resources 
Customization 


Calculus Volume 2 is licensed under a Creative Commons Attribution Non-Commercial ShareAlike (CC BY-NC-SA) 
license, which means that you can distribute, remix, and build upon the content, as long as you provide attribution to 
OpenStax and its content contributors. 


Because our books are openly licensed, you are free to use the entire book or pick and choose the sections that are most 
relevant to the needs of your course. Feel free to remix the content by assigning your students certain chapters and sections 
in your syllabus, in the order that you prefer. You can even provide a direct link in your syllabus to the sections in the web 
view of your book. 


Faculty also have the option of creating a customized version of their OpenStax book through the aerSelect platform. 
The custom version can be made available to students in low-cost print or digital form through their campus 
bookstore. Visit your book page on openstax.org for a link to your book on aerSelect. 


Errata 


All OpenStax textbooks undergo a rigorous review process. However, like any professional-grade textbook, errors 
sometimes occur. Since our books are web based, we can make updates periodically when deemed pedagogically necessary. 
If you have a correction to suggest, submit it through the link on your book page on openstax.org. Subject matter experts 
review all errata suggestions. OpenStax is committed to remaining transparent about all updates, so you will also find a list 
of past errata changes on your book page on openstax.org. 


Format 


You can access this textbook for free in web view or PDF through openstax.org, and for a low cost in print. 


About Calculus Volume 2 


Calculus is designed for the typical two- or three-semester general calculus course, incorporating innovative features to 
enhance student learning. The book guides students through the core concepts of calculus and helps them understand 
how those concepts apply to their lives and the world around them. Due to the comprehensive nature of the material, we 
are offering the book in three volumes for flexibility and efficiency. Volume 2 covers integration, differential equations, 
sequences and series, and parametric equations and polar coordinates. 


Coverage and Scope 


Our Calculus Volume 2 textbook adheres to the scope and sequence of most general calculus courses nationwide. We have 
worked to make calculus interesting and accessible to students while maintaining the mathematical rigor inherent in the 
subject. With this objective in mind, the content of the three volumes of Calculus have been developed and arranged to 
provide a logical progression from fundamental to more advanced concepts, building upon what students have already 
learned and emphasizing connections between topics and between theory and applications. The goal of each section is to 
enable students not just to recognize concepts, but work with them in ways that will be useful in later courses and future 
careers. The organization and pedagogical features were developed and vetted with feedback from mathematics educators 
dedicated to the project. 


Volume 1 
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Chapter 1: Functions and Graphs 
Chapter 2: Limits 

Chapter 3: Derivatives 

Chapter 4: Applications of Derivatives 
Chapter 5: Integration 

Chapter 6: Applications of Integration 


Volume 2 
Chapter 1: Integration 


Chapter 2: Applications of Integration 

Chapter 3: Techniques of Integration 

Chapter 4: Introduction to Differential Equations 
Chapter 5: Sequences and Series 

Chapter 6: Power Series 

Chapter 7: Parametric Equations and Polar Coordinates 


Volume 3 
Chapter 1: Parametric Equations and Polar Coordinates 


Chapter 2: Vectors in Space 

Chapter 3: Vector-Valued Functions 

Chapter 4: Differentiation of Functions of Several Variables 

Chapter 5: Multiple Integration 

Chapter 6: Vector Calculus 

Chapter 7: Second-Order Differential Equations 
Pedagogical Foundation 


Throughout Calculus Volume 2 you will find examples and exercises that present classical ideas and techniques as well as 
modern applications and methods. Derivations and explanations are based on years of classroom experience on the part 
of long-time calculus professors, striving for a balance of clarity and rigor that has proven successful with their students. 
Motivational applications cover important topics in probability, biology, ecology, business, and economics, as well as areas 
of physics, chemistry, engineering, and computer science. Student Projects in each chapter give students opportunities to 
explore interesting sidelights in pure and applied mathematics, from showing that the number e is irrational, to calculating 
the center of mass of the Grand Canyon Skywalk or the terminal speed of a skydiver. Chapter Opening Applications 
pose problems that are solved later in the chapter, using the ideas covered in that chapter. Problems include the hydraulic 
force against the Hoover Dam, and the comparison of the relative intensity of two earthquakes. Definitions, Rules, and 
Theorems are highlighted throughout the text, including over 60 Proofs of theorems. 


Assessments That Reinforce Key Concepts 


In-chapter Examples walk students through problems by posing a question, stepping out a solution, and then asking students 
to practice the skill with a “Check Your Learning” component. The book also includes assessments at the end of each 
chapter so students can apply what they’ve learned through practice problems. Many exercises are marked with a [T] to 
indicate they are suitable for solution by technology, including calculators or Computer Algebra Systems (CAS). Answers 
for selected exercises are available in the Answer Key at the back of the book. The book also includes assessments at the 
end of each chapter so students can apply what they’ve learned through practice problems. 


Early or Late Transcendentals 


Calculus Volume 2 is designed to accommodate both Early and Late Transcendental approaches to calculus. Exponential 
and logarithmic functions are presented in Chapter 2. Integration of these functions is covered in Chapters 1 for instructors 
who want to include them with other types of functions. These discussions, however, are in separate sections that can be 
skipped for instructors who prefer to wait until the integral definitions are given before teaching the calculus derivations of 
exponentials and logarithms. 


Comprehensive Art Program 


Our art program is designed to enhance students’ understanding of concepts through clear and effective illustrations, 
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diagrams, and photographs. 


r =/1.2(1.25%) 


Additional Resources 
Student and Instructor Resources 


We’ve compiled additional resources for both students and instructors, including Getting Started Guides, an instructor 
solution manual, and PowerPoint slides. Instructor resources require a verified instructor account, which can be requested 
on your openstax.org log-in. Take advantage of these resources to supplement your OpenStax book. 


Partner Resources 


OpenStax Partners are our allies in the mission to make high-quality learning materials affordable and accessible to students 
and instructors everywhere. Their tools integrate seamlessly with our OpenStax titles at a low cost. To access the partner 
resources for your text, visit your book page on openstax.org. 


About The Authors 


Senior Contributing Authors 


Gilbert Strang, Massachusetts Institute of Technology 

Dr. Strang received his PhD from UCLA in 1959 and has been teaching mathematics at MIT ever since. His Calculus online 
textbook is one of eleven that he has published and is the basis from which our final product has been derived and updated 
for today’s student. Strang is a decorated mathematician and past Rhodes Scholar at Oxford University. 


Edwin “Jed” Herman, University of Wisconsin-Stevens Point 

Dr. Herman earned a BS in Mathematics from Harvey Mudd College in 1985, an MA in Mathematics from UCLA in 
1987, and a PhD in Mathematics from the University of Oregon in 1997. He is currently a Professor at the University of 
Wisconsin-Stevens Point. He has more than 20 years of experience teaching college mathematics, is a student research 
mentor, is experienced in course development/design, and is also an avid board game designer and player. 
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by Carter Brown, Flickr) 


Approximating Areas 

The Definite Integral 

The Fundamental Theorem of Calculus 

Integration Formulas and the Net Change Theorem 
Substitution 

Integrals Involving Exponential and Logarithmic Functions 


Integrals Resulting in Inverse Trigonometric Functions 


Iceboats are a common sight on the lakes of Wisconsin and Minnesota on winter weekends. Iceboats are similar to sailboats, 
but they are fitted with runners, or “skates,” and are designed to run over the ice, rather than on water. Iceboats can move 
very quickly, and many ice boating enthusiasts are drawn to the sport because of the speed. Top iceboat racers can attain 
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speeds up to five times the wind speed. If we know how fast an iceboat is moving, we can use integration to determine how 
far it travels. We revisit this question later in the chapter (see Example 1.27). 


Determining distance from velocity is just one of many applications of integration. In fact, integrals are used in a wide 
variety of mechanical and physical applications. In this chapter, we first introduce the theory behind integration and use 
integrals to calculate areas. From there, we develop the Fundamental Theorem of Calculus, which relates differentiation and 
integration. We then study some basic integration techniques and briefly examine some applications. 


1.1 | Approximating Areas 


Learning Objectives 


1.1.1 Use sigma (summation) notation to calculate sums and powers of integers. 


1.1.2 Use the sum of rectangular areas to approximate the area under a curve. 
1.1.3 Use Riemann sums to approximate area. 


Archimedes was fascinated with calculating the areas of various shapes—in other words, the amount of space enclosed by 
the shape. He used a process that has come to be known as the method of exhaustion, which used smaller and smaller shapes, 
the areas of which could be calculated exactly, to fill an irregular region and thereby obtain closer and closer approximations 
to the total area. In this process, an area bounded by curves is filled with rectangles, triangles, and shapes with exact area 
formulas. These areas are then summed to approximate the area of the curved region. 


In this section, we develop techniques to approximate the area between a curve, defined by a function f(x), and the x-axis 
on a Closed interval [a, b]. Like Archimedes, we first approximate the area under the curve using shapes of known area 


(namely, rectangles). By using smaller and smaller rectangles, we get closer and closer approximations to the area. Taking 
a limit allows us to calculate the exact area under the curve. 


Let’s start by introducing some notation to make the calculations easier. We then consider the case when f(x) is continuous 


and nonnegative. Later in the chapter, we relax some of these restrictions and develop techniques that apply in more general 
cases. 


Sigma (Summation) Notation 


As mentioned, we will use shapes of known area to approximate the area of an irregular region bounded by curves. This 
process often requires adding up long strings of numbers. To make it easier to write down these lengthy sums, we look at 
some new notation here, called sigma notation (also known as summation notation). The Greek capital letter 2, sigma, 


is used to express long sums of values in a compact form. For example, if we want to add all the integers from 1 to 20 
without sigma notation, we have to write 


1424+34+44+5+4+64+74+8+94+104+114+124+134+144+ 154164174 18+ 19+ 20. 
We could probably skip writing a couple of terms and write 
1424+3+4+---+19 +20, 


which is better, but still cumbersome. With sigma notation, we write this sum as 
20 


which is much more compact. 


Typically, sigma notation is presented in the form 


where a; describes the terms to be added, and the i is called the index. Each term is evaluated, then we sum all the values, 


vi 


beginning with the value when i = 1 and ending with the value when i =n. For example, an expression like » s; is 
i=2 
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interpreted as 57 + 53+ 54+ 55 +56 +57. Note that the index is used only to keep track of the terms to be added; it does 


not factor into the calculation of the sum itself. The index is therefore called a dummy variable. We can use any letter we 
like for the index. Typically, mathematicians use i, j, k, m, and n for indices. 


Let’s try a couple of examples of using sigma notation. 


Using Sigma Notation 


a. Write in sigma notation and evaluate the sum of terms 3! for i= 1, 2, 3, 4, 5. 


b. Write the sum in sigma notation: 


Ji,1l,t1,1 
ia? ot 6 * 95 
Solution 
a. Write 


5 
ye 3437432 sates" 
i=1 
= 363. 
b. The denominator of each term is a perfect square. Using sigma notation, this sum can be written as 


5 
Ls 
i=1 


i 
fe 1.1. Write in sigma notation and evaluate the sum of terms 2! for i = 3, 4, 5, 6. 


The properties associated with the summation process are given in the following rule. 


Rule: Properties of Sigma Notation 
Let aj, @,...,d, and by, bo,...,bn represent two sequences of terms and let c be a constant. The following 


properties hold for all positive integers n and for integers m, with 1 <m <n. 


AL. 
n (1.1) 
>) c=nc 
p= il 
2. 
a wg 1.2 
Y cajszcy, a; ( ) 
Sil all 
oh 
n n n 
(1.3) 
» @t+o)= d a;+ b; 
i=1 p= Il Gall 
4. 


x (a,;—b)) = »» = ») b; (1.4) 
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(1.5) 
p= il i=m+1 
Proof 


We prove properties 2. and 3. here, and leave proof of the other properties to the Exercises. 
2. We have 


n 
» Ca; = CA, +Cay+Ca3+°* +CAp 
i=l 
= Ca, +d, +434 + +n) 
n 
=c>) aj. 
i=1 
3. We have 
n 
i=1 


DY Gj tb) = (a, +by) + + bo) + (ay t bs) + + an t bn) 


= (aj +d, +434 + +ay)+(bj +b. 4+b3 4+ +bdn) 


A few more formulas for frequently found functions simplify the summation process further. These are shown in the next 
rule, for sums and powers of integers, and we use them in the next set of examples. 


Rule: Sums and Powers of Integers 
1. The sum of n integers is given by 
n 
» j=1424--tn= Met). 
i=1 
2. The sum of consecutive integers squared is given by 
Yai 224 tn? = NOt Dnt 
6 ; 
f= il 
3. The sum of consecutive integers cubed is given by 
ze 2 2 
» eS aso Oe Gee 
i= 


Evaluation Using Sigma Notation 


Write using sigma notation and evaluate: 


a. The sum of the terms (i — 3)? for 1 = 1, 2,..., 200 
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b. The sum of the terms ( - i?) for i= 1, 2, 3, 4, 5, 6. 


Solution 


a. Multiplying out @ — 3), we can break the expression into three terms. 


200 200 
>) G-3" = } (?-6+9) 
i=l i=l 
200 200 200 
=) P=), ti+),9 
i=1 i=1 i=1 
200 200 200 
=) ?-6) i+ Yi 


i=1 i=1 i=1 


_ 200(200 + 1)(400 + 1) 200(200 + 1) 
. 4 : of | +9(200) 


= 2,686,700 — 120,600 + 1800 
= 2,567,900 
b. Use sigma notation property iv. and the rules for the sum of squared terms and the sum of cubed terms. 


i=l i=1 i=1 


_ 66+)? 66+ D26) +1) 
A 


6 
_ 1764 _ 546 
4 6 
= 350 


fe 1.2 Find the sum of the values of 4+ 37 for i = 1, 2,..., 100. 


Finding the Sum of the Function Values 


Find the sum of the values of f(x) = x° over the integers 1, 2, 3,..., 10. 


Solution 


Using the formula, we have 


3 _ (10)?(10 + 1)? 
a Sara 


_ 100(121) 
~~ 4 


= 3025. 
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20 


1.3 
fe Evaluate the sum indicated by the notation > (2k + 1). 
k=1 


Approximating Area 
Now that we have the necessary notation, we return to the problem at hand: approximating the area under a curve. Let f(x) 
be a continuous, nonnegative function defined on the closed interval [a, b]. We want to approximate the area A bounded by 


f(x) above, the x-axis below, the line x = a on the left, and the line x = b on the right (Figure 1.2). 


y 


Figure 1.2 An area (shaded region) bounded by the curve 
f(x) at top, the x-axis at bottom, the line x = a to the left, and 


the line x = D at right. 


How do we approximate the area under this curve? The approach is a geometric one. By dividing a region into many small 
shapes that have known area formulas, we can sum these areas and obtain a reasonable estimate of the true area. We begin 


by dividing the interval [a, b] into n subintervals of equal width, b 7 4 We do this by selecting equally spaced points 
Xo, X 4. XQ5--45Xy With xy =a, X,=b, and 
Gai =" A 
for 1= 1, 2, 3,...,n. 
We denote the width of each subinterval with the notation Ax, so Ax = b-a and 


X; =X + iAx 


for i= 1, 2, 3,...,n. This notion of dividing an interval [a, b] into subintervals by selecting points from within the interval 


is used quite often in approximating the area under a curve, so let’s define some relevant terminology. 


Definition 
A set of points P = {x;} for i =0, 1, 2,...,n with a = x9 < x) < x9 < +++ <X,=b, which divides the interval 
la, b| into subintervals of the form [x9, x4], [x1, X9l,...,[%,—4, %n] is called a partition of [a, b| If the 


subintervals all have the same width, the set of points forms a regular partition of the interval [a, 5]. 
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We can use this regular partition as the basis of a method for estimating the area under the curve. We next examine two 
methods: the left-endpoint approximation and the right-endpoint approximation. 


Rule: Left-Endpoint Approximation 

On each subinterval [x;_ 1, x;] (for i=1, 2, 3,...,m), construct a rectangle with width Ax and height equal to 
f(x;— 1), which is the function value at the left endpoint of the subinterval. Then the area of this rectangle is 
f(x; )Ax. Adding the areas of all these rectangles, we get an approximate value for A (Figure 1.3). We use the 
notation L,, to denote that this is a left-endpoint approximation of A using n subintervals. 


AL, = f(Xp)Axt f(x )Ax+ + + f(x, — Ax (1.6) 


= ies 


i=) 


oA 


Left 
endpoints 
a=Xp X,-1 D=X, x 


Figure 1.3 In the left-endpoint approximation of area under a 
curve, the height of each rectangle is determined by the function 
value at the left of each subinterval. 


The second method for approximating area under a curve is the right-endpoint approximation. It is almost the same as the 
left-endpoint approximation, but now the heights of the rectangles are determined by the function values at the right of each 
subinterval. 


Rule: Right-Endpoint Approximation 


Construct a rectangle on each subinterval [x;_ 1, x;], only this time the height of the rectangle is determined by the 
function value f(x;) at the right endpoint of the subinterval. Then, the area of each rectangle is f(x;)Ax and the 


approximation for A is given by 


A®Ry = f(x Ax + fxg) Ax + + + fn)Ax (1.7) 


=D f(x)ax. 


i=l 


The notation R,, indicates this is a right-endpoint approximation for A (Figure 1.4). 
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Ya 


Right 
endpoints 


a=X Xn7-1 D=Xp x 


Figure 1.4 In the right-endpoint approximation of area under 
a curve, the height of each rectangle is determined by the 
function value at the right of each subinterval. Note that the 
right-endpoint approximation differs from the left-endpoint 
approximation in Figure 1.3. 


2 
The graphs in Figure 1.5 represent the curve f(x) = ae In graph (a) we divide the region represented by the interval 


[0, 3] into six subintervals, each of width 0.5. Thus, Ax = 0.5. We then form six rectangles by drawing vertical lines 
perpendicular to x;_,, the left endpoint of each subinterval. We determine the height of each rectangle by calculating 
f(x;_ 1) for i= 1, 2, 3, 4,5, 6. The intervals are [0, 0.5} [0.5, 1], [1, 1.5], [1.5, 2] [2, 2.5], [2.5, 3]. We find the area 
of each rectangle by multiplying the height by the width. Then, the sum of the rectangular areas approximates the area 
between f(x) and the x-axis. When the left endpoints are used to calculate height, we have a left-endpoint approximation. 
Thus, 


6 
AR® Le = » f(x; _ PAx = f(xp)Ax + fx PAx + fx V)Ax + frz)Ax + fxq)Ax t+ f(x5)Ax 
i=1 
= f(0)0.5 + f(0.5)0.5 + f(1)0.5 + f(1.5)0.5 + f(2)0.5 + f(2.5)0.5 
= (0)0.5 + (0.125)0.5 + (0.5)0.5 + (1.125)0.5 + (2)0.5 + (3.125)0.5 
= 0+ 0.0625 + 0.25 + 0.5625 + 1 + 1.5625 
= 3.4375. 


yt y = f(x) ys y = f(x) 


_ a 
x 1 2 3 x 
Xo Xy X2 XZ Xq XH OMG Xo Xy X2 XZ Xqy XH OMG 


(a) (b) 
Figure 1.5 Methods of approximating the area under a curve by using (a) the left endpoints 
and (b) the right endpoints. 


In Figure 1.5(b), we draw vertical lines perpendicular to x; such that x; is the right endpoint of each subinterval, and 
calculate f(x;) for i= 1, 2, 3, 4, 5, 6. We multiply each f(x,) by Ax to find the rectangular areas, and then add them. 


This is a right-endpoint approximation of the area under f(x). Thus, 
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6 
Aw®Re = > f(xpAx = fx)Ax + f(x) Ax + f(xz)Ax + f(xQAx t+ flrs)Ax + firgAx 
i=1 


= f(0.5)0.5 + f(1)0.5 + f1.5)0.5 + f(2)0.5 + f(2.5)0.5 + f(3)0.5 
= (0.125)0.5 + (0.5)0.5 + (1.125)0.5 + (2)0.5 + (3.125)0.5 + (4.5)0.5 
= 0.0625 + 0.25 + 0.5625 + 1 + 1.5625 + 2.25 

= 5.6875. 


Example 1.4 


Approximating the Area Under a Curve 


Use both left-endpoint and right-endpoint approximations to approximate the area under the curve of f(x) = x? 


on the interval [0, 2]; use n = 4. 


Solution 
First, divide the interval [0, 2] into n equal subintervals. Using n = 4, Ax = eo = 0.5. This is the width of 


each rectangle. The intervals [0, 0.5], [0.5, 1], [1, 1.5] [1.5, 2] are shown in Figure 1.6. Using a left-endpoint 
approximation, the heights are f(0) = 0, f(0.5) = 0.25, f(1) = 1, fC.5) = 2.25. Then, 


La = fA pAx+ FO p)Axt flrg)Ax + f(x3)Ax 
= 0(0.5) + 0.25(0.5) + 1(0.5) + 2.25(0.5) 
= 1575. 


Figure 1.6 The graph shows the left-endpoint approximation 
of the area under f(x) = x? from 0 to 2. 


The right-endpoint approximation is shown in Figure 1.7. The intervals are the same, Ax = 0.5, but now use 
the right endpoint to calculate the height of the rectangles. We have 
Ry = f(xAx+ f(x) Ax + f(x3)Ax + fxg Ax 
= 0.25(0.5) + 1(0.5) + 2.25(0.5) + 4(0.5) 
= 3.75. 
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0.5 1 15 2. & 
Figure 1.7 The graph shows the right-endpoint approximation 


of the area under f(x) = x? from 0 to 2. 


The left-endpoint approximation is 1.75; the right-endpoint approximation is 3.75. 


fe 1.4 Sketch left-endpoint and right-endpoint approximations for f(x) =1 on [1,2]; use n=4. 


Approximate the area using both methods. 


Looking at Figure 1.5 and the graphs in Example 1.4, we can see that when we use a small number of intervals, neither 
the left-endpoint approximation nor the right-endpoint approximation is a particularly accurate estimate of the area under 
the curve. However, it seems logical that if we increase the number of points in our partition, our estimate of A will improve. 
We will have more rectangles, but each rectangle will be thinner, so we will be able to fit the rectangles to the curve more 
precisely. 

We can demonstrate the improved approximation obtained through smaller intervals with an example. Let’s explore the idea 
of increasing n, first in a left-endpoint approximation with four rectangles, then eight rectangles, and finally 32 rectangles. 
Then, let’s do the same thing in a right-endpoint approximation, using the same sets of intervals, of the same curved region. 
Figure 1.8 shows the area of the region under the curve f(x) = (x — 1)? +4 on the interval [0, 2] using a left-endpoint 


approximation where n = 4. The width of each rectangle is 


Av=2=0-1 


4 2 
The area is approximated by the summed areas of the rectangles, or 


Lg = f(0)0.5) + f(0.5)(0.5) + f(1)(0.5) + fC1.5)0.5 
= 7.5. 


Figure 1.8 With a left-endpoint approximation and dividing 
the region from a to b into four equal intervals, the area under 
the curve is approximately equal to the sum of the areas of the 
rectangles. 
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Figure 1.9 shows the same curve divided into eight subintervals. Comparing the graph with four rectangles in Figure 1.8 
with this graph with eight rectangles, we can see there appears to be less white space under the curve when n = 8. This 


white space is area under the curve we are unable to include using our approximation. The area of the rectangles is 
Lg = f(0)(0.25) + f(0.25)(0.25) + f(0.5)(0.25) + f(0.75)(0.25) 
+f(1)(0.25) + f(1.25)(0.25) + f(1.5)(0.25) + f(1.75)(0.25) 
= 11D: 


a/= Xo X1 Xo X3 X4 Xs Xe X7 D=Xg_xX 


Figure 1.9 The region under the curve is divided into n = 8 


rectangular areas of equal width for a left-endpoint 
approximation. 


The graph in Figure 1.10 shows the same function with 32 rectangles inscribed under the curve. There appears to be little 
white space left. The area occupied by the rectangles is 


L3. = f(0)(0.0625) + f(0.0625)(0.0625) + f(0.125)(0.0625) + --- + f(1.9375)(0.0625) 
= 7.9375. 


Figure 1.10 Here, 32 rectangles are inscribed under the curve 
for a left-endpoint approximation. 


We can carry out a similar process for the right-endpoint approximation method. A right-endpoint approximation of the 
same curve, using four rectangles (Figure 1.11), yields an area 


Ry = £(0.5)(0.5) + f(1)(O.5) + £.5)(0.5) + f(2)(0.5) 
= 8.5. 


16 Chapter 1 | Integration 


Figure 1.11 Now we divide the area under the curve into four 
equal subintervals for a right-endpoint approximation. 


Dividing the region over the interval [0, 2] into eight rectangles results in Ax = 270 = 0.25. The graph is shown in 


Figure 1.12. The area is 
Rg = f(0.25)(0.25) + f(0.5)(0.25) + f(0.75)(0.25) + f(1)(0.25) 
+f(1.25)(0.25) + f(1.5)(0.25) + f(1.75)(0.25) + f(2)(0.25) 


= 8.25. 
y 


y = f(x) 


Xy Xp X3 Xq X5 Xe X7 D=Xg* 


Figure 1.12 Here we use right-endpoint approximation for a 
region divided into eight equal subintervals. 


Last, the right-endpoint approximation with n = 32 is close to the actual area (Figure 1.13). The area is approximately 


R3y_ = f(0.0625)(0.0625) + f(0.125)(0.0625) + f(0.1875)(0.0625) + --- + f(2)(0.0625) 
= 8.0625. 


Figure 1.13 The region is divided into 32 equal subintervals 
for a right-endpoint approximation. 


Based on these figures and calculations, it appears we are on the right track; the rectangles appear to approximate the area 
under the curve better as n gets larger. Furthermore, as n increases, both the left-endpoint and right-endpoint approximations 
appear to approach an area of 8 square units. Table 1.1 shows a numerical comparison of the left- and right-endpoint 
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methods. The idea that the approximations of the area under the curve get better and better as n gets larger and larger is very 
important, and we now explore this idea in more detail. 


Values of n Approximate Area L,, Approximate Area R,, 


7.5 8.5 


Table 1.1 Converging Values of Left- and Right-Endpoint Approximations 
as n Increases 


Forming Riemann Sums 


So far we have been using rectangles to approximate the area under a curve. The heights of these rectangles have been 
determined by evaluating the function at either the right or left endpoints of the subinterval [x;_ ,, x;]. In reality, there is 


no reason to restrict evaluation of the function to one of these two points only. We could evaluate the function at any point 


c; in the subinterval [x;_ , x;], and use hits ) as the height of our rectangle. This gives us an estimate for the area of 


the form 


A sum of this form is called a Riemann sum, named for the 19th-century mathematician Bernhard Riemann, who developed 
the idea. 


Definition 
Let f(x) be defined on a closed interval [a, b] and let P be a regular partition of [a, b]. Let Ax be the width of each 


subinterval [x;_ ,, x;] and for each i, let x* be any point in [x;_ ,, x;]. A Riemann sum is defined for f(x) as 


Recall that with the left- and right-endpoint approximations, the estimates seem to get better and better as n get larger and 
larger. The same thing happens with Riemann sums. Riemann sums give better approximations for larger values of n. We 
are now ready to define the area under a curve in terms of Riemann sums. 


Definition 
nh 
Let f(x) be a continuous, nonnegative function on an interval [a, bl], and let yi f (x# JAx be a Riemann sum for 
i=1 
f(x). Then, the area under the curve y = f(x) on [a, b] is given by 
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See a graphical demonstration (http://www.openstaxcollege.org/I/20_riemannsums) of the 
construction of a Riemann sum. 


Some subtleties here are worth discussing. First, note that taking the limit of a sum is a little different from taking the limit 
ofa function f(x) as x goes to infinity. Limits of sums are discussed in detail in the chapter on Sequences and Series; 


however, for now we can assume that the computational techniques we used to compute limits of functions can also be used 
to calculate limits of sums. 


Second, we must consider what to do if the expression converges to different limits for different choices of {xt \ 


Fortunately, this does not happen. Although the proof is beyond the scope of this text, it can be shown that if f(x) is 


n 
continuous on the closed interval [a, b| then im, > St ee: JAx exists and is unique (in other words, it does not depend 
i=1 
on the choice of a \ 


We look at some examples shortly. But, before we do, let’s take a moment and talk about some specific choices for {x \ 


Although any choice for {xt \ gives us an estimate of the area under the curve, we don’t necessarily know whether that 


estimate is too high (overestimate) or too low (underestimate). If it is important to know whether our estimate is high or 


low, we can select our value for {xt \ to guarantee one result or the other. 


If we want an overestimate, for example, we can choose {xt \ such that for i= 1, 2, 3,...,n, pdt: ies F(x) for all 


x € [x;_ 1, x;]. In other words, we choose {et \ so that for i = 1, 2, 3,...,n, Sf {x# ) is the maximum function value on 


n 


the interval [x;_ , x,]. If we select {x \ in this way, then the Riemann sum > Fixt JAx is called an upper sum. 
i=1 


Similarly, if we want an underestimate, we can choose {et } so that for i= 1, 2, 3,...,n, f ie ) is the minimum function 


value on the interval [x;_ ;, x;]. In this case, the associated Riemann sum is called a lower sum. Note that if f(x) is either 


increasing or decreasing throughout the interval [a, b| then the maximum and minimum values of the function occur at the 


endpoints of the subintervals, so the upper and lower sums are just the same as the left- and right-endpoint approximations. 


Finding Lower and Upper Sums 


2 on [1, 2]; let m = 4 subintervals. 


Find a lower sum for f(x) = 10 —x 
Solution 


With n=4 over the _ interval [1, 2], Ax = 1 We  can__—iist' the intervals as 


4 
[1, 1.25}, [1.25, 1.5} [1.5, 1.75] [1.75, 2]. Because the function is decreasing over the interval [1, 2], Figure 


1.14 shows that a lower sum is obtained by using the right endpoints. 
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f(x) = 10 — x2 


1 2 z 
QA=Xq XX, X2 X33 Xq 


Figure 1.14 The graphof f(x) = 10—- x* is set up fora 


right-endpoint approximation of the area bounded by the curve 
and the x-axis on [1, 2], and it shows a lower sum. 


The Riemann sum is 


4 
D (10 -x7\(0.25) = 0.25[10 — (1.25)? + 10 — (1.5)? + 10 — (1.75)? + 10 — (2)7] 
k=1 
= 0.25[8.4375 + 7.75 + 6.9375 + 6] 
= 7.98. 


The area of 7.28 is a lower sum and an underestimate. 


fe 150 3 Findan upper sum for f(x) = 10—x? on [1, 2]; let n = 4. 


b. Sketch the approximation. 


Example 1.6 


Finding Lower and Upper Sums for f(x) = sinx 


Find a lower sum for f(x) = sinx over the interval [a, b] = [0. ZI} let n=6. 


Solution 
Let’s first look at the graph in Figure 1.15 to get a better idea of the area of interest. 


20 
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1+ y=sinx 


a 
2 


7 oe tT mw SH 
2 64 83 


Figure 1.15 The graph of y = sinx is divided into six regions: Ax = mi = 


The intervals are [o. | [4 al [z. al [4 al [z. 5z| and [34. z) Note that f(x) =sinx is 


i 
increasing on the interval (0. 4 so a left-endpoint approximation gives us the lower sum. A left-endpoint 


approximation is the Riemann sum > sinx; (4). We have 
i=0 


A =o) 9)» 


fe 1.6 Using the function f(x) = sinx over the interval [o. z) find an upper sum; let n = 6. 


2 
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1.1 EXERCISES 


1. State whether the given sums are equal or unequal. 


10 10 
a > i and vk 
i=l k=1 
10 15 
b. Yiand }} G-5) 
i=l i=6 
10 9 
c = i-1) and Y 41) 
i=l j=0 
10 10 
d ii—1) and DY) (k?-k) 
i=l k= 


In the following exercises, use the rules for sums of powers 
of integers to compute the sums. 


100 100 

Suppose that » a;=15 and > b,;=—12. In the 
i=1 i=1 

following exercises, compute the sums. 


100 


4. ps (a; + b;) 


7. > (5a;+4b,) 


i=l 
In the following exercises, use summation properties and 
formulas to rewrite and evaluate the sums. 


20 
8. >) 100(k?-5k+1) 
k=1 


9. y (77 - 2,) 


j=l 


21 


uu. )) [@%?- 100K] 

k=1 
Let L, denote the left-endpoint sum using n subintervals 
and let R, denote the corresponding right-endpoint sum. 


In the following exercises, compute the indicated left and 
right sums for the given functions on the indicated interval. 


12. L4for f(x) = —t ; 


on [2, 3] 


13. Ry for g(x) = cos(zx) on [0, 1] 


= 1 
14. Le for f(x) = Ke-D on [2, 5] 
= 1 
15. Re for f(x) = “a on [2, 5] 
16. R4 for 1— on [-2, 2] 
x“+1 
17. La for —1— on [-2, 2] 
x“+1 


18. R, for x*—2x+1 on (0, 2] 


19. Lg for x7 -2x+1 on [0, 2] 


20. Compute the left and right Riemann sums—Ly and Rg, 
respectively—for f(x) = (2 — xl) on [—2, 2]. Compute 


their average value and compare it with the area under the 
graph of f. 

21. Compute the left and right Riemann sums—L¢g and 
Rg, respectively—for f(x) =(3-13-—-x1) on (0, 6]. 
Compute their average value and compare it with the area 
under the graph of f. 

22. Compute the left and right Riemann sums—Ly and 
Ry, respectively—for f(x) = \4— x? on [—2, 2] and 


compare their values. 


23. Compute the left and right Riemann sums—Lg and 
Rg, respectively—for f(x) = \9 —(x- 3)? on [0, 6] and 
compare their values. 


Express the following endpoint sums in sigma notation but 
do not evaluate them. 
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24. Lp for f(x) = x” on [1, 2] 


25. Lig for f(x) = V4—x? on [-2, 2] 
26. Roo for f(x) = sinx on [0, z] 
27. Roo for Inx on [1, e] 


In the following exercises, graph the function then use a 
calculator or a computer program to evaluate the following 
left and right endpoint sums. Is the area under the curve 
between the left and right endpoint sums? 


28. [T] Ljo9 and R499 for y = x? — 3x +1 on the interval 
[-1, 1] 


29. [T] Lio9 and Rjo9 for y = x? on the interval [0, 1] 


30. [T]Ls9 and Rso for y = on on the interval [2, 4] 
yes 


31. [T] Lio and Rjo9 for y = x? on the interval [-1, 1] 


32. [T] LZso and Rso for y = tan(x) on the interval [o, 2] 


33. [T] Liq and Rjo9 for y = e7* onthe interval [—1, 1] 


34. Let ¢; denote the time that it took Tejay van Garteren 


to ride the jth stage of the Tour de France in 2014. If there 
21 


were a total of 21 stages, interpret y 


ti 
j=l 


35. Let r; denote the total rainfall in Portland on the jth 


31 
day of the year in 2009. Interpret > rj. 
j=l 
36. Let d; denote the hours of daylight and 6 ; denote the 


increase in the hours of daylight from day j —1 to day j 


in Fargo, North Dakota, on the jth day of the year. Interpret 
365 
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37. To help get in shape, Joe gets a new pair of running 


shoes. If Joe runs 1 mi each day in week 1 and adds m0 mi 
to his daily routine each week, what is the total mileage on 
Joe’s shoes after 25 weeks? 


38. The following table gives approximate values of the 
average annual atmospheric rate of increase in carbon 
dioxide (CO2) each decade since 1960, in parts per million 
(ppm). Estimate the total increase in atmospheric CO2 
between 1964 and 2013. 


Pom 


Table 1.2 Average Annual 
Atmospheric CO» 
Increase, 

1964—2013 Source: 
http://www.esrl.noaa.gov!/ 
gmdiccgg/trends/. 
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39. The following table gives the approximate increase in 
sea level in inches over 20 years starting in the given year. 
Estimate the net change in mean sea level from 1870 to 
2010. 


Starting Year 20-Year Change 


1870 


Table 1.3 Approximate 20-Year Sea 
Level Increases, 1870-1990 Source: 
http://link.springer.com/article/ 
10.1007%2Fs10712-011-9119-1 
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40. The following table gives the approximate increase in 
dollars in the average price of a gallon of gas per decade 
since 1950. If the average price of a gallon of gas in 2010 
was $2.60, what was the average price of a gallon of gas in 
1950? 


Starting Year 10-Year Change 


1950 0.03 


0.86 


0.29 


Table 1.4 Approximate 10-Year Gas 
Price Increases, 1950—2000 Source: 
http://epb.Ibl.gov/homepages/ 
Rick_Diamond/docs/ 
Ibnl55011-trends.pdf. 
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41. The following table gives the percent growth of the 
U.S. population beginning in July of the year indicated. If 
the U.S. population was 281,421,906 in July 2000, estimate 
the U.S. population in July 2010. 


% Change/Year 


2000 1.12 


oa 
oa 
oa 


Table 1.5 Annual Percentage 
Growth of U.S. Population, 
2000-2009 Source: 
http://www.census.gov!/ 
popest/data. 


(Hint: To obtain the population in July 2001, multiply the 
population in July 2000 by 1.0112 to get 284,573,831.) 


In the following exercises, estimate the areas under the 
curves by computing the left Riemann sums, Lg. 


42. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 1 | Integration 


43. 


Oo 123 4 5 6 7 8% 
46. [T] Use a computer algebra system to compute the 
Riemann sum, Ly, for N=10, 30,50 for 
f(x) = V1—x? on [-1, 1]. 
47. [T] Use a computer algebra system to compute the 
Riemann sum, Ly, for MN=10,30,50 — for 
f@= l on [—1, 1]. 


Vi+x? 
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48. [T] Use a computer algebra system to compute the 
Riemann sum, Ly, for N = 10, 30, 50 for f(x) = sin? x 


on [0, 27]. Compare these estimates with 7. 


In the following exercises, use a calculator or a computer 
program to evaluate the endpoint sums Ry and Ly for 
N = 1,10,100. How do these estimates compare with the 


exact answers, which you can find via geometry? 


49. [T] y =cos(ax) on the interval [0, 1] 
50. [T] y= 3x+2 on the interval [3, 5] 


In the following exercises, use a calculator or a computer 
program to evaluate the endpoint sums Ry and Ly for 
N = 1,10,100. 


51. [T] y=x*-—5x?+4 on the interval [—2, 2], 
which has an exact area of #2 


52. [T] y=I1n x on the interval [1, 2], which has an 


exact area of 21n(2) — 1 


53. Explain why, if f(a) >0 and f is increasing on 
la, b|,_ that the left endpoint estimate is a lower bound for 


the area below the graph of fon [a, bl]. 


54. Explain why, if f(b) >0O and f is decreasing on 
[a, bj, that the left endpoint estimate is an upper bound for 


the area below the graph of fon [a, 5]. 


55. Show that, in general, 
RyslyeG-a) x 2S. 

N 
56. Explain why, if f is increasing on [a, bl, the error 


between either Ly or Ry and the area A below the graph of 


sO fe) 


fis at most (b — 
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57. For each of the three graphs: 
a. Obtain a lower bound L(A) for the area enclosed 


by the curve by adding the areas of the squares 
enclosed completely by the curve. 
b. Obtain an upper bound U(A) for the area by 


adding to L(A) the areas B(A) of the squares 


enclosed partially by the curve. 


Graph 1 
Ya 
= Bx 
Graph 2 
Ya 
= BX 
Graph 3 


58. In the previous exercise, explain why L(A) gets no 
smaller while U(A) gets no larger as the squares are 


subdivided into four boxes of equal area. 
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59. A unit circle is made up of n wedges equivalent to the 
inner wedge in the figure. The base of the inner triangle 


is 1 unit and its height is sin(2). The base of the outer 
triangle is B = cos(Z)+ sin(Z)tan(4) and the height is 
H=B sin(22). Use this information to argue that the area 


of a unit circle is equal to 7. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 1 | Integration 27 


1.2 | The Definite Integral 


Learning Objectives 


1.2.1 State the definition of the definite integral. 
1.2.2 Explain the terms integrand, limits of integration, and variable of integration. 


1.2.3 Explain when a function is integrable. 

1.2.4 Describe the relationship between the definite integral and net area. 
1.2.5 Use geometry and the properties of definite integrals to evaluate them. 
1.2.6 Calculate the average value of a function. 


In the preceding section we defined the area under a curve in terms of Riemann sums: 
n 
_ 1 By 
A= lim, >» f(x? JAx. 
i=1 
However, this definition came with restrictions. We required f(x) to be continuous and nonnegative. Unfortunately, real- 
world problems don’t always meet these restrictions. In this section, we look at how to apply the concept of the area under 


the curve to a broader set of functions through the use of the definite integral. 


Definition and Notation 


The definite integral generalizes the concept of the area under a curve. We lift the requirements that f(x) be continuous 


and nonnegative, and define the definite integral as follows. 


Definition 
If f(x) is a function defined on an interval [a, b], the definite integral of f from a to b is given by 


b n 1.8 
f f@ddx = lim, DY) fle? Jax, ae 
a ao 


provided the limit exists. If this limit exists, the function f(x) is said to be integrable on [a, b|, or is an integrable 


function. 


The integral symbol in the previous definition should look familiar. We have seen similar notation in the chapter on 
Applications of Derivatives (http://cnx.org/content/m53602/latest/) , where we used the indefinite integral 
symbol (without the a and b above and below) to represent an antiderivative. Although the notation for indefinite integrals 
may look similar to the notation for a definite integral, they are not the same. A definite integral is a number. An indefinite 
integral is a family of functions. Later in this chapter we examine how these concepts are related. However, close attention 
should always be paid to notation so we know whether we’re working with a definite integral or an indefinite integral. 


Integral notation goes back to the late seventeenth century and is one of the contributions of Gottfried Wilhelm Leibniz, who 
is often considered to be the codiscoverer of calculus, along with Isaac Newton. The integration symbol { is an elongated S, 
suggesting sigma or summation. On a definite integral, above and below the summation symbol are the boundaries of the 
interval, [a, b|. The numbers a and b are x-values and are called the limits of integration; specifically, a is the lower limit 


and b is the upper limit. To clarify, we are using the word limit in two different ways in the context of the definite integral. 
First, we talk about the limit of asum as n > oo. Second, the boundaries of the region are called the limits of integration. 


We call the function f(x) the integrand, and the dx indicates that f(x) is a function with respect to x, called the variable 


of integration. Note that, like the index in a sum, the variable of integration is a dummy variable, and has no impact on the 
computation of the integral. We could use any variable we like as the variable of integration: 


is ° dx = i, ” edt = [flan 
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n 
Previously, we discussed the fact that if f(x) is continuous on [a, |], then the limit im, » ie JAx exists and is 
i=1 


unique. This leads to the following theorem, which we state without proof. 
Theorem 1.1: Continuous Functions Are Integrable 


If f(x) is continuous on [a, b], then fis integrable on [a, b]. 


Functions that are not continuous on [a, b] may still be integrable, depending on the nature of the discontinuities. For 


example, functions with a finite number of jump discontinuities on a closed interval are integrable. 


It is also worth noting here that we have retained the use of a regular partition in the Riemann sums. This restriction is not 
strictly necessary. Any partition can be used to form a Riemann sum. However, if a nonregular partition is used to define 
the definite integral, it is not sufficient to take the limit as the number of subintervals goes to infinity. Instead, we must take 
the limit as the width of the largest subinterval goes to zero. This introduces a little more complex notation in our limits and 
makes the calculations more difficult without really gaining much additional insight, so we stick with regular partitions for 
the Riemann sums. 


Evaluating an Integral Using the Definition 


2 
Use the definition of the definite integral to evaluate [ x°dx. Usea right-endpoint approximation to generate 
0 


the Riemann sum. 


Solution 
We first want to set up a Riemann sum. Based on the limits of integration, we have a=0 and b=2. For 
i=0, 1, 2,...,n, let P = {x;} bea regular partition of [0, 2]. Then 


Ax =2=a_2. 


Since we are using a right-endpoint approximation to generate Riemann sums, for each i, we need to calculate 
the function value at the right endpoint of the interval [x;_ ;, x;]. The right endpoint of the interval is x; and 
since P is a regular partition, 

2i 


xj=xq+idx=0+44)2)= 2. 


Thus, the function value at the right endpoint of the interval is 


flap =a = 8) = 4. 


Then the Riemann sum takes the form 


. S (42)2_ Yi s2z_ 8 YS 2 
DS fapax= DY (45 =) = ye 
j=1 n tn n 


i= 


n 
Using the summation formula for > i - we have 
i=1 
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»y S(xpAx iy i” 
i=l 


i=1 n 


= Snes bens 

= “3 r 

_ 8 || 
6 


n3 


— 16n>+24n* +n 


Now, to calculate the definite integral, we need to take the limit as n > oo. We get 


2 n 


x? dx = lim,» S(xpAx 
0 i=1 

= di 
= in. +4+Z3) 
z 4 1 
= jim (§)+ lion) + alt (5) 
a2 = 8 
=8+0+0=8 


1.7 3 
fe Use the definition of the definite integral to evaluate fA (2x — 1)dx. Use a right-endpoint approximation 
0 


to generate the Riemann sum. 


Evaluating Definite Integrals 


Evaluating definite integrals this way can be quite tedious because of the complexity of the calculations. Later in this chapter 
we develop techniques for evaluating definite integrals without taking limits of Riemann sums. However, for now, we can 
rely on the fact that definite integrals represent the area under the curve, and we can evaluate definite integrals by using 
geometric formulas to calculate that area. We do this to confirm that definite integrals do, indeed, represent areas, so we can 
then discuss what to do in the case of a curve of a function dropping below the x-axis. 


Example 1.8 


Using Geometric Formulas to Calculate Definite Integrals 
6 

Use the formula for the area of a circle to evaluate [ V9 -—(x- 3)°dx. 
3 


Solution 


The function describes a semicircle with radius 3. To find 
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° 2 
E 9 — (x — 3)2dx, 
3 


we want to find the area under the curve over the interval [3, 6]. The formula for the area of a circle is A = ar’. 


The area of a semicircle is just one-half the area of a circle, or A = (4)er?. The shaded area in Figure 1.16 


covers one-half of the semicircle, or A = (L)er?. Thus, 


3 6x 
Figure 1.16 The value of the integral of the function f(x) 


over the interval [3, 6] is the area of the shaded region. 


1.8 4 
fe Use the formula for the area of a trapezoid to evaluate [ (2x + 3)dx. 
2 


Area and the Definite Integral 


When we defined the definite integral, we lifted the requirement that f(x) be nonnegative. But how do we interpret “the 


area under the curve” when f(x) is negative? 

Net Signed Area 

Let us return to the Riemann sum. Consider, for example, the function f(x) = 2 — 2x? (shown in Figure 1.17) on 
the interval [0, 2]. Use n= 8 and choose i } as the left endpoint of each interval. Construct a rectangle on each 
subinterval of height fit ) and width Ax. When fit ) is positive, the product f (xt Jax represents the area of the 


rectangle, as before. When Fixt ) is negative, however, the product f(x# JAx represents the negative of the area of the 


rectangle. The Riemann sum then becomes 


8 
D» St (x* )Ax = (Area of rectangles above the x-axis) — (Area of rectangles below the x-axis) 


i=1 
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x 


Figure 1.17 Fora function that is partly negative, the 
Riemann sum is the area of the rectangles above the x-axis less 
the area of the rectangles below the x-axis. 


Taking the limit as n — oo, the Riemann sum approaches the area between the curve above the x-axis and the x-axis, less 


the area between the curve below the x-axis and the x-axis, as shown in Figure 1.18. Then, 
2 i 
I f@dx = lim )) f(epAx 
i=l 


The quantity A, — Ap is called the net signed area. 


Figure 1.18 In the limit, the definite integral equals area A; 
less area Ap, or the net signed area. 


Notice that net signed area can be positive, negative, or zero. If the area above the x-axis is larger, the net signed area is 
positive. If the area below the x-axis is larger, the net signed area is negative. If the areas above and below the x-axis are 
equal, the net signed area is zero. 


Example 1.9 


Finding the Net Signed Area 
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Find the net signed area between the curve of the function f(x) = 2x and the x-axis over the interval [—3, 3]. 


Solution 


The function produces a straight line that forms two triangles: one from x = —3 to x =0 and the other from 


x=0 to x =3 (Figure 1.19). Using the geometric formula for the area of a triangle, A = tbh, the area of 
triangle A;, above the axis, is 


—1 = 
A\= 73(6) 9, 
where 3 is the base and 2(3) = 6 is the height. The area of triangle Ao, below the axis, is 
Ay = 5(3)(6) = 9, 
where 3 is the base and 6 is the height. Thus, the net area is 


3 
ff 2xdx=A,-A,=9-9=0. 
-3 


Figure 1.19 The area above the curve and below the x-axis 
equals the area below the curve and above the x-axis. 


Analysis 
If A, is the area above the x-axis and Ap is the area below the x-axis, then the net areais A, — A. Since the areas 


of the two triangles are equal, the net area is zero. 


fe 1.9 Find the net signed area of f(x) = x—2 over the interval [0, 6], illustrated in the following image. 


Yh 
f(x) =x-2 


Total Area 


One application of the definite integral is finding displacement when given a velocity function. If v(t) represents the 
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velocity of an object as a function of time, then the area under the curve tells us how far the object is from its original 
position. This is a very important application of the definite integral, and we examine it in more detail later in the chapter. 
For now, we’re just going to look at some basics to get a feel for how this works by studying constant velocities. 


When velocity is a constant, the area under the curve is just velocity times time. This idea is already very familiar. If a car 
travels away from its starting position in a straight line at a speed of 75 mph for 2 hours, then it is 150 mi away from its 
original position (Figure 1.20). Using integral notation, we have 


2 
[ 75dt = 150. 
0 
v (mi/hr) 
80 


70 
60 
50 
40 
30 
20 
10 


0 02040608 1 12141618 2 2,2¢ (hours) 
Figure 1.20 The area under the curve v(t) = 75 tells us how far the car 


is from its starting point at a given time. 


In the context of displacement, net signed area allows us to take direction into account. If a car travels straight north at a 
speed of 60 mph for 2 hours, it is 120 mi north of its starting position. If the car then turns around and travels south at a 
speed of 40 mph for 3 hours, it will be back at it starting position (Figure 1.21). Again, using integral notation, we have 


2 5 
[ 60dr + f —40dt = 120-120 
0 2 
=0. 


In this case the displacement is zero. 
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v (mi/hr) 
70 


60 
50 
40 
30 
20 


10 


1 ; t (hours) 


=50 


Figure 1.21 The area above the axis and the area below the axis 
are equal, so the net signed area is zero. 


Suppose we want to know how far the car travels overall, regardless of direction. In this case, we want to know the area 
between the curve and the x-axis, regardless of whether that area is above or below the axis. This is called the total area. 


Graphically, it is easiest to think of calculating total area by adding the areas above the axis and the areas below the axis 
(rather than subtracting the areas below the axis, as we did with net signed area). To accomplish this mathematically, we use 
the absolute value function. Thus, the total distance traveled by the car is 


2 5 2 5 
a \60ld¢ + i |-40\dt = a 60dt + I 40dt 


= 120+ 120 
= 240. 


Bringing these ideas together formally, we state the following definitions. 


Definition 
Let f(x) be an integrable function defined on an interval [a, b|. Let A; represent the area between f(x) and the 
x-axis that lies above the axis and let A> represent the area between f(x) and the x-axis that lies below the axis. Then, 


the net signed area between f(x) and the x-axis is given by 


b 
i f(x)dx = A, — Ap. 


The total area between f(x) and the x-axis is given by 


b 
i [feldx = Ay + Ap, 


Example 1.10 
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Finding the Total Area 


Find the total area between f(x) = x — 2 and the x-axis over the interval [0, 6]. 


Solution 
Calculate the x-intercept as (2, 0) (set y= 0, solve for x). To find the total area, take the area below the x-axis 


over the subinterval [0, 2] and add it to the area above the x-axis on the subinterval [2, 6] (Figure 1.22). 


Figure 1.22 The total area between the line and the x-axis 
over [0, 6] is A> plus Aj. 


We have 


6 
f N= 2Dldx = Ay + Aj, 
0 


Then, using the formula for the area of a triangle, we obtain 


A, =4bh=4.2.2=2 


A, =4bh= 


NF wp 
KR 
KR 
ll 
oo 


The total area, then, is 


fe 1.10 Find the total area between the function f(x) = 2x and the x-axis over the interval [—3, 3]. 


Properties of the Definite Integral 


The properties of indefinite integrals apply to definite integrals as well. Definite integrals also have properties that relate to 
the limits of integration. These properties, along with the rules of integration that we examine later in this chapter, help us 
manipulate expressions to evaluate definite integrals. 


Rule: Properties of the Definite Integral 


1. 


i Omet 7 
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If the limits of integration are the same, the integral is just a line and contains no area. 


De 
a b (1.10) 
| f@ax = - i f(xdx 
b a 
If the limits are reversed, then place a negative sign in front of the integral. 
3. 
b b b (1.11) 
J (f@)+s@lx= [ faddx+ [ g@dx 
a a a 
The integral of a sum is the sum of the integrals. 
4. 
b b ; (1.12) 
[F@) — g@)\dx = | foodx— f gedx 
a is i 
The integral of a difference is the difference of the integrals. 
5. 
b b (1.13) 
f cf@dx=ecf fo) 
a a 
for constant c. The integral of the product of a constant and a function is equal to the constant multiplied by 
the integral of the function. 
6. 


[i (dx = iL f (x)dx + i : f(x)dx (1.14) 


Although this formula normally applies when c is between a and b, the formula holds for all values of a, b, and 
c, provided f(x) is integrable on the largest interval. 


Using the Properties of the Definite Integral 


Use the properties of the definite integral to express the definite integral of f(x) = —3x°+2x+2 over the 


interval [—2, 1] as the sum of three definite integrals. 


Solution 


1 
Using integral notation, we have [ (-3x° +2x+ 2)dx. We apply properties 3. and 5. to get 
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[ax +2x+ 2)ax = fie dx + [i pres + [pa 


. | 2 dx +2 [ya a [2a 


1.11 Use the properties of the definite integral to express the definite integral of f(x) = 6x? — 4x7 +2x-3 


over the interval [1, 3] as the sum of four definite integrals. 


Using the Properties of the Definite Integral 


8 5 8 
If it is known that f f(x)dx = 10 and [ f(odx = 5, find the value of 7 fOodx. 
0 0 5 


Solution 
By property 6., 
b c b 
i, fQodx = a fQxdx + a fodx. 
Thus, 
8 5 8 , 
dx = + 
J fe) x fifo x J fe) x 
8 
10 = 5S+ d. 
J foods 


8 
5 = is fQddx. 


1.12 5 5 2 
fe If it is known that f/ f(x)jdx =—-3 and f f(x)dx=4, find the value of [” f(x)dx. 
1 2 1 


Comparison Properties of Integrals 


A picture can sometimes tell us more about a function than the results of computations. Comparing functions by their graphs 
as well as by their algebraic expressions can often give new insight into the process of integration. Intuitively, we might say 
that if a function f(x) is above another function g(x), then the area between f(x) and the x-axis is greater than the area 


between g(x) and the x-axis. This is true depending on the interval over which the comparison is made. The properties of 
definite integrals are valid whether a< b,a=b, or a>b. The following properties, however, concern only the case 


a <b, and are used when we want to compare the sizes of integrals. 
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Theorem 1.2: Comparison Theorem 


i. If f(x) >0 fora<x<b, then 


b 
i f(xdx > 0. 


ii. If f(x) > g) fora<x<b, then 


ip Fou i Oe 


iii. Ifm and M are constants such that m < f(x) <M fora<x<b, then 


b 
mb-a) < f fidx 
< M(b—-a). 


Comparing Two Functions over a Given Interval 


Compare f(x) = V1+ x? and g(x) = V1+-~x over the interval [0, 1]. 


Solution 

Graphing these functions is necessary to understand how they compare over the interval [0, 1]. Initially, when 
graphed on a graphing calculator, f(x) appears to be above g(x) everywhere. However, on the interval [0, 1], 
the graphs appear to be on top of each other. We need to zoom in to see that, on the interval [0, 1], g(x) is above 


f(x). The two functions intersect at x = 0 and x = 1 (Figure 1.23). 


f(x) = (1 + x2 


f(x) = /1 + x 


(a) (b) 
Figure 1.23 (a) The function f(x) appears above the function g(x) 


except over the interval [0, 1] (b) Viewing the same graph with a greater 
zoom shows this more clearly. 
We can see from the graph that over the interval [0, 1], g(x) > f(x). Comparing the integrals over the specified 
1 1 
interval [0, 1], wealso see that y g(x)dx > re f(x)dx (Figure 1.24). The thin, red-shaded area shows just 
0 0 


how much difference there is between these two integrals over the interval [0, 1]. 
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(a) (b) 
Figure 1.24 (a) The graph shows that over the interval 
[0, 1], g(x) => f(x), where equality holds only at the endpoints of the 


interval. (b) Viewing the same graph with a greater zoom shows this more 
clearly. 


Average Value of a Function 


We often need to find the average of a set of numbers, such as an average test grade. Suppose you received the following 
test scores in your algebra class: 89, 90, 56, 78, 100, and 69. Your semester grade is your average of test scores and you 
want to know what grade to expect. We can find the average by adding all the scores and dividing by the number of scores. 
In this case, there are six test scores. Thus, 


Beate Seb iach JU fe = 482 ~ 80.33. 


Therefore, your average test grade is approximately 80.33, which translates to a B— at most schools. 

Suppose, however, that we have a function v(t) that gives us the speed of an object at any time t, and we want to find the 
object’s average speed. The function v(t) takes on an infinite number of values, so we can’t use the process just described. 
Fortunately, we can use a definite integral to find the average value of a function such as this. 

Let f(x) be continuous over the interval [a, b] and let [a, b] be divided into n subintervals of width Ax = (b — a)/n. 


Choose a representative x in each subinterval and calculate f (x# ) for i= 1, 2,...,n. In other words, consider each 


St (x ) as a sampling of the function over each subinterval. The average value of the function may then be approximated as 


f(xy) + FOS ) +--+ flr) 


which is basically the same expression used to calculate the average of discrete values. 


But we know Ax = pea. son= pat. and we get 
f(xt J+ fxs )+ site) Sf (x¥ )+ fxs )+ + f(x* ) 
n ~ (b—a) : 
Ax 


n 
Following through with the algebra, the numerator is a sum that is represented as > St (x* ), and we are dividing by a 
i=1 
fraction. To divide by a fraction, invert the denominator and multiply. Thus, an approximate value for the average value of 
the function is given by 
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> ser) ; 
“ta = (ar fet ) 


Ax 


= ( 1 Jy Sf {x# JAx. 


This is a Riemann sum. Then, to get the exact average value, take the limit as n goes to infinity. Thus, the average value of 
a function is given by 


a b 
Lim, fpr =p ff feoax. 
i=1 a 


b-an 


Definition 
Let f(x) be continuous over the interval [a, b]. Then, the average value of the function f(x) (or faye) on [a, b] is 


given by 


b 
ee | 
fave = pag l Fladas. 


Example 1.14 


Finding the Average Value of a Linear Function 
Find the average value of f(x) = x+ 1 over the interval [0, 5]. 


Solution 
First, graph the function on the stated interval, as shown in Figure 1.25. 


zt 


0 123 4 5 6 7% 


Figure 1.25 The graph shows the area under the function 
f(x) =x+1 over (0, 5}. 


The region is a trapezoid lying on its side, so we can use the area formula for a trapezoid A = sha +b), where 


h represents height, and a and b represent the two parallel sides. Then, 
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5 
x+ldx = tia +b) 
0 


ne 
a3 5-(1+6) 
325 
x 
Thus the average value of the function is 
1 = LS 
seal tt leas a5 


fe 1.13 Find the average value of f(x) = 6 — 2x over the interval [0, 3]. 


42 


1.2 EXERCISES 


In the following exercises, express the limits as integrals. 


i 


60. lim, )) (x )Ax over [1, 3] 


i=1 


61. lim 
n-7 


[oe] 


>} (5(x* i — 3(x% pax over [0, 2] 
i=1 


n 
62. nlim,, 2 sin? (2nx* JAx over [0, 1] 
i= 


n 
63. lim, YY cos” (2nx¥ JAx over [0, 1] 


i=1 


In the following exercises, given L, or R, as indicated, 
express their limits as m-—>oo as definite integrals, 


identifying the correct intervals. 


65. Ry= 1y 
us . 
66. Ln=%D) (1+ 2454) 


67. Rn= ay (3 +34) 


68. L, = 22 Y 2nt = Leos(2t = 1) 


In the following exercises, evaluate the integrals of the 
functions graphed using the formulas for areas of triangles 
and circles, and subtracting the areas below the x-axis. 


70. 


¥—72 + 18x — x? 
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\-72 + 18x — x2 
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In the following exercises, evaluate the integral using area 
formulas. 


3 
7G: 7 (3 — x)dx 
0 
3 
77: 7. (3 — x)dx 
2 
3 
78. [ (3 — Ixl)dx 
3 
6 
79, [ (3 — Ix — 3))dx 
0 
eh 
80. 7 V4 — x2dx 
~2 
5 
81. f 4—(x—3)2dx 
1 


12 
82. [ 36 — (x — 6)2dx 
0 
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3 
83. 7 (3 — |xI)dx 
—2 


In the following exercises, use averages of values at the left 
(L) and right (R) endpoints to compute the integrals of the 
piecewise linear functions with graphs that pass through the 
given list of points over the indicated intervals. 


84. {(0, 0), (2, 1), (4, 3), (5, 0), (6, 0), (8, 3)} over 
[0, 8] 


85. {(0, 2), (1, 0), (3, 5), (5, 5), (6, 2), (8, 0)} over 
[0, 8] 


86. {(-4, —4), (—2, 0), (0, —2), (3, 3), (4, 3)} over 
[4,4] 


87. {(-4, 0), (—2, 2), (0, 0), C1, 2), G, 2), (4, 0)} 
over [—4, 4] 


4 2 
Suppose that : f(xddx = 5 and j f(Qx)dx = —3, and 
0 0 


4 2 
5a e(x)dx =—1 and FA e(x)dx = 2. In the following 
0 0 


exercises, compute the integrals. 


4 
88. if (f(x) + gQd)dx 
4 
89. A (f(x) + g(a))dx 
2 
90. j, (f(x) — g(x)\dx 
4 
91. I, (f(x) — g(a))dx 
2 
92. i, Bf) - 4gQ))dx 


4 
93. i (4 f(x) — 3e(x)\dx 


In the 


A 0 A 
7 f(x)dx = ie f(x)dx + f f(x)dx to compute the 
—-A —-A 0 


following exercises, use the identity 


integrals. 


oa 
94. | nl dt (Hint: sin(—t) = —sin(t)) 
-zltt 
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va 
95. f ——t—at 
val + cost 


3 
96. f (2 — x)dx (Hint: Look at the graph of f.) 
1 


4 
97. f (x - 3)3 dx (Hint: Look at the graph of f.) 
2 


In the following 


[vas = 4, [f° dx = a 


compute the integrals. 


exercises, given that 


1 
and [ xe dx = 1, 
0 


98. fo tata? tx dx 
99. AC —x+x?— x3 dx 
100. fu ~x)*dx 

101. fu — 2x)3 dx 

102. | (ox - 4.7)ax 

103. AG — 5x3 dx 


In the following exercises, use the 
theorem. 


comparison 
3 

104. Show that A (x? — 6x + 9Jdx > 0. 
0 
3 

105. Show that [ (x — 3)(x + 2)dx < 0. 
—2 
1, ;—__— 1 

106. Show that yd Vit x3dx < 7 V1 + x2dx. 
0 0 
2, 2 

107. Show that d. V1 +xdx < i V1 + x2dx. 
1 1 


a/l2 2 
108. Show that 7. sintdt > i (Hint: sint > ££ over 
0 


lo. Sp 
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nl4 
costdt > 2V2/4. 
—al4 


109. Show that 


In the following exercises, find the average value faye of f 
between a and b, and find a point c, where f(c) = fave. 


110. f@x)=x*,a=-1,b=1 
1M. f@=x,a=-1,b=1 


112. f@) =V4—x2,a=0,b=2 
113. f(x) =@3-Ix),a=-3,b=3 
114. f(x) =sinx,a=0,b=22 
115. f@)=cosx,a=0, b=22 


In the following exercises, approximate the average value 
using Riemann sums Lj99 and Rio9. How does your answer 
compare with the exact given answer? 


116. [T] y=In(x) over the interval [1, 4]; the exact 


In(256) _ 
; 


solution is 


117. [T] y= e* over the interval [O, 1]; the exact 
solution is 2(ve — 1). 


118. [T] y=tanx over the interval [0, a the exact 


solution is ome) 


19. [T] y= 
A x? 


exact solution is 2. 


6 


over the interval [—1, 1]; the 


In the following exercises, compute the average value using 
the left Riemann sums Ly for N = 1, 10, 100. How does 


the accuracy compare with the given exact value? 


120. [T] y= x? —4 over the interval [0, 2]; the exact 


solution is -§. 


2 
121. [T] y=xe* 


solution is det - 1), 


over the interval [0, 2]; the exact 
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x 


122. [T] y= (4) over the interval [0, 4]; the exact 


solution is 


15 
641n(2)" 


123. [T] y = xsin(x*) over the interval [—z, 0]; the 


cos(z”) -1 
exact solution is 
2n 
2a 9 
124. Suppose that A= Aa sin“ tdt and 
0 


2n 
B= ne cos? dt. Show that A +B=2n and A=B. 
0 


m/4 2 
125. Suppose _ that A=f[ sec“ tdt=a and 
—al4 


nl4 
B= va tan’ tdt. Show that A —B = 4, 
=ai4 2 


126. Show that the average value of sin? t over [0, 27] 
is equal to 1/2 Without further calculation, determine 
whether the average value of sin?t over [0, z] is also 


equal to 1/2. 


127. Show that the average value of cos? 


t over [0, 2z] 
is equal to 1/2. Without further calculation, determine 
whether the average value of cos” (f) over [0, z] is also 


equal to 1/2. 


128. Explain why the graphs of a quadratic function 
(parabola) p(x) and a linear function 7(x) can intersect 


in at most two points. Suppose that p(a) = ¢(a) and 


b b 
p(b) = ¢(b), and that [ p(t)dt > y C(t)dt.. Explain 
a a 


d d 
why A p(t) > if C(t)dt whenever a<c<d<b. 


129. Suppose that parabola p(x) = ax? + bx+c opens 


downward (a < 0) and has a vertex of y = 52 > 0. For 


B 
which interval [A, B] is if (ax? +bx+ c)dx as large as 
A 


possible? 


45 


130. Suppose |a, b] can be subdivided into subintervals 


a=day<a,<dy<++<ay=b such that either 


f =0 over [a;_,,a;] or f <0 over [a;_ 1, a;]. Set 


1 
a; 


A; = ib : f(ddt. 


b 
a. Explain why [ f()dt =A, +A,4+--++Ay. 
a 


i 


b b 
b. Then, explain why | [ f(ddt| < [ [f(a)|de. 
a a 


131. Suppose f and g are continuous functions such that 
d d 

a f(dt < if g()dt for every subinterval [c, d] of 
Cc Cc 


la, b|. Explain why f(x) < g(x) for all values of x. 


132. Suppose the average value of f over [a, b] is 1 and 
the average value of f over [b, c] is 1 where a<c<b. 


Show that the average value of f over [a, c] is also 1. 


133. Suppose that [a,b] can be partitioned. taking 
a = dy < ay < ++ <ay =D such that the average value 
of f over each subinterval [a;_ 1, a;] = 1 is equal to 1 for 
each i = 1,..., N. Explain why the average value of f over 


[a, b| is also equal to 1. 


134. Suppose that for each i such that 1 <i< N one has 


N 
[fat =i. Show that f f@dt = wate. 
i-1 0 


135. Suppose that for each i such that 1 <i<WN one 
i 
has Fé 


i- 


NW + DQN + 1) 
6 : 


f(Odt = i. Show that 
1 


ie f(i)dt = 


136. [T] Compute the left and right Riemann sums Lj 


190 + 


L R 
and Rj and their average a ae for f= t? over 


1 = 
[0, 1]. Given that [ t?dt =0.33, to how many 
0 


: _ LigtR 
decimal places is er accurate? 


46 


137. [T] Compute the left and right Riemann sums, Lj 
and Ro, and their average “10 S10 for f() = (4 a 1?) 


2 = 
over [1, 2]. Given that [ (4 -17\dt = 1.66, to how 
1 


L R 
many decimal places is =F accurate? 
: + 
138. ff Vit rAd = 41.7133... what is 
1 


5 —— 
3 V1 t+u‘du? 
1 


1 
139. Estimate 7 tdt using the left and right endpoint 
0 


sums, each with a single rectangle. How does the average 
of these left and right endpoint sums compare with the 


1 
actual value i tdt? 
0 


1 
140. Estimate A tdt by comparison with the area of a 
0 


single rectangle with height equal to the value of t at the 


midpoint t = 4. How does this midpoint estimate compare 


1 
with the actual value 7 tdt? 
0 


141. From the graph of sin(2zx) shown: 


1 
a. Explain why a sin(2at)dt = 0. 
0 


a+l1 
b. Explain why, in general, 7 sin(2z1)dt = O for 
a 


any value of a. 
y 
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142. If f is 1-periodic (f(t+1)= f(d), 
[0O, 1], is it 


odd, and 


integrable over always true that 


1 
7 f(dt = 0? 
0 


1 
143. If f is 1-periodic and [ f@dt=A, is it 
0 


l+a 
necessarily true that 7 f(@dt = A for all A? 
a 
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1.3 | The Fundamental Theorem of Calculus 


Learning Objectives 


1.3.1 Describe the meaning of the Mean Value Theorem for Integrals. 
1.3.2 State the meaning of the Fundamental Theorem of Calculus, Part 1. 


1.3.3 Use the Fundamental Theorem of Calculus, Part 1, to evaluate derivatives of integrals. 
1.3.4 State the meaning of the Fundamental Theorem of Calculus, Part 2. 

1.3.5 Use the Fundamental Theorem of Calculus, Part 2, to evaluate definite integrals. 

1.3.6 Explain the relationship between differentiation and integration. 


In the previous two sections, we looked at the definite integral and its relationship to the area under the curve of a function. 
Unfortunately, so far, the only tools we have available to calculate the value of a definite integral are geometric area 
formulas and limits of Riemann sums, and both approaches are extremely cumbersome. In this section we look at some 
more powerful and useful techniques for evaluating definite integrals. 


These new techniques rely on the relationship between differentiation and integration. This relationship was discovered and 
explored by both Sir Isaac Newton and Gottfried Wilhelm Leibniz (among others) during the late 1600s and early 1700s, 
and it is codified in what we now call the Fundamental Theorem of Calculus, which has two parts that we examine in this 
section. Its very name indicates how central this theorem is to the entire development of calculus. 


Isaac Newton’s contributions to mathematics and physics changed the way we look at the world. The relationships 
he discovered, codified as Newton’s laws and the law of universal gravitation, are still taught as foundational 
material in physics today, and his calculus has spawned entire fields of mathematics. To learn more, read a brief 
biography (http:/Mwww.openstaxcollege.org/I/20_newtonbio) of Newton with multimedia clips. 


Before we get to this crucial theorem, however, let’s examine another important theorem, the Mean Value Theorem for 
Integrals, which is needed to prove the Fundamental Theorem of Calculus. 


The Mean Value Theorem for Integrals 


The Mean Value Theorem for Integrals states that a continuous function on a closed interval takes on its average value at 
the same point in that interval. The theorem guarantees that if f(x) is continuous, a point c exists in an interval [a, b] such 


that the value of the function at c is equal to the average value of f(x) over [a, b]. We state this theorem mathematically 


with the help of the formula for the average value of a function that we presented at the end of the preceding section. 


Theorem 1.3: The Mean Value Theorem for Integrals 


If f(x) is continuous over an interval [a, b|, then there is at least one point c € [a, b] such that 


b 1.15 
fe)= 55 f fadax. Seis 


This formula can also be stated as 


b 
y fodx = f(b -a). 


Proof 
Since f(x) is continuous on [a, b], by the extreme value theorem (see Maxima and Minima (http://cnx.org/content! 
m53611/latest/) ), it assumes minimum and maximum values—m and M, respectively—on [a, b|. Then, for all x in 


la, b], we have m< f(x) < M. Therefore, by the comparison theorem (see The Definite Integral), we have 
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b 
m(b — a) < 7 f(xdx < M(b — a). 
a 
Dividing by b —a gives us 
b 
_1 
m< Taf feds <M. 


1 


b 
Since age f f(x)dx is a number between m and M, and since f(x) is continuous and assumes the values m and M 
_ a 


over [a, b|, by the Intermediate Value Theorem (see Continuity (http://cnx.org/content/m53489/latest/) ), there is 
a number c over [a, b] such that 


b 
fo=5hof feddx, 


and the proof is complete. 


Finding the Average Value of a Function 


Find the average value of the function f(x) = 8 — 2x over the interval [0, 4] and find c such that f(c) equals 


the average value of the function over [0, 4]. 


Solution 


The formula states the mean value of f(x) is given by 


4 
1 - 


We can see in Figure 1.26 that the function represents a straight line and forms a right triangle bounded by the 
x- and y-axes. The area of the triangle is A = H(base){hei ght), We have 


A = H(4)(8) = 16, 
The average value is found by multiplying the area by 1/(4 — 0). Thus, the average value of the function is 
4116) = 
(16) 4. 


Set the average value equal to f(c) and solve for c. 


8-—2c = 4 
cos 2 


At c=2, f(2)=4. 
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f(x) = 8 — 2x 


Figure 1.26 By the Mean Value Theorem, the continuous 
function f(x) takes on its average value at c at least once over 


a closed interval. 


fe 1.14 Find the average value of the function f(x) = a over the interval {0, 6] and find c such that f(c) 


equals the average value of the function over [0, 6]. 


Example 1.16 


Finding the Point Where a Function Takes on Its Average Value 
i 2 

Given [ x“dx =9, findc such that f(c) equals the average value of f(x) = x* over [0, 3]. 
0 


Solution 


We are looking for the value of c such that 
3 
oll 24, — 19) — 
fO=32Gf* dx = 1(9) =3. 
Replacing f(c) with c?, we have 


c2 = 3 
+V3. 


Since —‘3 is outside the interval, take only the positive value. Thus, c = V3 (Figure 1.27). 
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fx) =02 


(\3, 3) 


Figure 1.27 Over the interval [0, 3], the function 


f@M= x” takes on its average value at c = V3. 


1.15 : 3, , 2 
Given 7. (2x - Idx = 15, findc such that f(c) equals the average value of f(x) = 2x“ -—1 over 
0 


[0, 3]. 


Fundamental Theorem of Calculus Part 1: Integrals and 
Antiderivatives 


As mentioned earlier, the Fundamental Theorem of Calculus is an extremely powerful theorem that establishes the 
relationship between differentiation and integration, and gives us a way to evaluate definite integrals without using Riemann 
sums or calculating areas. The theorem is comprised of two parts, the first of which, the Fundamental Theorem of 
Calculus, Part 1, is stated here. Part 1 establishes the relationship between differentiation and integration. 


Theorem 1.4: Fundamental Theorem of Calculus, Part 1 


If f(x) is continuous over an interval [a, b|, andthe function F(x) is defined by 


2G) a * (dt, (1.16) 


then F’ (x) = f(x) over [a, b]. 


Before we delve into the proof, a couple of subtleties are worth mentioning here. First, a comment on the notation. Note that 
we have defined a function, F(x), as the definite integral of another function, f(t), from the point a to the point x. At 


first glance, this is confusing, because we have said several times that a definite integral is a number, and here it looks like 
it’s a function. The key here is to notice that for any particular value of x, the definite integral is a number. So the function 
F(x) returns a number (the value of the definite integral) for each value of x. 
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Second, it is worth commenting on some of the key implications of this theorem. There is a reason it is called the 
Fundamental Theorem of Calculus. Not only does it establish a relationship between integration and differentiation, but 
also it guarantees that any integrable function has an antiderivative. Specifically, it guarantees that any continuous function 
has an antiderivative. 


Proof 


Applying the definition of the derivative, we have 


F(x +h) — F(x) 
h 


xth x 

= Jim, H i, f(pdt — i fod 
x+h a 

= lim, H f f@dt+ i fod 


h 
a i x + 
= lim, 5 J fit. 


F(x) = jim, 


x+h 
Looking carefully at this last expression, we see + uA f@dt is just the average value of the function f(x) over the 
x 


interval [x, x +h]. Therefore, by The Mean Value Theorem for Integrals, there is some number c in [x, x + h] such 
that 


x+h 
i I fQddx = fc). 


In addition, since c is between x and h, c approaches x as h approaches zero. Also, since f(x) is continuous, we have 


jim, foO= dim i (c) = f(x). Putting all these pieces together, we have 


x+h 
F(x) = lim, 4 / fxodx 
= jim, flo 
= f(x), 


and the proof is complete. 


Finding a Derivative with the Fundamental Theorem of Calculus 


Use the Fundamental Theorem of Calculus, Part 1 to find the derivative of 


x 
g(x) = | tat. 
yeti 


Solution 


According to the Fundamental Theorem of Calculus, the derivative is given by 


q 1 
a= ; 
xo+1 
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4s 
AI sae Use the Fundamental Theorem of Calculus, Part 1 to find the derivative of g(r) = [ Vx? + 4dx. 
0 


Example 1.18 


Using the Fundamental Theorem and the Chain Rule to Calculate Derivatives 
Vx 

Let F(x) = ye sintdt. Find F’ (x). 
1 


Solution 
u(x) 


Letting u(x) = vx, wehave F(x) = i: sintdt. Thus, by the Fundamental Theorem of Calculus and the chain 
tule, 
F(x) = sin(u(x) 4 
dx 
= sin(u(x)) (4x71?) 


— Sinvx 
2vx ° 


fej 1.17 43 
Let F(x) = i. costdt. Find F’ (x). 
1 


Example 1.19 


Using the Fundamental Theorem of Calculus with Two Variable Limits of 
Integration 


2x 
Let F(x) = i tdt. Find F’ (x). 
ae 


Solution 
2x 3 

We have F(x) = e t’ dt. Both limits of integration are variable, so we need to split this into two integrals. We 
x 


get 
2x 
F(x) =/[ Pat 
@ =f 
0 2x 
3 3 
=[ d+] td 


x 2x 
=-f[ Part f tdt. 
0 0 
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Differentiating the first term, we obtain 


AN a 8 
ral [ea|- Ks. 


Differentiating the second term, we first let u(x) = 2x. Then, 


P| 2x 3 d u(x) 3 
Af t a| cre t dt 


= 3 du 

= (u(x)) ae 

= (2x)3-2 

= 16x°. 
Thus, 


fe 1.18 x2 
Let F(x) = rs costdt. Find F' (x). 


x 


Fundamental Theorem of Calculus, Part 2: The Evaluation Theorem 


The Fundamental Theorem of Calculus, Part 2, is perhaps the most important theorem in calculus. After tireless efforts 
by mathematicians for approximately 500 years, new techniques emerged that provided scientists with the necessary tools 
to explain many phenomena. Using calculus, astronomers could finally determine distances in space and map planetary 
orbits. Everyday financial problems such as calculating marginal costs or predicting total profit could now be handled with 
simplicity and accuracy. Engineers could calculate the bending strength of materials or the three-dimensional motion of 
objects. Our view of the world was forever changed with calculus. 


After finding approximate areas by adding the areas of n rectangles, the application of this theorem is straightforward by 
comparison. It almost seems too simple that the area of an entire curved region can be calculated by just evaluating an 
antiderivative at the first and last endpoints of an interval. 


Theorem 1.5: The Fundamental Theorem of Calculus, Part 2 


If f is continuous over the interval [a, b] and F(x) is any antiderivative of f(x), then 


b (1.17) 
ib f(odx = F(b) — F(a). 


We often see the notation F' (x)? to denote the expression F(b) — F(a). We use this vertical bar and associated limits a 
and b to indicate that we should evaluate the function F(x) at the upper limit (in this case, b), and subtract the value of the 


function F(x) evaluated at the lower limit (in this case, a). 


The Fundamental Theorem of Calculus, Part 2 (also known as the evaluation theorem) states that if we can find an 
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antiderivative for the integrand, then we can evaluate the definite integral by evaluating the antiderivative at the endpoints 
of the interval and subtracting. 


Proof 


Let P = {x;}, i= 0, 1,...,” bea regular partition of [a, b]. Then, we can write 


F(b) — F(a) = F(Xn) — F(X) 
= [F(xn) — F(x, —)|+[F@_,-) — F@,_-2)]+ -.. + (Fy) — F@p)| 


Ms: 


[F(x;) — F(x; _ vi 


i=] 


Now, we know F is an antiderivative of f over [a, b], so by the Mean Value Theorem (see The Mean Value Theorem 


(http://cnx.org/content/m53612/latest/) ) for i= 0, 1,...,1 we can find c; in [x;_ , x;] such that 


F(x) -FQO;_p)=F' (c (xj; - x;_ p= f(cjAx. 


Then, substituting into the previous equation, we have 
n 
F(b) - F(a) = )) fc) Ax. 
i=1 


Taking the limit of both sides as n — oo, we obtain 


F(b)- F(a) = lim, ) flepAx 
i= 1 


= I : fQoddx. 


Example 1.20 


Evaluating an Integral with the Fundamental Theorem of Calculus 


Use The Fundamental Theorem of Calculus, Part 2 to evaluate 
2 
PA (0? — 4)ar. 
-2 


Solution 
Recall the power rule for Antiderivatives (http://cnx.org/content/m53621/latest/) : 
n+1 


Ify=x", [xtax=2 +C. 


Use this rule to find the antiderivative of the function and then apply the theorem. We have 
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Analysis 


Notice that we did not include the “+ C” term when we wrote the antiderivative. The reason is that, according 
to the Fundamental Theorem of Calculus, Part 2, any antiderivative works. So, for convenience, we chose the 
antiderivative with C = 0. If we had chosen another antiderivative, the constant term would have canceled out. 


This always happens when evaluating a definite integral. 


The region of the area we just calculated is depicted in Figure 1.28. Note that the region between the curve 
and the x-axis is all below the x-axis. Area is always positive, but a definite integral can still produce a negative 
number (a net signed area). For example, if this were a profit function, a negative number indicates the company 
is operating at a loss over the given interval. 


f(t) = 2-4 


Figure 1.28 The evaluation of a definite integral can produce 
a negative value, even though area is always positive. 


Evaluating a Definite Integral Using the Fundamental Theorem of Calculus, Part 2 


Evaluate the following integral using the Fundamental Theorem of Calculus, Part 2: 
x -1 
iL “Re dx. 


Solution 
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First, eliminate the radical by rewriting the integral using rational exponents. Then, separate the numerator terms 
by writing each one over the denominator: 


Use the properties of exponents to simplify: 
9 


oh tS )i = fc V2 _ y-12\y 
| Gh x2 (x ya 
Now, integrate using the power rule: 

9 
3/2 1/2 
f (x!2— .-I2)ay _ i _ xs | 
2 2 


1 
Ol or"). ja" 


3 ai 
2 2 
Je 23)|- [2a -20)| 
=18-6-242 
_ 40 
= 40, 
See Figure 1.29. 
y 
4 f(x) = A 
0 —t a 
9 x 


Figure 1.29 The area under the curve from x = 1 to x =9 
can be calculated by evaluating a definite integral. 


” 1.19 2 
fe Use The Fundamental Theorem of Calculus, Part 2 to evaluate a x4 dx. 
1 


A Roller-Skating Race 


James and Kathy are racing on roller skates. They race along a long, straight track, and whoever has gone the 
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farthest after 5 sec wins a prize. If James can skate at a velocity of f(f) = 5+ 2r ft/sec and Kathy can skate at a 


velocity of g(f) = 10+ cos(1) ft/sec, who is going to win the race? 


Solution 
We need to integrate both functions over the interval [0, 5] and see which value is bigger. For James, we want to 
calculate 


5 
[ (5 + 20)dt. 
0 


Using the power rule, we have 


[o +2ndt =(5¢+ 2); 
= (25 + 25) = 50. 


Thus, James has skated 50 ft after 5 sec. Turning now to Kathy, we want to calculate 
: x 
i 10+ cos( Esa. 


We know sin¢ is an antiderivative of cost, so it is reasonable to expect that an antiderivative of cos(r) would 


2 
involve sin(£s), However, when we differentiate sin(Zr), we get Zeos(1) as a result of the chain rule, so we 
have to account for this additional coefficient when we integrate. We obtain 


[10+ cos(Si}ar = (10r+ Zsin( 4) 
= (50 + 2)- (0 - 2sino) 
& 50.6. 


Kathy has skated approximately 50.6 ft after 5 sec. Kathy wins, but not by much! 


1.20 Suppose James and Kathy have a rematch, but this time the official stops the contest after only 3 sec. 
Does this change the outcome? 
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Student 


A Parachutist in Free Fall 


ee 
during the 
free fall. (credit: Jeremy T. Lock) 


Julie is an avid skydiver. She has more than 300 jumps under her belt and has mastered the art of making adjustments 
to her body position in the air to control how fast she falls. If she arches her back and points her belly toward the 
ground, she reaches a terminal velocity of approximately 120 mph (176 ft/sec). If, instead, she orients her body with 
her head straight down, she falls faster, reaching a terminal velocity of 150 mph (220 ft/sec). 


Since Julie will be moving (falling) in a downward direction, we assume the downward direction is positive to simplify 
our calculations. Julie executes her jumps from an altitude of 12,500 ft. After she exits the aircraft, she immediately 
starts falling at a velocity given by v(t) = 32t. She continues to accelerate according to this velocity function until she 


reaches terminal velocity. After she reaches terminal velocity, her speed remains constant until she pulls her ripcord 
and slows down to land. 


On her first jump of the day, Julie orients herself in the slower “belly down” position (terminal velocity is 176 ft/sec). 
Using this information, answer the following questions. 


1. How long after she exits the aircraft does Julie reach terminal velocity? 


2. Based on your answer to question 1, set up an expression involving one or more integrals that represents the 
distance Julie falls after 30 sec. 


If Julie pulls her ripcord at an altitude of 3000 ft, how long does she spend ina free fall? 


Julie pulls her ripcord at 3000 ft. It takes 5 sec for her parachute to open completely and for her to slow down, 
during which time she falls another 400 ft. After her canopy is fully open, her speed is reduced to 16 ft/sec. 
Find the total time Julie spends in the air, from the time she leaves the airplane until the time her feet touch the 
ground. 
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Figure 1.31 The fabric panels on the arms and legs of a wingsuit work to reduce the vertical velocity of a 


On Julie’s second jump of the day, she decides she wants to fall a little faster and orients herself in the “head 
down” position. Her terminal velocity in this position is 220 ft/sec. Answer these questions based on this 
velocity: 


How long does it take Julie to reach terminal velocity in this case? 


Before pulling her ripcord, Julie reorients her body in the “belly down” position so she is not moving quite as 
fast when her parachute opens. If she begins this maneuver at an altitude of 4000 ft, how long does she spend 
in a free fall before beginning the reorientation? 

Some jumpers wear “ wingsuits” (see Figure 1.31). These suits have fabric panels between the arms and legs 
and allow the wearer to glide around in a free fall, much like a flying squirrel. (Indeed, the suits are sometimes 
called “flying squirrel suits.”) When wearing these suits, terminal velocity can be reduced to about 30 mph (44 
ft/sec), allowing the wearers a much longer time in the air. Wingsuit flyers still use parachutes to land; although 
the vertical velocities are within the margin of safety, horizontal velocities can exceed 70 mph, much too fast 
to land safely. 


skydiver’s fall. (credit: Richard Schneider) 


Answer the following question based on the velocity in a wingsuit. 


Ta 


If Julie dons a wingsuit before her third jump of the day, and she pulls her ripcord at an altitude of 3000 ft, how 
long does she get to spend gliding around in the air? 


59 


60 


1.3 EXERCISES 


144. Consider two athletes running at variable speeds 
v,(¢) and v(t). The runners start and finish a race at 


exactly the same time. Explain why the two runners must 
be going the same speed at some point. 


145. Two mountain climbers start their climb at base 
camp, taking two different routes, one steeper than the 
other, and arrive at the peak at exactly the same time. Is it 
necessarily true that, at some point, both climbers increased 
in altitude at the same rate? 


146. To get on a certain toll road a driver has to take a 
card that lists the mile entrance point. The card also has a 
timestamp. When going to pay the toll at the exit, the driver 
is surprised to receive a speeding ticket along with the toll. 
Explain how this can happen. 


x 

147. Set F(x)= a (1-—f)dt. Find F’(2) and the 
1 

average value of F " over [1, 2]. 


In the following exercises, use the Fundamental Theorem 
of Calculus, Part 1, to find each derivative. 


da f’,-t 
148. ra dt 


d * cost 
149. ra dt 


d fo — y2 
150. £9 y2dy 


x 
151. 4 ——ds_ 
* J V16 — 7 
2x 
d_ 
152. rn tdt 
VX 
d 
193. Ef tdt 


sinx 
154, & V1 —12dt 
af 22 
iss. “f/f  \1-at 


ad 2 
156. ral at 
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2 
Ya 
is7 a Vt ay 
dx 1 1l+t 


Inx 
158. Lf etat 


2 
Ee te 
166, @ if Inu du 


x 
160. The graph of y= (t)dt, where fis a piecewise 
grap y Pp 
0 


constant function, is shown here. 


y 
4 


3 


+ + + + + 


o 123 4 5 6% 

a. Over which intervals is f positive? Over which 
intervals is it negative? Over which intervals, if 
any, is it equal to zero? 

. What are the maximum and minimum values of f? 

c. What is the average value of f? 


x 
161. The graph of y= 7 f@dt, where fis a piecewise 
0 


constant function, is shown here. 


a. Over which intervals is f positive? Over which 
intervals is it negative? Over which intervals, if 
any, is it equal to zero? 

. What are the maximum and minimum values of f? 

c. What is the average value of f? 
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x 

162. The graphof y = 7 ¢(t)dt, where € is a piecewise 169. [T] [Sar over [1, 4] 
0 x 

linear function, is shown here. 


In the following exercises, evaluate each definite integral 
using the Fundamental Theorem of Calculus, Part 2. 


170. ° x2 — 3x Xx 
i. ( 
=| 


3 


171. [ fe + 3x —5ldx 


3 
a. Over which intervals is € positive? Over which 172. 7 (t + 2)(t — 3)dt 
intervals is it negative? Over which, if any, is it -2 


zero? 
b. Over which intervals is€ increasing? Over which is 173. fee 7 9) io ?\at 
it decreasing? Over which, if any, is it constant? ,) 


c. What is the average value of £? 


2 
x 9 
163. The graph of y = J. ¢(t)dt, where € is a piecewise os i x dx 
0 


linear function, is shown here. 


1 
y 99 
J 175. fe dx 
8 
0 176. f (48? - 303? \a0 
i, 72 5 6% 4 
-4 
4 


a 177. | (Gee 
1/4 7 


a. Over which intervals is € positive? Over which 
intervals is it negative? Over which, if any, is it 


Zero? 
‘ 2 
b. Over which intervals is € increasing? Over which 178. | Pa 
is it decreasing? Over which intervals, if any, is it | 
constant? j 
i ? 
c. What is the average value of £? 179, | 1.7, 
12Vx 
In the following exercises, use a calculator to estimate the 
area under the curve by computing T,9, the average of 4 
the left- and right-endpoint Riemann sums using N = 10 180 | 2 =A 
rectangles. Then, using the Fundamental Theorem of 1 7 
Calculus, Part 2, determine the exact area. 
16 
164. [T] y =x? over [0, 4] 181 _dt_ 
. pl/4 
1 
165. [T] y=x°+6x7+x-—5 over [—4, 2] 
2. 


IT 
182. jf cos 6dg 
166. [T] y = \x3 over [0, 6] 0 


167. [T] y = v¥+x over [1, 9] 183. 7 sin 6d0 
0 


168. [T] [osx — sinx)dx over [0, z] 
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nl4 
184. yy sec? 0d0 
0 


nl4 
185. i. sec Otand 
0 


nl4 

186. f csc Ocot@de@ 
n/3 
nl2 

187. Ha esc” 0d 
nl4 
2 


1 1 
188. i_1\y 
[(4 i 
L_4 } 
189. t_thy 
| ( e 


In the following exercises, use the evaluation theorem to 
express the integral as a function F(x). 


me 
190. if t dt 
a 


= 
191, [ edt 
1 


x 


192. f costdt 
0 


x 


193. Fa sintdt 
=x 


In the following exercises, identify the roots of the 
integrand to remove absolute values, then evaluate using 
the Fundamental Theorem of Calculus, Part 2. 


3 
194, / Ixldx 
—2 


195. : f= OF =3ldi 
i | 
2 


oa 
196. 7 Icostldt 
0 


n/2 
197. [ |sin tlt 
—n/2 
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198. Suppose that the number of hours of daylight on 
a given day in Seattle is modeled by the function 


-3.7500s(22) + 12.25, with ¢ given in months and 


t = O corresponding to the winter solstice. 


a. What is the average number of daylight hours in a 
year? 

b. At which times t,; and t), ~~ where 
O<t,<t)<12, do the number of daylight 


hours equal the average number? 
c. Write an integral that expresses the total number of 
daylight hours in Seattle between ¢, and f,. 


d. Compute the mean hours of daylight in Seattle 
between ¢; and fj, where 0 <1, < fy < 12, 


and then between ft and f,, and show that the 


average of the two is equal to the average day 
length. 


199. Suppose the rate of gasoline consumption in the 
United States can be modeled by a sinusoidal function of 


the form (11.21 = cos(2))x 10° gal/mo. 


a. What is the average monthly consumption, and for 
which values of t is the rate at time t equal to the 
average rate? 

b. What is the number of gallons of gasoline 
consumed in the United States in a year? 

c. Write an integral that expresses the average 
monthly U.S. gas consumption during the part of 
the year between the beginning of April (tf = 3) 


and the end of September (¢ = 9). 


200. Explain why, if f is continuous over [a, b], there 


is at least one point cé€l{a,b| such _ that 


b 
fO= Zhe f fot. 


201. Explain why, if fis continuous over |a, b] and is not 


equal to a constant, there is at least one point M € |a, b| 


b 
such that f(M) = sL/ f@dt and at least one point 
oF: a 


b 
m € a, b] such that f(m) < sy i f(idt. 
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202. Kepler’s first law states that the planets move in 
elliptical orbits with the Sun at one focus. The closest point 
of a planetary orbit to the Sun is called the perihelion (for 
Earth, it currently occurs around January 3) and the farthest 
point is called the aphelion (for Earth, it currently occurs 
around July 4). Kepler’s second law states that planets 
sweep out equal areas of their elliptical orbits in equal 
times. Thus, the two arcs indicated in the following figure 
are swept out in equal times. At what time of year is Earth 
moving fastest in its orbit? When is it moving slowest? 


203. A point on an ellipse with major axis length 2a 
and minor axis length 2b has the coordinates 
(acos@, bsin@), 0 < @ < 22. 


a. Show that the distance from this point to the focus 


at (-c,0) is d(@)=a+ccos8, where 
c= Va? —b?. 


b. Use these coordinates to show that the average 
distance d from a point on the ellipse to the focus 
at (—c, 0), with respect to angle 9, is a. 


204. As implied earlier, according to Kepler’s laws, 
Earth’s orbit is an ellipse with the Sun at one focus. The 
perihelion for Earth’s orbit around the Sun is 147,098,290 
km and the aphelion is 152,098,232 km. 

a. By placing the major axis along the x-axis, find the 
average distance from Earth to the Sun. 

b. The classic definition of an astronomical unit (AU) 
is the distance from Earth to the Sun, and its value 
was computed as the average of the perihelion and 
aphelion distances. Is this definition justified? 


205. The force of gravitational attraction between the Sun 

and a planet is F(0) = GM where m is the mass of the 
r 

planet, M is the mass of the Sun, G is a universal constant, 


and r(@) is the distance between the Sun and the planet 


when the planet is at an angle @ with the major axis of its 
orbit. Assuming that M, m, and the ellipse parameters a 
and b (half-lengths of the major and minor axes) are given, 
set up—but do not evaluate—an integral that expresses in 
terms of G,m, M,a,b the average gravitational force 


between the Sun and the planet. 
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206. The displacement from rest of a mass attached to 
a spring satisfies the simple harmonic motion equation 
x(t) = Acos(wt — f), where @ is a phase constant, w is 


the angular frequency, and A is the amplitude. Find the 
average velocity, the average speed (magnitude of 
velocity), the average displacement, and the average 
distance from rest (magnitude of displacement) of the 
mass. 
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1.4 | Integration Formulas and the Net Change Theorem 


Learning Objectives 
1.4.1 Apply the basic integration formulas. 


1.4.2 Explain the significance of the net change theorem. 
1.4.3 Use the net change theorem to solve applied problems. 
1.4.4 Apply the integrals of odd and even functions. 


In this section, we use some basic integration formulas studied previously to solve some key applied problems. It is 
important to note that these formulas are presented in terms of indefinite integrals. Although definite and indefinite integrals 
are closely related, there are some key differences to keep in mind. A definite integral is either a number (when the limits 
of integration are constants) or a single function (when one or both of the limits of integration are variables). An indefinite 
integral represents a family of functions, all of which differ by a constant. As you become more familiar with integration, 
you will get a feel for when to use definite integrals and when to use indefinite integrals. You will naturally select the correct 
approach for a given problem without thinking too much about it. However, until these concepts are cemented in your mind, 
think carefully about whether you need a definite integral or an indefinite integral and make sure you are using the proper 
notation based on your choice. 


Basic Integration Formulas 


Recall the integration formulas given in the table in Antiderivatives (http://cnx.org/content/m53621/latest/#fs- 
id1165043092431) and the rule on properties of definite integrals. Let’s look at a few examples of how to apply these 
rules. 


Integrating a Function Using the Power Rule 
4 

Use the power rule to integrate the function f vi(l + f)dt. 
1 


Solution 


The first step is to rewrite the function and simplify it so we can apply the power rule: 


4 4 
A vil + pdt = 11 + nat 
1 1 


_ fie. 3n 
= I (7 + lar. 
Now apply the power rule: 
Le +19 \at a (30° 4 2,50) 
= [2a)9? 4 2(4)°?| _ [20% 4 2()°?| 


_ 256 
15° 


fe 1.21 Find the definite integral of f(x) = x? — 3x over the interval [1, 3]. 
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The Net Change Theorem 


The net change theorem considers the integral of a rate of change. It says that when a quantity changes, the new value 
equals the initial value plus the integral of the rate of change of that quantity. The formula can be expressed in two ways. 
The second is more familiar; it is simply the definite integral. 


Theorem 1.6: Net Change Theorem 


The new value of a changing quantity equals the initial value plus the integral of the rate of change: 


ih (1.18) 
F(b) = F(a) + [ F'(dx 


or 


b 
i F'(x)dx = F(b) — F(a). 


Subtracting F(a) from both sides of the first equation yields the second equation. Since they are equivalent formulas, which 
one we use depends on the application. 


The significance of the net change theorem lies in the results. Net change can be applied to area, distance, and volume, to 
name only a few applications. Net change accounts for negative quantities automatically without having to write more than 
one integral. To illustrate, let’s apply the net change theorem to a velocity function in which the result is displacement. 


We looked at a simple example of this in The Definite Integral. Suppose a car is moving due north (the positive direction) 
at 40 mph between 2 p.m. and 4 p.m., then the car moves south at 30 mph between 4 p.m. and 5 p.m. We can graph this 
motion as shown in Figure 1.32. 


—30 


Figure 1.32 The graph shows speed versus time for the given 
motion of a car. 


Just as we did before, we can use definite integrals to calculate the net displacement as well as the total distance traveled. 
The net displacement is given by 


5 


5 4 
J v(pdt = 7. 40dt + | —30dt 
2 2 4 
= 80-30 
= 50. 


Thus, at 5 p.m. the car is 50 mi north of its starting position. The total distance traveled is given by 
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5 4 5 
FA lW\dt = A sodr+ | 30dt 
2 2; 
4 
= 80 +30 
= 110. 


Therefore, between 2 p.m. and 5 p.m., the car traveled a total of 110 mi. 


To summarize, net displacement may include both positive and negative values. In other words, the velocity function 
accounts for both forward distance and backward distance. To find net displacement, integrate the velocity function over 
the interval. Total distance traveled, on the other hand, is always positive. To find the total distance traveled by an object, 
regardless of direction, we need to integrate the absolute value of the velocity function. 


Example 1.24 


Finding Net Displacement 


Given a velocity function v(t) = 3t—5 (in meters per second) for a particle in motion from time ¢ = 0 to time 


t = 3, find the net displacement of the particle. 


Solution 


Applying the net change theorem, we have 


3 2 3 
ie (3t—5)dt = if 5 
0 


The net displacement is -3 m (Figure 1.33). 
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v(t) = 3t—5 


Figure 1.33 The graph shows velocity versus time for a 
particle moving with a linear velocity function. 


Finding the Total Distance Traveled 


Use Example 1.24 to find the total distance traveled by a particle according to the velocity function 
v(t) = 3t —5 m/sec over atime interval [0, 3]. 


Solution 


The total distance traveled includes both the positive and the negative values. Therefore, we must integrate the 
absolute value of the velocity function to find the total distance traveled. 


To continue with the example, use two integrals to find the total distance. First, find the t-intercept of the function, 
since that is where the division of the interval occurs. Set the equation equal to zero and solve for t. Thus, 


3t-5 = 0 
3t = 5 
r= 4, 
The two subintervals are [o. 3| and [3. | To find the total distance traveled, integrate the absolute value of 
the function. Since the function is negative over the interval [o. 3| we have |v(t)| = —v(t) over that interval. 


Over [. 3} the function is positive, so |v(t)| = v(t). Thus, we have 
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5/3 3 
| —v(t)dt + [ v(pdt 
0 5/3 


3 
[ v(t)|dt 
0 


5/3 3 
=. 5—3rar+ f 3t — 5dt 
0 5/3 


qa 5/3 ait 3 
=(8-*F)o +A5-5)s0 


=|) 25" ]-0+ F-15]- [2-3 


= 25._ 25.4 27 _ 45 _ 25.4 25 
Sg > 5 ho 15 raed 
ash 

6" 


So, the total distance traveled is os m. 


1.22 Find the net displacement and total distance traveled in meters given the velocity function 
f= de! —2 over the interval [0, 2]. 


Applying the Net Change Theorem 


The net change theorem can be applied to the flow and consumption of fluids, as shown in Example 1.26. 


Example 1.26 


How Many Gallons of Gasoline Are Consumed? 


If the motor on a motorboat is started at t = 0 and the boat consumes gasoline at the rate of 5 — ma gal/hr, how 
much gasoline is used in the first 2 hours? 


Solution 


Express the problem as a definite integral, integrate, and evaluate using the Fundamental Theorem of Calculus. 
The limits of integration are the endpoints of the interval [0, 2]. We have 


[6 -P\dt = (5: = Z| 


2 
0 
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Thus, the motorboat uses 6 gal of gas in 2 hours. 


Chapter Opener: Iceboats 


Figure 1.34 (credit: modification of work by Carter Brown, 
Flickr) 


As we saw at the beginning of the chapter, top iceboat racers (Figure 1.1) can attain speeds of up to five times the 
wind speed. Andrew is an intermediate iceboater, though, so he attains speeds equal to only twice the wind speed. 
Suppose Andrew takes his iceboat out one morning when a light 5-mph breeze has been blowing all morning. As 
Andrew gets his iceboat set up, though, the wind begins to pick up. During his first half hour of iceboating, the 
wind speed increases according to the function v(t) = 20t+ 5. For the second half hour of Andrew’s outing, the 


wind remains steady at 15 mph. In other words, the wind speed is given by 


20t+5 for o<r<t 


15 for d<t<1. 


v(t) = 


Recalling that Andrew’s iceboat travels at twice the wind speed, and assuming he moves in a straight line away 
from his starting point, how far is Andrew from his starting point after 1 hour? 


Solution 


To figure out how far Andrew has traveled, we need to integrate his velocity, which is twice the wind speed. Then 
1 
Distance = 7 2v(t)dt. 
0 


Substituting the expressions we were given for v(t), we get 
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1 
i 2vn(ndt = ne [ 2v(ndt 
1/2 


ie 


1 
‘ 2(20t + 5)dt + [ j2llsiat 
1 


1/2 1 
(40t + 10)dt + iy 30dt 
0 1/2 


= [2007 + 10r V2 4 1302]|! i. 


“(@ +5)- 0+ (30 — 15) 


Andrew is 25 mi from his starting point after 1 hour 


fe 1.23 Suppose that, instead of remaining steady during the second half hour of Andrew’s outing, the wind 
starts to die down according to the function v(t) = —10¢+ 15. In other words, the wind speed is given by 


20t +5 for 0 


lA 
lA 


v(t) = 
—10t+15 for 


Under these conditions, how far from his starting point is Andrew after 1 hour? 


Integrating Even and Odd Functions 


We saw in Functions and Graphs (http://cnx.org/content/m53472/latest/) that an even function is a function in 
which f(—x) = f(x) for all x in the domain—that is, the graph of the curve is unchanged when x is replaced with —x. The 


graphs of even functions are symmetric about the y-axis. An odd function is one in which f(—x) = —f(x) for all x in the 
domain, and the graph of the function is symmetric about the origin. 


Integrals of even functions, when the limits of integration are from —a to a, involve two equal areas, because they are 
symmetric about the y-axis. Integrals of odd functions, when the limits of integration are similarly [—a, a], evaluate to 


zero because the areas above and below the x-axis are equal. 


Rule: Integrals of Even and Odd Functions 


For continuous even functions such that f(—x) = f(x), 


@ a 
| fQddx = 2 i fQddx. 
x, 0 
For continuous odd functions such that f(—x) = —f(x), 


a fQxddx = 0 
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Example 1.28 


Integrating an Even Function 
‘ 8 

Integrate the even function f (3x — 2)dx and verify that the integration formula for even functions holds. 
-2 


Solution 


The symmetry appears in the graphs in Figure 1.35. Graph (a) shows the region below the curve and above the 
x-axis. We have to zoom in to this graph by a huge amount to see the region. Graph (b) shows the region above 
the curve and below the x-axis. The signed area of this region is negative. Both views illustrate the symmetry 
about the y-axis of an even function. We have 


To verify the integration formula for even functions, we can calculate the integral from 0 to 2 and double it, then 
check to make sure we get the same answer. 


[(os8—2}ux =(2- 2)| 
= 512_4 
3 
— 500 
3 


Since 2- age = 4000, we have verified the formula for even functions in this particular example. 


ya f(x) = 3x8 -2 yy f(x) = 3x8 - 2 
. 5 . 


(a) (b) 
Figure 1.35 Graph (a) shows the positive area between the curve and the x-axis, whereas graph (b) shows the negative area 
between the curve and the x-axis. Both views show the symmetry about the y-axis. 
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Example 1.29 
Integrating an Odd Function 


Evaluate the definite integral of the odd function —5sinx over the interval [—z, z]. 


Solution 


The graph is shown in Figure 1.36. We can see the symmetry about the origin by the positive area above the 
x-axis over [—z, 0], and the negative area below the x-axis over [0, 2]. We have 


a 


ff ~Ssinxdx = -5(-cosx)|*, 
a 


= a 
= Scosx|* 


= [5cosz] — [Scos(—z)| 


Figure 1.36 The graph shows areas between a curve and the 
x-axis for an odd function. 


2 


m 1.24 s 4 
4 Integrate the function 7 x" dx. 
—2 
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1.4 EXERCISES 


Use basic integration formulas to compute the following 
antiderivatives. 


207, [(z be Lax 


208. \(e> — de" ax 


dx 

209. |e 

210. lene 
Xx 


a 


211. re (sinx — cosx)dx 
0 


n/2 
- X — SINX)dXx 
212 (x — sinx)d 
0 


213. Write an integral that expresses the increase in the 
perimeter P(s) of a square when its side length s increases 


from 2 units to 4 units and evaluate the integral. 


214. Write an integral that quantifies the change in the 
area A(s) =s* of a square when the side length doubles 


from S units to 2S units and evaluate the integral. 


215. A regular N-gon (an N-sided polygon with sides that 
have equal length s, such as a pentagon or hexagon) has 
perimeter Ns. Write an integral that expresses the increase 
in perimeter of a regular N-gon when the length of each side 
increases from 1 unit to 2 units and evaluate the integral. 


216. The area of a regular pentagon with side length 
a> 0 ispa* with p= 45 + \5 +25. The Pentagon in 


Washington, DC, has inner sides of length 360 ft and outer 
sides of length 920 ft. Write an integral to express the area 
of the roof of the Pentagon according to these dimensions 
and evaluate this area. 


217. A dodecahedron is a Platonic solid with a surface that 
consists of 12 pentagons, each of equal area. By how much 
does the surface area of a dodecahedron increase as the side 
length of each pentagon doubles from 1 unit to 2 units? 


218. An icosahedron is a Platonic solid with a surface that 
consists of 20 equilateral triangles. By how much does the 
surface area of an icosahedron increase as the side length of 
each triangle doubles from a unit to 2a units? 


219. Write an integral that quantifies the change in the 
area of the surface of a cube when its side length doubles 
from s unit to 2s units and evaluate the integral. 
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220. Write an integral that quantifies the increase in the 
volume of a cube when the side length doubles from s unit 
to 2s units and evaluate the integral. 


221. Write an integral that quantifies the increase in the 
surface area of a sphere as its radius doubles from R unit to 
2R units and evaluate the integral. 


222. Write an integral that quantifies the increase in the 
volume of a sphere as its radius doubles from R unit to 2R 
units and evaluate the integral. 


223. Suppose that a particle moves along a straight line 
with velocity v(t) =4-—2t, where 0 <t <2 (in meters 


per second). Find the displacement at time t and the total 
distance traveled up to ¢ = 2. 


224. Suppose that a particle moves along a straight line 
with velocity defined by v(t)=1*—3r—18, where 
0 <t < 6 (in meters per second). Find the displacement at 


time t and the total distance traveled up to ¢ = 6. 


225. Suppose that a particle moves along a straight line 
with velocity defined by v(t)=|2t-6|, where 


0 <+t < 6 (in meters per second). Find the displacement at 


time t and the total distance traveled up to t = 6. 


226. Suppose that a particle moves along a straight line 
with acceleration defined by a(t)=t-—3, where 


0 <t<6 (in meters per second). Find the velocity and 


displacement at time t and the total distance traveled up to 
t=6 if v0) =3 and d(O) = 0. 


227. A ball is thrown upward from a height of 1.5 m at 
an initial speed of 40 m/sec. Acceleration resulting from 
gravity is —9.8 m/sec*. Neglecting air resistance, solve for 
the velocity v(t) and the height A(7) of the ball t seconds 


after it is thrown and before it returns to the ground. 


228. A ball is thrown upward from a height of 3 m at 
an initial speed of 60 m/sec. Acceleration resulting from 
gravity is —9.8 m/sec*. Neglecting air resistance, solve for 
the velocity v(t) and the height A(7) of the ball t seconds 


after it is thrown and before it returns to the ground. 


229. The area A(t) of a circular shape is growing at a 


constant rate. If the area increases from 47 units to 97 units 
between times ¢ = 2 and t = 3, find the net change in the 


radius during that time. 
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230. A spherical balloon is being inflated at a constant 
rate. If the volume of the balloon changes from 36m in.° to 
2887 in.? between time t = 30 and t = 60 seconds, find 


the net change in the radius of the balloon during that time. 


231. Water flows into a conical tank with cross-sectional 


3 
area mx* at height x and volume a up to height x. If 
water flows into the tank at a rate of 1 m*/min, find the 
height of water in the tank after 5 min. Find the change in 
height between 5 min and 10 min. 


232. A horizontal cylindrical tank has cross-sectional area 
A(x) = 4(6x - x”)? at height x meters above the bottom 


when x < 3. 


a. The volume V between heights a and b is 
b 

1 A(x)dx. Find the volume at heights between 2 
a 


mand 3 m. 

b. Suppose that oil is being pumped into the tank 
at a rate of 50 L/min. Using the chain rule, 
dx _ dx dV 
dt dV dt’ 
the height of oil in the tank changing, expressed in 
terms of x, when the height is at x meters? 

c. How long does it take to fill the tank to 3 m starting 
from a fill level of 2 m? 


at how many meters per minute is 
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233. The following table lists the electrical power in 
gigawatts—the rate at which energy is consumed—used in 
a certain city for different hours of the day, in a typical 
24-hour period, with hour 1 corresponding to midnight to 1 
am. 


Power Hour Power 


Hour 


Find the total amount of power in gigawatt-hours (gW-h) 
consumed by the city in a typical 24-hour period. 
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234. 


The average residential electrical power use (in 


hundreds of watts) per hour is given in the following table. 


a. 


b. 


Cc. 


Hour Power Hour Power 


Compute the average total energy used in a day in 
kilowatt-hours (kWh). 

If a ton of coal generates 1842 kWh, how long does 
it take for an average residence to burn a ton of 
coal? 

Explain why the data might fit a plot of the form 


p(t) = 11.5- 7.5sin( 22), 
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235. The data in the following table are used to estimate 
the average power output produced by Peter Sagan for each 
of the last 18 sec of Stage 1 of the 2012 Tour de France. 


Table 1.6 Average Power Output Source: 
sportsexercisengineering.com 


Estimate the net energy used in kilojoules (kJ), noting that 
1W = 1 J/s, and the average power output by Sagan during 
this time interval. 
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236. The data in the following table are used to estimate 237. The distribution of incomes as of 2012 in the United 
the average power output produced by Peter Sagan for each States in $5000 increments is given in the following table. 
15-min interval of Stage 1 of the 2012 Tour de France. The kth row denotes the percentage of households with 

incomes between $5000xk and 5000xk + 4999. The row 
k = 40 contains all households with income between 
$200,000 and $250,000 and k=41 accounts for all 
households with income exceeding $250,000. 


of = 
ef = 


Table 1.7 Average Power Output Source: 
sportsexercisengineering.com 


Estimate the net energy used in kilojoules, noting that 1W 
=1J/s. 
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Table 1.8 Income 
Distributions Source: 
http://www.census.gov!/ 
prod/2013pubs/p60-245.pdf 
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Table 1.8 Income 
Distributions Source: 
http://www.census.gov/ 
prod/2013pubs/p60-245.pdf 


a. Estimate the percentage of U.S. households in 2012 
with incomes less than $55,000. 

b. What percentage of households had incomes 
exceeding $85,000? 

c. Plot the data and try to fit its shape to that of a 


graph of the form a(x + ee ero for suitable 


a, b, c. 


238. Newton’s law of gravity states that the gravitational 
force exerted by an object of mass M and one of mass 
m with centers that are separated by a distance r is 


F=GuM with G an_- empirical constant 


G = 6.67x10~'! m3 {kg-s), The work done by a 


variable force over an interval |a, b] is defined as 


b 
W= [ F(x)dx. If Earth has mass 5.97219 x 104 and 
a 


radius 6371 km, compute the amount of work to elevate 
a polar weather satellite of mass 1400 kg to its orbiting 
altitude of 850 km above Earth. 


239. For a given motor vehicle, the maximum achievable 
deceleration from braking is approximately 7 m/sec? on dry 
concrete. On wet asphalt, it is approximately 2.5 m/sec?. 
Given that 1 mph corresponds to 0.447 m/sec, find the total 
distance that a car travels in meters on dry concrete after the 
brakes are applied until it comes to a complete stop if the 
initial velocity is 67 mph (30 m/sec) or if the initial braking 
velocity is 56 mph (25 m/sec). Find the corresponding 
distances if the surface is slippery wet asphalt. 


240. John is a 25-year old man who weighs 160 lb. He 
burns 500 —50r calories/hr while riding his bike for t 
hours. If an oatmeal cookie has 55 cal and John eats 4t 
cookies during the tth hour, how many net calories has he 
lost after 3 hours riding his bike? 


241. Sandra is a 25-year old woman who weighs 120 
Ib. She burns 300—50¢ cal/hr while walking on her 
treadmill. Her caloric intake from drinking Gatorade is 100¢ 
calories during the tth hour. What is her net decrease in 
calories after walking for 3 hours? 
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242. A motor vehicle has a maximum efficiency of 33 
mpg at a cruising speed of 40 mph. The efficiency drops at 
a rate of 0.1 mpg/mph between 40 mph and 50 mph, and at 
a rate of 0.4 mpg/mph between 50 mph and 80 mph. What 
is the efficiency in miles per gallon if the car is cruising at 
50 mph? What is the efficiency in miles per gallon if the car 
is cruising at 80 mph? If gasoline costs $3.50/gal, what is 
the cost of fuel to drive 50 mi at 40 mph, at 50 mph, and at 
80 mph? 


243. Although some engines are more efficient at given 
a horsepower than others, on average, fuel efficiency 
decreases with horsepower at a rate of 1/25 mpg/ 
horsepower. If a typical 50-horsepower engine has an 
average fuel efficiency of 32 mpg, what is the average fuel 
efficiency of an engine with the following horsepower: 150, 
300, 450? 


244. [T] The following table lists the 2013 schedule of 
federal income tax versus taxable income. 


... Of the 
Amount 
Over 


$8925-$36,250 a $8925 


$4,991.25 + 
25% 


Taxable Income The Tax Is 
Range . 


$36,250-$87,850 $36,250 


$87,850—$183,250 a 
$183,250-$398,350 ea 
$398,350-$400,000 oS 


Table 1.9 Federal Income Tax Versus Taxable 
Income Source: http://www.irs.gov/publ/irs-prior/ 
i1040tt--2013. pdf. 


Suppose that Steve just received a $10,000 raise. How 
much of this raise is left after federal taxes if Steve’s salary 
before receiving the raise was $40,000? If it was $90,000? 
If it was $385,000? 
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245. [T] The following table provides hypothetical data 
regarding the level of service for a certain highway. 


Density 
Range 
(vehicles/ 
m 


i) 
ae Eee eee 
60-57 600-1000 10-20 


Highway Vehicles per 
Speed Range Hour per 
(mph) Lane 


Table 1.10 


a. Plot vehicles per hour per lane on the x-axis and 
highway speed on the y-axis. 

b. Compute the average decrease in speed (in miles 
per hour) per unit increase in congestion (vehicles 
per hour per lane) as the latter increases from 600 to 
1000, from 1000 to 1500, and from 1500 to 2100. 
Does the decrease in miles per hour depend linearly 
on the increase in vehicles per hour per lane? 

c. Plot minutes per mile (60 times the reciprocal of 
miles per hour) as a function of vehicles per hour 
per lane. Is this function linear? 


For the next two exercises use the data in the following 
table, which displays bald eagle populations from 1963 to 
2000 in the continental United States. 
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Population of Breeding Pairs of 
Bald Eagles 


1974 791 


1188 


Year 


1963 


1981 


1986 


Table 1.11 Population of Breeding Bald Eagle 
Pairs Source: http://www.fws.gov/Midwestleagle/ 
population/chtofprs.html. 


1992 
1996 


2000 


246. [T] The graph below plots the quadratic 
p(t) = 6.4877 — 80.3 1f + 585.69 against the data in 
preceding table, normalized so that t = 0 corresponds to 


1963. Estimate the average number of bald eagles per year 
present for the 37 years by computing the average value of 
p over [0, 37]. 


y 
7000 


6000 
5000 
4000 
3000 
2000 
1000 


(37, 6471) 
(33, 5094) 


(29, 3749) 


(0, 487) 
(11, 791) 
e 


® (23, 1875) 


5 10 15 20 25 30 35 40* 
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247. [T] The graph below plots the cubic 
p(t) = 0.071? + 2.4217 — 25.63 + 521.23 against the 
data in the preceding table, normalized so that r=0 


corresponds to 1963. Estimate the average number of bald 
eagles per year present for the 37 years by computing the 
average value of p over [0, 37]. 


(37, 6471) 


(33, 5094) 


(29, 3749) 


(0, 487) 
(11, 791) 
s 


248. [T] Suppose you go on a road trip and record your 
speed at every half hour, as compiled in the following 
table. The best quadratic fit to the data is 


qt) = 5x*—11x+49, shown in the accompanying 


graph. Integrate q to estimate the total distance driven over 
[ne iy [ See | 
= |e 


the 3 hours. 
Time (hr) 


0 (start) 


po 


(0,50) (2, 50), 


@ (1, 40) 


+ + fo 
2 25 3% 


As a car accelerates, it does not accelerate at a constant 
rate; rather, the acceleration is variable. For the following 
exercises, use the following table, which contains the 
acceleration measured at every second as a driver merges 
onto a freeway. 
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Acceleration (mph/sec) 


249. [T] The accompanying graph plots the best quadratic 
fit, a(t) = —0.7017 + 1.44¢ + 10.44, to the data from the 


preceding table. Compute the average value of a(t) to 


estimate the average acceleration between t=O and 
t=5. 


y 
12 


10 


+ 
(Get eo ee oe ee ee ee 


250. [T] Using your acceleration equation from the 
previous exercise, find the corresponding velocity 
equation. Assuming the final velocity is 0 mph, find the 
velocity at time rt = 0. 


251. [T] Using your velocity equation from the previous 
exercise, find the corresponding distance equation, 
assuming your initial distance is 0 mi. How far did you 
travel while you accelerated your car? (Hint: You will need 
to convert time units.) 
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252. [T] The number of hamburgers sold at a restaurant 
throughout the day is given in the following table, with the 
accompanying graph plotting the best cubic fit to the data, 


b(t) = 0.1217 — 2.1347 + 12.13+3.91, with r=0 
corresponding to 9 am. and t= 12 corresponding to 9 
p.m. Compute the average value of b(t) to estimate the 


average number of hamburgers sold per hour. 


+ aaa 
10 12* 
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253. [T] An athlete runs by a motion detector, which 
records her speed, as displayed in the following table. The 
best linear fit to this data, ¢@(t) = —0.068r+5.14, is 


shown in the accompanying graph. Use the average value 
of ¢(f) between t=O and t= 40 to estimate the 


runner’s average speed. 


+ + + + + + + + 
0 5 10 15 20 25 30 35 40% 
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1.5 | Substitution 


Learning Objectives 


1.5.1 Use substitution to evaluate indefinite integrals. 
1.5.2 Use substitution to evaluate definite integrals. 


The Fundamental Theorem of Calculus gave us a method to evaluate integrals without using Riemann sums. The drawback 
of this method, though, is that we must be able to find an antiderivative, and this is not always easy. In this section we 
examine a technique, called integration by substitution, to help us find antiderivatives. Specifically, this method helps us 
find antiderivatives when the integrand is the result of a chain-rule derivative. 


At first, the approach to the substitution procedure may not appear very obvious. However, it is primarily a visual task—that 
is, the integrand shows you what to do; it is a matter of recognizing the form of the function. So, what are we supposed to 


3 
see? We are looking for an integrand of the form f|g(x)|g’ (x)dx. For example, in the integral |ee - 3) 2xdx, we have 


f@m= x3, g(x) = x2 - 3, and g'(x) = 2x. Then, 


3 
flg@|e’ @®) = (x? - 3) 2x, 


and we see that our integrand is in the correct form. 


The method is called substitution because we substitute part of the integrand with the variable u and part of the integrand 
with du. It is also referred to as change of variables because we are changing variables to obtain an expression that is easier 
to work with for applying the integration rules. 


Theorem 1.7: Substitution with Indefinite Integrals 


Let u = g(x), , where g’ (x) is continuous over an interval, let f(x) be continuous over the corresponding range of 


g, and let F(x) be an antiderivative of f(x). Then, 


[fig ax = f fwau (1.19) 
yi 
= F(g(x))+ C. 


Proof 
Let f, g, u, and F be as specified in the theorem. Then 
LF (go) = F' (edie) 
= fig@)le’ (). 
Integrating both sides with respect to x, we see that 


J fig@le' ax = Fig) + €. 


If we now substitute vu = g(x), and du = g'(x)dx, we get 


[flee dx = ffadu 
=F(u)+C 
= F(ge(x)) +C. 
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Returning to the problem we looked at originally, we let u = x? —3 and then du = 2xdx. Rewrite the integral in terms of 


ur 
3 


23) (Qxdx) = [uP du. 
ii fu Uu 


Using the power rule for integrals, we have 


4 
fieau = "2c. 


Substitute the original expression for x back into the solution: 


4 (2=3). 


i eps 
f-+C po +e. 


We can generalize the procedure in the following Problem-Solving Strategy. 


Example 1.30 


Using Substitution to Find an Antiderivative 


4 
Use substitution to find the antiderivative of [outa + 4) dx. 


Solution 


The first step is to choose an expression for u. We choose u = 3x +4. because then du = 6xdx., and we 


already have du in the integrand. Write the integral in terms of u: 


[ostax2 + 4) dx = fubdu. 


Remember that du is the derivative of the expression chosen for u, regardless of what is inside the integrand. Now 


we can evaluate the integral with respect to u: 
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Analysis 


We can check our answer by taking the derivative of the result of integration. We should obtain the integrand. 
5 
Picking a value for C of 1, we let y = $(32 + 4) +1. Wehave 


y= 4(3x +4) +1, 


so 
y= (2)5(3:7 + 4) 6x 


= 6x(3x7 + 4). 


This is exactly the expression we started with inside the integrand. 


1.25 2 
fe Use substitution to find the antiderivative of fae (x? — 3) dx. 


Sometimes we need to adjust the constants in our integral if they don’t match up exactly with the expressions we are 
substituting. 


Using Substitution with Alteration 
Use substitution to find the antiderivative of re wz? — 5dz. 


Solution 
2 1/2 2 
Rewrite the integral as az - 5) dz. Let u=z“—5 and du=2zdz. Now we have a problem because 


du = 2z dz and the original expression has only zdz. We have to alter our expression for du or the integral in 


u will be twice as large as it should be. If we multiply both sides of the du equation by 4. we can solve this 


problem. Thus, 


u =z77-5 
du =2zdz 
fdu = 4(22)dz = zdz. 
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Write the integral in terms of u, but pull the 4 outside the integration symbol: 


e-5) 


1/2 
_1f,1r 
dz= L fu du. 


Integrate the expression in u: 


1 1/2 _ (1\u>” 
L fu du =(5 as 


-()R}"+¢ 


_ 1372 
= 3u +C 


1.26 9 
i” Use substitution to find the antiderivative of i x? (e + 5) dx. 


Using Substitution with Integrals of Trigonometric Functions 


Use substitution to evaluate the integral fsincar 
cos” t 


Solution 
We know the derivative of cost is —sint, so we set u=cost. Then du = -—sintdt. Substituting into the 


integral, we have 


| sint gee [24 
cos? t 


Evaluating the integral, we get 


- | = = fu du 


ur? 
—_ -1) -2 
= ( Ju +C. 
Putting the answer back in terms of t, we get 


[a e ela 
cos? t Qu? 
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1.27 ee . 
fz Use substitution to evaluate the integral [estar 
sin“ t 


Sometimes we need to manipulate an integral in ways that are more complicated than just multiplying or dividing by a 
constant. We need to eliminate all the expressions within the integrand that are in terms of the original variable. When we 
are done, u should be the only variable in the integrand. In some cases, this means solving for the original variable in terms 
of u. This technique should become clear in the next example. 


Finding an Antiderivative Using u-Substitution 


Use substitution to find the antiderivative of x 7a. 
= 


Solution 
If we let w= x—1, then du = dx. But this does not account for the x in the numerator of the integrand. We 
need to express x in terms of u. If w= x—1, then x =u+1. Now we can rewrite the integral in terms of u: 


Jae = [ie 


= [ver Sedu 
_ ful? + urdu, 


Then we integrate in the usual way, replace u with the original expression, and factor and simplify the result. 
Thus, 


[we +u'? du = 23? 4 wl? +C 
= 20-137 420-1 !? + 
_ _ 1/2 2 7 
= (x-1) [Ze 1) +2]+C 


= (x— 11? (2x-248) 


37> 3 3 
=(x- 1)? (2x4 4) 


= x =I) Get RC. 


fe 1.28 Use substitution to evaluate the indefinite integral fi cos? tsint dt. 


Substitution for Definite Integrals 


Substitution can be used with definite integrals, too. However, using substitution to evaluate a definite integral requires a 
change to the limits of integration. If we change variables in the integrand, the limits of integration change as well. 
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Theorem 1.8: Substitution with Definite Integrals 


Let uw = g(x) and let g. be continuous over an interval [a, b], and let f be continuous over the range of u = g(x). 
Then, 


b 
g(b) 
| fleig’ dx = ote 
a 8a 


Although we will not formally prove this theorem, we justify it with some calculations here. From the substitution rule for 
indefinite integrals, if F(x) is an antiderivative of f(x), we have 

J fle@d)e' (dx = Fig) + C. 
Then 


b = (1.20) 
i fig@le' dx = Figo)z=2 


= F(g(b)) — F(e(@) 


= 2(b 
= Fw), = 8 


g(b) 


=f fwdu, 


g(a) 


and we have the desired result. 


Example 1.34 


Using Substitution to Evaluate a Definite Integral 
2 3) 
Use substitution to evaluate | x (1 +2x ) dx. 


Solution 


Let uw=1+ 2x3, so du = 6x7 dx. Since the original function includes one factor of x* and du = 6x? dx, 
multiply both sides of the du equation by 1/6. Then, 


du = 6xdx 
1 _ 12 
eau = x“dx. 


To adjust the limits of integration, note that when x=0,u=1+2(0)=1, and when 
x=1,u=1+42(1) =3. Then 


ell aby analy Fa 
a vag fu Uu. 


Evaluating this expression, we get 
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1.29 " 5 
Ej Use substitution to evaluate the definite integral | y(2y? - 3) dy. 
-1 


Using Substitution with an Exponential Function 


1 2 
Use substitution to evaluate a xe +3 ay. 
0 


Solution 


Let u = 4x°+43. Then, du = 8xdx. To adjust the limits of integration, we note that when x = 0, u=3, and 


when x = 1, u = 7. So our substitution gives 


1 2 7 
if xe* +3 ay =1/ e“du 
0 8/3 


1.30 
fe Use substitution to evaluate [ x * cos(Z x3 dx. 


Substitution may be only one of the techniques needed to evaluate a definite integral. All of the properties and rules of 
integration apply independently, and trigonometric functions may need to be rewritten using a trigonometric identity before 
we can apply substitution. Also, we have the option of replacing the original expression for u after we find the antiderivative, 
which means that we do not have to change the limits of integration. These two approaches are shown in Example 1.36. 


Example 1.36 
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Using Substitution to Evaluate a Trigonometric Integral 


n/2 
Use substitution to evaluate [ cos26 dé. 
0 


Solution 


allows us 


Let us first use a trigonometric identity to rewrite the integral. The trig identity cos? @ = {bps 


to rewrite the integral as 


nl2 n/2 
[ cos? @d0 = | i+ cos?0 9. 
0 0 


Then, 
a/2 


[+ s28\10 = I, (4 + 4cos20)d0 


/2 nl2 
1 Ti 
=> d0+ cos 20dé. 
ah I, 


We can evaluate the first integral as it is, but we need to make a substitution to evaluate the second integral. Let 


u = 20. Then, du =2d0, or sau = d0. Also, when 0=0, u=0, and when 0 = 2/2, u =a. Expressing 


the second integral in terms of u, we have 


nl2 xi2 nl2 ‘a 
1 1 = d(1 
aN do+5f cos20d0 a d0+5(5) J cosuau 
0=n/2 u=0 
= a +4sinw 
2920064 lu =o 


=(4-0)+0-0=4 
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1.5 EXERCISES 


254. Why is u-substitution referred to as change of 0) 3 2 
variable? 267. |(x- I(x — 2x) dx; u=x~ —2x 


255. 2. If f=geh, when reversing the chain rule, 
2_ax\x3-3 ya a ee 
AL (goh)(x) = 8 (h(x)\h' (x), should you take u= g(x) 708 (x? — 2x)(x? — 3x7) ds w= x? = 3x 
or u=h(x)? 
269. [cos? 06; u=sin@ (Hint: cos*@ =1-— sin? 0) 
In the following exercises, verify each identity using 
differentiation. Then, using the indicated u-substitution, 


identify f such that the integral takes the form [fwdu. 270. sin? 6d0; u = cosO (Hint: ee eee 0) 
256. 
[ xVx + Idx = Pol + 1} - (3x-—2)+C;u=x4+1 In the following exercises, use a suitable change of 


variables to determine the indefinite integral. 


257. 
: am. fx - 2)? dx 
| ante > 1) = Zoe TG? + 44 8) + Cu = aH 1 
10 
272, fa-2) dt 
258. 
ular + 9dx = 54x" +9)" * Gr dye 273. [alx-1F dx 
274, Ix —11)4d 
259. Kes dx = Vax? +9 94+Ciu=4x249 [as Pee 
V4x2 +9 
275. [cos? asinodo 
260. joe -~—1 uy =4x’ +9 
(4x* +9) 8(4x~ + 9) 


276. sin’ O0cos0d@ 


In the following exercises, find the antiderivative using the 
indicated substitution. 277. Fe cos? (zt)sin(at)dt 


[tidy uxt a 
278. fsin xcos” xdx (Hint: sin? x + cos? x = 1) 


279. J[tsin(e?)eos(e?)ar 
280. je cos” *)sin( (P)ae 


262. [e- 1) dx; u=x-1 
263. fx- 3) 7 dx, u=2x-3 


264, [Gx-27 "dx; w= 3x-2 
281, |—*—<dx 


265. dxiu=x?+1 (x° -3) 


Xx 
ies 


3 
, 282. F A 
266. * dx; w=1-x V1 — x2 
=x" 
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99 
284, Fe cosA(1 —cos0) sin@d@ 
3 10 
285. [(1=00s 0) cos? @sin6d0 


3 
286. [cosa — 1)(cos*@ — 2cos0) sin@d@ 


287. | (sin?@ = 2sin)(sin* O- 3sin26), cos@d0 


In the following exercises, use a calculator to estimate the 
area under the curve using left Riemann sums with 50 
terms, then use substitution to solve for the exact answer. 


288. [T] y = 3(1 — x)? over [0, 2] 
3 
289. [T] y=x(1—x?) over [-1, 2] 


290. [T] y = sinx(1 —cosx)” over [0, z] 


291. [T] y=——+—~ 


; over [—1, 1] 
x“+1 


In the following exercises, use a change of variables to 
evaluate the definite integral. 


—————— 
292. ay xV1 — x2dx 
0 


1 
0 


t 
294. | a 
0 


1 
295. | os 
Vie8 


ml4 


296. v2 sec? @tanOd@ 
0 
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a/l4 . 
297. | -sind_gg 
g cos’é 


In the following exercises, evaluate the indefinite integral 


ce f(x)dx with constant C=O using u-substitution. 


Then, graph the function and the antiderivative over the 
indicated interval. If possible, estimate a value of C that 
would need to be added to the antiderivative to make it 


Xx 
equal to the definite integral F(x) = af f@dt, witha the 
a 


left endpoint of the given interval. 


2 
298. [T] [Oxt De* +*-6 ay over [—3, 2] 


299, [T] free, n (0, 2] 


2 
300. [T] | Eesstthon over [—1, 2] 
Vat 4x7 4244 


301. [T] fsinzax over [-4, 2| 


COS” Xx 


2 
302. [T] i (x+2)e7* ~4°+3 dy over [-5, 1] 


303. [T] ie 3x2 2x3 + Idx over [0, 1] 


b 

304. If h(a) = h(b) in ba g'(h(x))h(x)dx, what can you 
a 

say about the value of the integral? 


305. Is the substitution w = 1 — x7 in the definite integral 
2 

| “dx okay? If not, why not? 
gi -x 


In the following exercises, use a change of variables to 
show that each definite integral is equal to zero. 


au 
306. He cos? (20)sin(20)d0 
0 


V0 
307. [ tcos(t*)sin(1?)dt 
0 


1 
308. di (1 —2#)dt 
0 
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309, | —1=-2t 4 


310 | sof(-—3) foes) 


2 
311, 7 (1 — dcos(at)dt 
0 


3a/4 
312. yp sin” tcos tdt 
m/4 
313. Show that the average value of f(x) over an interval 


la, b] is the same as the average value of f(cx) over the 


interval E B) for c > 0. 


Cc’ Cc 


314. Find the area under the graph of f(t) = —— 
(1 +27) 
between t=O and t=x where a>O and a#1 is 


fixed, and evaluate the limit as x > oo. 


315. Find the area under the graph of g(t) = — 
(-#’) 
between t=O and t=x, where 0<x<1 anda>0O 


is fixed. Evaluate the limit as x — 1. 


316. The area of a semicircle of radius 1 can be expressed 


rr 
as [ V1 — x2dx. Use the substitution x =cost to 
-1 


express the area of a semicircle as the integral of a 
trigonometric function. You do not need to compute the 
integral. 


317. The area of the top half of an ellipse with a major 
axis that is the x-axis from x = —1 to a and with a minor 


axis that is the y-axis from y=-—b to b can be written 


a 

| 2 

as | Di =e ade: Use the substitution x = acost to 

a 
—-a 


express this area in terms of an integral of a trigonometric 
function. You do not need to compute the integral. 
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318. [T] The following graph is of a function of the form 
f@ = asin(nt) + bsin(mt). Estimate the coefficients a 


and b, and the frequency parameters n and m. Use these 


o/s 
estimates to approximate [ f@dt. 
0 


319. [T] The following graph is of a function of the form 
f(x) = acos(nt) + bcos(mt). Estimate the coefficients a 


and b and the frequency parameters n and m. Use these 


Tr 
estimates to approximate [ f@dt. 
0 
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1.6 | Integrals Involving Exponential and Logarithmic 
Functions 


Learning Objectives 


1.6.1 Integrate functions involving exponential functions. 
1.6.2 Integrate functions involving logarithmic functions. 


Exponential and logarithmic functions are used to model population growth, cell growth, and financial growth, as well as 
depreciation, radioactive decay, and resource consumption, to name only a few applications. In this section, we explore 
integration involving exponential and logarithmic functions. 


Integrals of Exponential Functions 


The exponential function is perhaps the most efficient function in terms of the operations of calculus. The exponential 
function, y = e*, is its own derivative and its own integral. 


Rule: Integrals of Exponential Functions 


Exponential functions can be integrated using the following formulas. 


ferax = e™+C (1.21) 
farax Oa 
Ina 


Finding an Antiderivative of an Exponential Function 


Find the antiderivative of the exponential function e~. 


Solution 
Use substitution, setting uw =—x, and then du = —I1dx. Multiply the du equation by —1, so you now have 


—du = dx. Then, 
ferax = — fe"du 


=-e"+C 
=-e *+C. 


2.-2x3 


1.31 .. pe : : bees = 
AI Find the antiderivative of the function using substitution: x“e 


A common mistake when dealing with exponential expressions is treating the exponent on e the same way we treat 
exponents in polynomial expressions. We cannot use the power rule for the exponent on e. This can be especially confusing 
when we have both exponentials and polynomials in the same expression, as in the previous checkpoint. In these cases, we 
should always double-check to make sure we’re using the right rules for the functions we’re integrating. 
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Example 1.38 


Square Root of an Exponential Function 


Find the antiderivative of the exponential function e* V1 + e*. 


Solution 


First rewrite the problem using a rational exponent: 
fervi+erdx = fea + e*) 2 dy. 
Using substitution, choose u = 1 + e*.u = 1+ e*. Then, du = e* dx. We have (Figure 1.37) 
fea +e) 2 dy = ful? du 
Then 


3/2 
27, u _ 290 a: 3/2 
fu du = "y+ C= Ru +C=3(1 +e") +C. 


Figure 1.37 The graph shows an exponential function times 
the square root of an exponential function. 


fe 1.32 Find the antiderivative of e* (3e* — 2). 


Example 1.39 


Using Substitution with an Exponential Function 
ee ‘ ld feats 2 2x3 
Use substitution to evaluate the indefinite integral f 3x“e dx. 


Solution 


Here we choose to let u equal the expression in the exponent on e. Let u = 2x3 and du = 6x? dx.. Again, du 


is off by a constant multiplier; the original function contains a factor of 3x’, not 6x*. Multiply both sides of the 
1 


7 SO that the integrand in u equals the integrand in x. Thus, 


equation by 


[re ax = 4 fe" du. 
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Integrate the expression in u and then substitute the original expression in x back into the u integral: 


1 fu, — 1pu _ 1 2x3 
1 fetdu = te + C= se +C. 


4 
fe — Evaluate the indefinite integral - 2x3 e* dx. 


As mentioned at the beginning of this section, exponential functions are used in many real-life applications. The number e is 
often associated with compounded or accelerating growth, as we have seen in earlier sections about the derivative. Although 
the derivative represents a rate of change or a growth rate, the integral represents the total change or the total growth. Let’s 
look at an example in which integration of an exponential function solves a common business application. 


A price—demand function tells us the relationship between the quantity of a product demanded and the price of the product. 
In general, price decreases as quantity demanded increases. The marginal price-demand function is the derivative of the 
price—-demand function and it tells us how fast the price changes at a given level of production. These functions are used in 
business to determine the price—elasticity of demand, and to help companies determine whether changing production levels 
would be profitable. 


Example 1.40 


Finding a Price-Demand Equation 


Find the price-demand equation for a particular brand of toothpaste at a supermarket chain when the demand is 
50 tubes per week at $2.35 per tube, given that the marginal price—demand function, p’(x), for x number of 


tubes per week, is given as 
p(x) = —0.015¢e70-91*, 


If the supermarket chain sells 100 tubes per week, what price should it set? 


Solution 


To find the price-demand equation, integrate the marginal price—demand function. First find the antiderivative, 
then look at the particulars. Thus, 


p(x) = | ~0.015¢e7 9-9! dx 


= —0.015 f eo 0O1xXdy. 


Using substitution, let u = —0.01x and du = —0.0ldx. Then, divide both sides of the du equation by —0.01. 


This gives 
=0.015 fu = u 
OO1S fetdu =1.5 fetdu 
= 1.5e"+C 
= 152° °°" 4.6. 


The next step is to solve for C. We know that when the price is $2.35 per tube, the demand is 50 tubes per week. 
This means 
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p(50) = 15¢e 0% 5 


= 2.35. 


C 


Now, just solve for C: 


C =2,35-1.5e-°5 
= 235-091 
= 1.44, 


Thus, 
p(x) = 1.5e799l* + 1.44, 
If the supermarket sells 100 tubes of toothpaste per week, the price would be 


—0.01(100) 


p(100) = 1.5e +144 = 1.5e7!+ 1.44 ~ 1.99. 


The supermarket should charge $1.99 per tube if it is selling 100 tubes per week. 


Example 1.41 


Evaluating a Definite Integral Involving an Exponential Function 
mi 

Evaluate the definite integral [ ee *dx. 
1 


Solution 


Again, substitution is the method to use. Let w=1—x, so du=-—ldx or -—du=dx. Then 


[ e! “dx =- i. e“ du. Next, change the limits of integration. Using the equation u = 1 — x, we have 


u=1-(1)=0 
u=1—(2)=-1. 


The integral then becomes 


See Figure 1.38. 
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Figure 1.38 The indicated area can be calculated by 
evaluating a definite integral using substitution. 


e 1.34 2 
fe Evaluate [ e2* dx. 
0 


Example 1.42 


Growth of Bacteria in a Culture 


Suppose the rate of growth of bacteria in a Petri dish is given by g(t) = 3‘, where t is given in hours and q(t) 
is given in thousands of bacteria per hour. If a culture starts with 10,000 bacteria, find a function Q(f) that gives 


the number of bacteria in the Petri dish at any time t. How many bacteria are in the dish after 2 hours? 


Solution 
We have 
= [sty = 3" 
Q(t) = fs dt = B5+C. 
Then, at t= 0 we have Q(0) = 10 = a +C, so Cx 9.090 and we get 


tt 
Q(t) = ind + 9.090. 
At time f= 2, wehave 


2) = 37 +.9.090 
Q(2) = Ing . 
= 17.282. 


After 2 hours, there are 17,282 bacteria in the dish. 


1.35 From Example 1.42, suppose the bacteria grow at a rate of g(t) = 2’. Assume the culture still starts 
with 10,000 bacteria. Find Q(t). How many bacteria are in the dish after 3 hours? 
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Example 1.43 


Fruit Fly Population Growth 


0.02 


Suppose a population of fruit flies increases at arate of g(t) = 2e in flies per day. If the initial population 


of fruit flies is 100 flies, how many flies are in the population after 10 days? 


Solution 
Let G(t) represent the number of flies in the population at time t. Applying the net change theorem, we have 


10 

G10) =G(0) + Ha 29.02 a 
0 

10 


= 100 + [52560], 


= 100+ [100e02"].” 


= 100 + 100e°-? — 100 
~ 122. 


There are 122 flies in the population after 10 days. 


0.01t 


1.36 Suppose the rate of growth of the fly population is given by g(t) = e”?"",_ and the initial fly population 


is 100 flies. How many flies are in the population after 15 days? 


Example 1.44 


Evaluating a Definite Integral Using Substitution 


2 


1/x 
Evaluate the definite integral using substitution: | <—dx. 
1x 


Solution 


This problem requires some rewriting to simplify applying the properties. First, rewrite the exponent on e as a 
power of x, then bring the x” in the denominator up to the numerator using a negative exponent. We have 


ie 2-1 _5 
eedx= fe x “dx. 
1* 1 


1 


Let u =x, the exponent on e. Then 


du =—x~*dx 
—du =x~*dx. 


Bringing the negative sign outside the integral sign, the problem now reads 
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—fe"du. 
Next, change the limits of integration: 
u=(1)=1 
w= (2 1=4 


Notice that now the limits begin with the larger number, meaning we must multiply by —1 and interchange the 
limits. Thus, 


2 


A 1.37 -2 
a Evaluate the definite integral using substitution: | te dx. 
1x 


Integrals Involving Logarithmic Functions 


1 


Integrating functions of the form f(x) =x ~~ result in the absolute value of the natural log function, as shown in the 


following rule. Integral formulas for other logarithmic functions, such as f(x) = Inx and f(x) = log, x, are also included 


in the rule. 


Rule: Integration Formulas Involving Logarithmic Functions 


The following formulas can be used to evaluate integrals involving logarithmic functions. 
ee dx = Inlxl+C (1.22) 
finxax = xInx-—x+C=xnx-1)+C 


= ooh, = 
flogax dx = ;Xdnx-1)+€ 


Example 1.45 


Finding an Antiderivative Involving Inx 


Find the antiderivative of the function . = 10° 
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Solution 
First factor the 3 outside the integral symbol. Then use the u™! rule. Thus, 


fnot® = 3h 


= d 

=3 [4 

= 31nlul+C 

= 3lInlx —10|+C, x 4 10. 


See Figure 1.39. 


y 
8 
6 
4 3 
2 x-10 
4 
-1 0 20 30* 
-2 


Figure 1.39 The domain of this function is x 4 10. 


fe 1.38 Find the antiderivative of — 
x+2 


Example 1.46 


Finding an Antiderivative of a Rational Function 


3 
Find the antiderivative of ox + 3x 
x 


+ 3x2 


Solution 


This can be rewritten as lex + 3x)(x4 + 35°) dx. Use substitution. Let w=x*+ 3x2, then 
du = 4x? +.6x. Alter du by factoring out the 2. Thus, 


du 


(4x + 6x)dx 
2(2x? + 3x}dx 
5 du = (2x? + 3x)dx. 


Rewrite the integrand in u: 
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lee + 3x\(x4 + 3x2) dx = 4 fur'du. 


Then we have 


1f,-1 ad 
L fu du = glnlul +c 


= F1n|x4 + 3x7| +C. 


Example 1.47 


Finding an Antiderivative of a Logarithmic Function 


Find the antiderivative of the log function log, x. 


Solution 


Follow the format in the formula listed in the rule on integration formulas involving logarithmic functions. Based 
on this format, we have 


— _*_ = 
flogyxdx = (nx — 1) +C. 


fe 1.39 Find the antiderivative of log3 x. 


Example 1.48 is a definite integral of a trigonometric function. With trigonometric functions, we often have to apply a 
trigonometric property or an identity before we can move forward. Finding the right form of the integrand is usually the key 
to a smooth integration. 


Example 1.48 


Evaluating a Definite Integral 


Find the definite integral of [sina 
0 1+cosx 
Solution 
We need substitution to evaluate this problem. Let u = 1+ cosx,, so du = —sinx dx. Rewrite the integral in 
terms of u, changing the limits of integration as well. Thus, 
u=1+cos(Q) = 2 


u=1 + cos(Z) = 1. 
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Then 
n/2 . 1 
sinx oe, -1 
I, 1+ cosx is ae 
2. 
= i u-!du 
1 
= Inlull 
= [In2 -In1] 
= In2. 
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1.6 EXERCISES 


In the following exercises, compute each indefinite 
integral. 


320. fed 
321. fe *dx 
322, [2*dx 
323. [3-*dx 
324. [Las 
325. [dx 
326. [hax 
327. [tax 


In the following exercises, find each indefinite integral by 
using appropriate substitutions. 


328. fMXdx 


329. j dx 
x(Inx) 


dx. 
330. {ox (x>1) 


dx 
eat: lacs 


332. fiano do 


cos x — xsinx 
333, / cosa = xsi dy 


In(sin x) 
334. f Tani dx 


335. [in(cos x)tan xdx 


2 
336. fxe> dx 


103 


3 
337. juve dx 
338. [es cosxdx 


339. fet™sec? xdx 


340. [ gums 


In( — 1) 
341, ja 


In the following exercises, verify by differentiation that 


finx dx =x(Inx-—1)+C, then use appropriate 


changes of variables to compute the integral. 


342. finxax (Aint: finxdx = 4 fain(x?)ax) 


343. [xin?x dx 
344, fing (Hint: Set u = +.) 
Xx 


345. 7 Xx (Hint: Set u = vx.) 


346. Write an integral to express the area under the graph 


of y= 1 from ¢ = | to e* and evaluate the integral. 


347. Write an integral to express the area under the graph 
of y=e' between t=0 and t=Inx, and evaluate the 


integral. 
In the following exercises, use appropriate substitutions 


to express the trigonometric integrals in terms of 
compositions with logarithms. 


348, FE tan(2x)dx 


sin(3x) — cos(3x) 
oa fea + cos(3x) 


350. fae 


cos(x7) 


351. [xese(x?)ax 
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f In(cos.x)tan x dx 


re In(csc x)cot xdx 
% 5k 
354, [oe Sax 
e+e 


In the following exercises, evaluate the definite integral. 


2 
Lt 2x x" zdx 


355. i 
3x + 3x2 4+x3 


356. iy tanx dx 
0 


a3. 
sinx — COSX 


357. | ; 
0 sinx + Cosx 


nl2 
358. a csc xdx 
n/6 


n/3 
359. cot xdx 
nl4 


In the following exercises, integrate using the indicated 
substitution. 


360. [yy "= - 100 


—1 
361. ae: u= yr 1 


2 
362. [tBu 31-8 
3x-—x 


363. [sina bcos, u = sinx — cosx 
sinx — cosx 


1 eax: u=e* 


364, fe eV — 


cz fics lb dn)" 4, 


u = Inx 


In the following exercises, does the right-endpoint 
approximation overestimate or underestimate the exact 
area? Calculate the right endpoint estimate Rs59 and solve 
for the exact area. 


366. [T] y =e* over [0, 1] 


367. [T] y=e™ over [0, 1] 
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368. [T] y = 1n@) over [1, 2] 
369. [T] y= — 2+ — over [0, 1] 
x° +2x+6 


370. [T] y= 2% over [-1, 0] 


371. [T] y=—2~ over [0, 1] 


In the following exercises, f(x) > 0 for a<x<b. Find 
the area under the graph of f(x) between the given values 


a and b by integrating. 


372. f(x) = 2810. 4 = 10, b = 100 
373. f= log2@). = 32,b=64 
374. f(xy) =2*a=1,b=2 


375. f(x) =2*a=3,b=4 


376. Find the area under the graph of the function 
{@M= eo between x = 0 and x=5. 

377. Compute the integral of f(x) = se and find the 
smallest value of N such that the area under the graph 
f@m= eae 


most, 0.01. 


between x=N and x=N+10 is, at 


378. Find the limit, as N tends to infinity, of the area under 
2 
the graph of f(x) =xe~*~ between x =0 and x=5. 


b 
379. Showthat f 4¢ = Nae heap ek: 
: et 
380. Suppose that f(x) > 0 for all x and that f and g are 


ginf 


differentiable. Use the identity f* =e and the chain 


rule to find the derivative of f%. 
381. Use the previous exercise to find the antiderivative of 


3 
h(x) = x*(1 + Inx) and evaluate [ x*(1 + Inx)dx. 
2 


382. Show that if c > 0, 
ac to bc (0<a<b) is the same as the integral of 1/x 


then the integral of 1/x from 


from a to b. 


The following exercises are intended to derive the 
fundamental properties of the natural log starting from the 
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“dt 


definition In(x) = “>, using properties of the definite 
1 


integral and making no further assumptions. 
“d 

383. Use the identity In(x) = f at to derive the identity 
1 


In(4) = —Inx. 


xy 
384. Use a change of variable in the integral nh dat to 
1 


show that Inxy = Inx + Inyfor x, y > 0. 


Xx 
385. Use the identity Inx = re di to show that In(x) 
1 


is an increasing function of x on [0, co), and use the 
previous exercises to show that the range of In(x) is 
(—oo, co). Without any further assumptions, conclude that 


In(x) has an inverse function defined on (—oo, 0). 


386. Pretend, for the moment, that we do not know that 
e* is the inverse function of In(x), but keep in mind 


that In(x) has an inverse function defined on (—oo, 00). 
Call it E. Use the identity Inxy = Inx + Iny to deduce that 
E(a + b) = E(@@)E(b) for any real numbers a, b. 


387. Pretend, for the moment, that we do not know that 
e* is the inverse function of Inx, but keep in mind that 
Inx has an inverse function defined on (—oo, oo). Call it 


E. Show that E'(t) = E(t). 


xX. 
388. The sine integral, defined as S(x) = ye smd is 
0 


an important quantity in engineering. Although it does not 
have a simple closed formula, it is possible to estimate 
its behavior for large x. Show that for 


1 


(Hint: sin(t + 2) = —sint) 


389. [T] The normal distribution in probability is given 
2 jn 2 
—(x — p)*/20 
b x) =—Le¢ > 
CO sts 
deviation and p is the average. The standard normal 
distribution in probability, ps, | corresponds to 


where o is the standard 


u=Oando = 1. Compute the left endpoint estimates 


1 


R,, andR of | gt dx. 
10 100 _\Ox 


390. [T] Compute the 


Rs5o and R jo of | 


5 
1 


— 
_32V2a 


right endpoint 


afi 482 
Pe 


105 


estimates 
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1.7 | Integrals Resulting in Inverse Trigonometric 
Functions 


Learning Objectives 


1.7.1 Integrate functions resulting in inverse trigonometric functions 


In this section we focus on integrals that result in inverse trigonometric functions. We have worked with these functions 
before. Recall from Functions and Graphs (http://cnx.org/content/m53472/latest/) that trigonometric functions 
are not one-to-one unless the domains are restricted. When working with inverses of trigonometric functions, we always 
need to be careful to take these restrictions into account. Also in Derivatives (http://cnx.org/content/m53494/latest/) 
, we developed formulas for derivatives of inverse trigonometric functions. The formulas developed there give rise directly 
to integration formulas involving inverse trigonometric functions. 


Integrals that Result in Inverse Sine Functions 


Let us begin this last section of the chapter with the three formulas. Along with these formulas, we use substitution to 
evaluate the integrals. We prove the formula for the inverse sine integral. 


Rule: Integration Formulas Resulting in Inverse Trigonometric Functions 


The following integration formulas yield inverse trigonometric functions: 


1. 
(1.23) 
jes = sin! HC 
Fe ie 
2. 
du 1,,.-lu (1.24) 
=—tan 7+C 
= =F ye as 
3. 
j my du__lgep lk 4.¢ C2 
pe ae 2 = 
Proof 


Let y= sin~! x. Then asiny = x. Now let’s use implicit differentiation. We obtain 


digsinyy = & 
dy Asiny) = Fe) 


acosy & = | 


dy _ _1 
dx acosy* 


For — 


cosy = \l = sin’ y. This gives 


<y<4Z,cosy>0. Thus, applying the Pythagorean identity sin? yr cos? y=1, we _ have 
7% 
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1 


oe ee 
aes a\1—- sin? y 


Then for -a<x<a, wehave 


Example 1.49 


Evaluating a Definite Integral Using Inverse Trigonometric Functions 


1 


Evaluate the definite integral | dx 
1-x 
0 


a 


Solution 


We can go directly to the formula for the antiderivative in the rule on integration formulas resulting in inverse 
trigonometric functions, and then evaluate the definite integral. We have 


” 1.40 d 
A Find the antiderivative of |——4*—. 
V1 — 16x? 


Example 1.50 


Finding an Antiderivative Involving an Inverse Trigonometric Function 


Evaluate the integral | ps 


V4 — x2 


Solution 
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Substitute u = 3x. Then du = 3dx and we have 


| dx -1| du__ 
Va—9x2 3 JV4—1? 


Applying the formula with a = 2, we obtain 


| dx _ i} du 
V4—9x2 3 JV4—1? 
= dsin-! (4) + C 
= dsin~! (32) + C. 


1.41 
fe Find the indefinite integral using an inverse trigonometric function and substitution for j= 


Evaluating a Definite Integral 


3/2 
Evaluate the definite integral | Te 
l-u 
0 


Solution 


The format of the problem matches the inverse sine formula. Thus, 


3/2 a 
| du 5 =sin 7 
0 l-u 
= [sin=! (3) — [sin (0) 
=z 
3" 


Integrals Resulting in Other Inverse Trigonometric Functions 


There are six inverse trigonometric functions. However, only three integration formulas are noted in the rule on integration 
formulas resulting in inverse trigonometric functions because the remaining three are negative versions of the ones we use. 
The only difference is whether the integrand is positive or negative. Rather than memorizing three more formulas, if the 
integrand is negative, simply factor out —1 and evaluate the integral using one of the formulas already provided. To close 
this section, we examine one more formula: the integral resulting in the inverse tangent function. 
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Finding an Antiderivative Involving the Inverse Tangent Function 


Find an antiderivative of F 1 ay. 
+ 


Solution 

Comparing this problem with the formulas stated in the rule on integration formulas resulting in inverse 
trigonometric functions, the integrand looks similar to the formula for tan~!u+C. So we use substitution, 
letting uv = 2x, then du =2dx and 1/2du = dx. Then, we have 


1 1 —_1,-1 — 1ay-! 
ft du = dean u+C 7tan (2x) + C. 


1.42 
fe Use substitution to find the antiderivative of | 
25+ 4x 


Applying the Integration Formulas 


Find the antiderivative of | 1 ay. 
9+x 


Solution 
Apply the formula with a = 3. Then, 


1.43 
fe Find the antiderivative of f dx 7 
16+x 


Example 1.54 


Evaluating a Definite Integral 


3 
dx 


Evaluate the definite integral | 5: 
Bp 1l+x 


110 


Solution 


Use the formula for the inverse tangent. We have 


V3 
3 
| dX tam! 4| 

133 1l+x 3/3 
= [tan (v3)| = [:an-1( 
=e 

6" 
ej 
Evaluate the definite integral | 2, 
ot +x 
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1.7 EXERCISES 


In the following exercises, evaluate each integral in terms 
of an inverse trigonometric function. 


391. | in 
0 V1 — x? 


392. 


vs. ft 
na 


v2 
dx. 
395. ————S=—. 
J |x] Vx? -—1 


dx 
396. a 
J xlVx2 -1 


In the following exercises, find each indefinite integral, 
using appropriate substitutions. 


398. jes 
| 


399. dx, 
9+x 
400. ets 
25 + 16x 
401. | dx. 
|x| x2 —9 
402. ja 
IxV4x2 — 16 


111 
403. Explain the relationship 
-~cos!t+C= | dt__ sin7!t+C. Is it true, in 


=i 


404. Explain the relationship 
=] F . 
sec t+C= Jes =-csc—!t+C. Is it true, in 
It| Vr = 
general, that sec! t= oe t? 


405. Explain what is wrong with the following integral: 
2 
| dt__ 
2 
;Vl-t 
406. Explain what is wrong with the following integral: 


1 
| dt__ 
_,letVe? -1 


In the following exercises, solve for the antiderivative 2 - 


of f with C=O, 


the antiderivative over the given interval |[a, b]. Identify a 


then use a calculator to graph f and 


value of C such that adding C to the antiderivative recovers 


x 
the definite integral F(x) = , f(dt. 
a 


407. [T] Joba over [—3, 3] 


V9 — x? 


408. [T] f 2—dx over [-6, 6] 
9+ x 

409. [T] Pearce COS x dx over [—6, 6] 
4+ sin? x 


410. [T] [Saas over [—6, 6] 
1+e* 


In the following exercises, compute the antiderivative using 
appropriate substitutions. 


dt 
412. —————————— 
ko tVl — t2 
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-1 
413, fox (20 ay 


-1(,2 
414. jaa 


415. jae 


In the following exercises, use a calculator to graph the 
antiderivative v3 f with C=O over the given interval 
la, b|. Approximate a value of C, if possible, such that 
adding C to the antiderivative gives the same value as the 


x 
definite integral F(x) = i f(pdt. 
a 


417. [T] ema over [2, 6] 


xV x2 -4 


418. dx over [0, 6] 


1 
[T] en + De 


419. [T] [Sees seee a over [—6, 6] 
1+x2 sin* x 


420. [T] | ema over [0, 2] 
xX 


421. [T] |—Le over [0, 2] 
x +xin*x 


- 1 
422. [T] jx xX over [—1, 1] 
—-xX 


In the following exercises, compute each integral using 
appropriate substitutions. 


dt 
425. —=— 
le — Int 
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In the following exercises, compute each definite integral. 


1/2 1 
rr | tan(sin~ t) ; 
rae ce r2 


1/2 
tan(cos oH t) 
430. — dt 
1/4 


1=7 


HD oy 
| sin(tan“' ) 

431. ——dt 
0 


eee 


12 7 
i | cos(tan hy. 


1422 


A 


433. For A>O, compute J(A)= | a, and 
_jltt 
evaluate lim /(A), the area under the graph of 1 
a>o of 2 
on [—oo, oo]. 
B 
434. For |< B< oo, compute /(B) = | — i and 
t~-1 
evaluate zlim I(B), the area under the graph of 
70 
1 over [1, oo) 


435. Use the substitution u = V2 cotx and the identity 


2 2 


1+cot“x=csc“x to evaluate [rhe (Hint: 


1+cos*x 


Multiply the top and bottom of the integrand by csc” x.) 
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436. [T] Approximate the points at which the graphs of 
—3/2 
f@M= 2x21 and g(x) = (1 + 4x7) intersect, and 


approximate the area between their graphs accurate to three 
decimal places. 


437. 47. [T] Approximate the points at which the graphs 
of fmM= x*—1 and f@m= a= 1 intersect, and 
approximate the area between their graphs accurate to three 
decimal places. 


438 Use the following graph to prove that 


38, 
| V1 — 22dt = A eV — x2 +1 sin! x. 
P 2 2 


1 — x? 
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CHAPTER 1 REVIEW 


KEY TERMS 


average value of a function (or faye) the average value of a function on an interval can be found by calculating the 
definite integral of the function and dividing that value by the length of the interval 


change of variables the substitution of a variable, such as u, for an expression in the integrand 


definite integral a primary operation of calculus; the area between the curve and the x-axis over a given interval is a 
definite integral 


fundamental theorem of calculus the theorem, central to the entire development of calculus, that establishes the 
relationship between differentiation and integration 


fundamental theorem of calculus, part 1 uses a definite integral to define an antiderivative of a function 


fundamental theorem of calculus, part 2 (also, evaluation theorem) we can evaluate a definite integral by 
evaluating the antiderivative of the integrand at the endpoints of the interval and subtracting 


integrable function a function is integrable if the limit defining the integral exists; in other words, if the limit of the 
Riemann sums as n goes to infinity exists 


integrand the function to the right of the integration symbol; the integrand includes the function being integrated 


integration by substitution a technique for integration that allows integration of functions that are the result of a 
chain-rule derivative 


left-endpoint approximation an approximation of the area under a curve computed by using the left endpoint of each 
subinterval to calculate the height of the vertical sides of each rectangle 


limits of integration these values appear near the top and bottom of the integral sign and define the interval over which 
the function should be integrated 


lower sum a sum obtained by using the minimum value of f(x) on each subinterval 


mean value theorem for integrals guarantees that a point c exists such that f(c) is equal to the average value of the 


function 


net change theorem if we know the rate of change of a quantity, the net change theorem says the future quantity is 
equal to the initial quantity plus the integral of the rate of change of the quantity 


net signed area the area between a function and the x-axis such that the area below the x-axis is subtracted from the area 
above the x-axis; the result is the same as the definite integral of the function 


partition a set of points that divides an interval into subintervals 
regular partition a partition in which the subintervals all have the same width 
riemann sum ui 
an estimate of the area under the curve of the form A ~ > S(xt Ax 
i=1 


right-endpoint approximation the right-endpoint approximation is an approximation of the area of the rectangles 
under a curve using the right endpoint of each subinterval to construct the vertical sides of each rectangle 


sigma notation (also, summation notation) the Greek letter sigma (2) indicates addition of the values; the values of the 
index above and below the sigma indicate where to begin the summation and where to end it 


total area total area between a function and the x-axis is calculated by adding the area above the x-axis and the area 
below the x-axis; the result is the same as the definite integral of the absolute value of the function 


upper sum asum obtained by using the maximum value of f(x) on each subinterval 


variable of integration indicates which variable you are integrating with respect to; if it is x, then the function in the 
integrand is followed by dx 
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KEY EQUATIONS 


¢ Properties of Sigma Notation 
n 


ll 
ran 


S 
I 
— 
| 
Q 
I 
= 


i ime 


nl m nl 
Dy a= Dat py qj 
i=l i=1 i=m+1 


¢ Sums and Powers of Integers 
n 


i= 


e—a 6 
C3 43,43 3 n’(n+1)* 
YP =19423 4-403 = 

i=0 


¢ Left-Endpoint Approximation 


A® Ln = flxpAx+ fx Axt-+ flr, pAx= )) fo;_ pAx 
i=l 


¢ Right-Endpoint Approximation 


A® Ry = f(xpAxt fxAxt--+fa)dx= LY) flxpax 
i=1 


* Definite Integral 
b n 
I fodx = nlim,, 2 fle Jax 


¢ Properties of the Definite Integral 


[ "fGjde =0 
7. : f(x)dx = — I : f(x)dx 


b b b 
flfe)+s@lr= f feodr+ f gxax 


b 


“ b 
Lf) — godx = | f(@odx — I g(x)dx 


b b 
i cf(x)dx = cf F(x) for constant c 


f : f@oddx = i fQddx + Jf : fodx 


¢ Mean Value Theorem for Integrals 
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If f(x) is continuous over an interval [a, bl], then there is at least one point c €l[a, b] such that 
b 
1 
c= x)dx. 
fO= 5g fe) 


¢ Fundamental Theorem of Calculus Part 1 


x 
If f(x) is continuous over an interval [a, b| and the function F(x) is defined by F(x) = 7 f(@dt, then 
a 


F' (x) = f(x). 
¢ Fundamental Theorem of Calculus Part 2 


b 
If fis continuous over the interval [a, b] and F(x) is any antiderivative of f(x), then [ f(x~)dx = F(b) - F(a). 
a 
¢ Net Change Theorem 


b b 
F(b) = F(a) + a F'(x)dx or f F'(x)dx = F(b) — F(a) 


¢ Substitution with Indefinite Integrals 


[flg@le’ @dx = f fwdu = Flu) + C = Fig) + C 
¢ Substitution with Definite Integrals 
. gtd) 
fig@\e'@dx =f fwdu 
g(a) 
a 
¢ Integrals of Exponential Functions 
f e*dx=e*+C 
Ja" dx=42~4¢ 
Ina 


¢ Integration Formulas Involving Logarithmic Functions 
[ota = Inlx| +C 


finxdx = xInx- x4 C = x(Inx- nae 
— xX_ = 
flea xdx = (nx — 1)+C 


¢ Integrals That Produce Inverse Trigonometric Functions 


ae . 

du —1...-1(u 
f 5 a asec (4)+C 
uVu~ —a 


KEY CONCEPTS 


1.1 Approximating Areas 


n 


¢ The use of sigma (summation) notation of the form Y a; is useful for expressing long sums of values in compact 
i=1 


form. 
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* For a continuous function defined over an interval [a, b], the process of dividing the interval into n equal parts, 


extending a rectangle to the graph of the function, calculating the areas of the series of rectangles, and then summing 
the areas yields an approximation of the area of that region. 


b-a 
7 


¢ The width of each rectangle is Ax = 


n 
e Riemann sums are expressions of the form > f (oe JAx, and can be used to estimate the area under the curve 
i=1 


y = f(x). Left- and right-endpoint approximations are special kinds of Riemann sums where the values of {xt i 
are chosen to be the left or right endpoints of the subintervals, respectively. 
¢ Riemann sums allow for much flexibility in choosing the set of points {xt i at which the function is evaluated, 


often with an eye to obtaining a lower sum or an upper sum. 


1.2 The Definite Integral 
¢ The definite integral can be used to calculate net signed area, which is the area above the x-axis less the area below 
the x-axis. Net signed area can be positive, negative, or zero. 


¢ The component parts of the definite integral are the integrand, the variable of integration, and the limits of 
integration. 


¢ Continuous functions on a closed interval are integrable. Functions that are not continuous may still be integrable, 
depending on the nature of the discontinuities. 


¢ The properties of definite integrals can be used to evaluate integrals. 
¢ The area under the curve of many functions can be calculated using geometric formulas. 


¢ The average value of a function can be calculated using definite integrals. 


1.3 The Fundamental Theorem of Calculus 


¢ The Mean Value Theorem for Integrals states that for a continuous function over a closed interval, there is a value c 
such that f(c) equals the average value of the function. See The Mean Value Theorem for Integrals. 


¢ The Fundamental Theorem of Calculus, Part 1 shows the relationship between the derivative and the integral. See 
Fundamental Theorem of Calculus, Part 1. 


¢ The Fundamental Theorem of Calculus, Part 2 is a formula for evaluating a definite integral in terms of an 
antiderivative of its integrand. The total area under a curve can be found using this formula. See The 
Fundamental Theorem of Calculus, Part 2. 


1.4 Integration Formulas and the Net Change Theorem 
¢ The net change theorem states that when a quantity changes, the final value equals the initial value plus the integral 
of the rate of change. Net change can be a positive number, a negative number, or zero. 


¢ The area under an even function over a symmetric interval can be calculated by doubling the area over the positive 
x-axis. For an odd function, the integral over a symmetric interval equals zero, because half the area is negative. 


1.5 Substitution 


¢ Substitution is a technique that simplifies the integration of functions that are the result of a chain-rule derivative. 
The term ‘substitution’ refers to changing variables or substituting the variable u and du for appropriate expressions 
in the integrand. 


¢ When using substitution for a definite integral, we also have to change the limits of integration. 
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1.6 Integrals Involving Exponential and Logarithmic Functions 
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e Exponential and logarithmic functions arise in many real-world applications, especially those involving growth and 


decay. 


¢ Substitution is often used to evaluate integrals involving exponential functions or logarithms. 


1.7 Integrals Resulting in Inverse Trigonometric Functions 


¢ Formulas for derivatives of inverse trigonometric functions developed in Derivatives of Exponential and 
Logarithmic Functions (http://cnx.org/content/m53584/latest/) lead directly to integration formulas 


involving inverse trigonometric functions. 


¢ Use the formulas listed in the rule on integration formulas resulting in inverse trigonometric functions to match up 
the correct format and make alterations as necessary to solve the problem. 


¢ Substitution is often required to put the integrand in the correct form. 


CHAPTER 1 REVIEW EXERCISES 


True or False. Justify your answer with a proof or a 
counterexample. Assume all functions f and g are 


continuous over their domains. 
439. If f(x) >0, f’(x)>0 for all x, then the right- 


b 
hand rule underestimates the integral a f(x). Use a graph 
a 


to justify your answer. 
b b b 
440. [ f(x)? dx = [ fxdx i fax 


441. If f(x)<g(x) for all xe€la, bj, then 
b b 
[fers f so. 


442. All continuous functions have an antiderivative. 


Evaluate the Riemann sums Ly and Ry for the following 


functions over the specified interval. Compare your answer 
with the exact answer, when possible, or use a calculator to 
determine the answer. 


443. y =3x*—2x+1 over [-1, 1] 
444, y= In(x? + 1) over [0, e] 
445. y= x? sinx over [0, z] 

446. y=veth over [1, 4] 


Evaluate the following integrals. 
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447. y (x3 — 2x? + 4x}dx 
-1 


4 
448. | —3t gy 
0 


V1 + 627 


m/2 
449. 2sec(20)tan(20)d0 
al3 


nl4 2 
450. 4 eS *sinxcosdx 
0 


Find the antiderivative. 


451. are 
(x +4) 


452. [xine Jax 


2 
453. [oan 
1l-x 


2x 
454. | qax 
1+e 


Find the derivative. 
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3 
df’ 2 
456. al V4 — t2dt 


d In(x) 
t 
457, 4 f «Gtk ellat 


cosx 
12 


dad 
458. dxJ e dt 


The following problems consider the historic average cost 
per gigabyte of RAM on a computer. 


5-Year Change ($) 


1985 -5,468,750 
1990 -755,495 


459. If the average cost per gigabyte of RAM in 2010 is 
$12, find the average cost per gigabyte of RAM in 1980. 


460. The average cost per gigabyte of RAM can be 
approximated by the function 


C(t) = 8, 500, 000(0.65)‘, where f is measured in years 
since 1980, and C is cost in US$. Find the average cost per 
gigabyte of RAM for 1980 to 2010. 


461. Find the average cost of 1GB RAM for 2005 to 
2010. 


462. The velocity of a bullet from a rifle can be 
approximated by v(t) = 640077 — 6505t + 2686, where 
t is seconds after the shot and v is the velocity measured 


in feet per second. This equation only models the velocity 
for the first half-second after the shot: 0 < t < 0.5. What 


is the total distance the bullet travels in 0.5 sec? 
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463. What is the average velocity of the bullet for the first 
half-second? 
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Figure 2.1 Hoover Dam is one of the United States’ iconic landmarks, and provides irrigation and hydroelectric power for 
millions of people in the southwest United States. (credit: modification of work by Lynn Betts, Wikimedia) 


2.1 Areas between Curves 

2.2 Determining Volumes by Slicing 

2.3 Volumes of Revolution: Cylindrical Shells 
2.4 Arc Length of a Curve and Surface Area 
2.5 Physical Applications 


».6 Moments and Centers of Mass 


2.7 Integrals, Exponential Functions, and Logarithms 


2.8 Exponential Growth and Decay 
2.9 Calculus of the Hyperbolic Functions 
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Introduction 


The Hoover Dam is an engineering marvel. When Lake Mead, the reservoir behind the dam, is full, the dam withstands a 
great deal of force. However, water levels in the lake vary considerably as a result of droughts and varying water demands. 
Later in this chapter, we use definite integrals to calculate the force exerted on the dam when the reservoir is full and we 
examine how changing water levels affect that force (see Example 2.28). 


Hydrostatic force is only one of the many applications of definite integrals we explore in this chapter. From geometric 
applications such as surface area and volume, to physical applications such as mass and work, to growth and decay models, 
definite integrals are a powerful tool to help us understand and model the world around us. 


2.1 | Areas between Curves 


Learning Objectives 


2.1.1 Determine the area of a region between two curves by integrating with respect to the 
independent variable. 


2.1.2 Find the area of a compound region. 


2.1.3 Determine the area of a region between two curves by integrating with respect to the 
dependent variable. 


In Introduction to Integration, we developed the concept of the definite integral to calculate the area below a curve on 
a given interval. In this section, we expand that idea to calculate the area of more complex regions. We start by finding the 
area between two curves that are functions of x, beginning with the simple case in which one function value is always 


greater than the other. We then look at cases when the graphs of the functions cross. Last, we consider how to calculate the 
area between two curves that are functions of y. 


Area of a Region between Two Curves 
Let f(x) and g(x) be continuous functions over an interval [a, b] such that f(x) > g(x) on [a, b]|. We want to find the 
area between the graphs of the functions, as shown in the following figure. 
y 
f(x) 


g(x) 


a b - 
Figure 2.2 The area between the graphs of two functions, 
f(x) and g(x), on the interval [a, b]. 


As we did before, we are going to partition the interval on the x-axis and approximate the area between the graphs 
of the functions with rectangles. So, for i=0, 1, 2,...,n, let P= {x,} be a regular partition of [a, b|. Then, for 
i=1,2,...,, choose a point x* €[x;_, x;], and on each interval [x;_ ,, x;] construct a rectangle that extends 
vertically from g(x* ) to f(x* ). Figure 2.3(a) shows the rectangles when x* is selected to be the left endpoint of the 
interval and n = 10. Figure 2.3(b) shows a representative rectangle in detail. 


Use this calculator (http://www.openstaxcollege.org/|/20_CurveCalc) to learn more about the areas 
between two curves. 
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y 
a f\x}} 
AX 
oe) at) 
a b " 
(a) (b) 


Figure 2.3 (a)We can approximate the area between the 
graphs of two functions, f(x) and g(x), with rectangles. (b) 


The area of a typical rectangle goes from one curve to the other. 


The height of each individual rectangle is f(x* ) — g(x* ) and the width of each rectangle is Ax. Adding the areas of all 


the rectangles, we see that the area between the curves is approximated by 
n 
Aw » [fit ) — gic )JAx. 
i=1 


This is a Riemann sum, so we take the limit as n — oo and we get 


n 


b 
A= lim, )) [fat )- sot ax =f fC) - gales. 


i=1 


These findings are summarized in the following theorem. 


Theorem 2.1: Finding the Area between Two Curves 
Let f(x) and g(x) be continuous functions such that f(x) > g(x) over an interval [a, b]. Let R denote the region 
bounded above by the graph of f(x), below by the graph of g(x), and on the left and right by the lines x = a and 


x =b, respectively. Then, the area of R is given by 


b (2.1) 
A= f [fe elds. 


We apply this theorem in the following example. 


Finding the Area of a Region between Two Curves 1 


If R is the region bounded above by the graph of the function f(x) =x+4 and below by the graph of the 


function g(x) = 3 =4 over the interval [1, 4], find the area of region R. 


Solution 


The region is depicted in the following figure. 
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o ox 


f(x) =x+4 


Figure 2.4 A region between two curves is shown where one 
curve is always greater than the other. 


We have 
A= f (fe) — econ 
= [lo+9-6-a)ee= LEH 
= [224s ]fi<(0-D- 3 
The area of the region is units”, 


fe 2.1 If R is the region bounded by the graphs of the functions f(x) = 5 +5 and g(x) =x +4 over the 


interval [1, 5], find the area of region R. 


In Example 2.1, we defined the interval of interest as part of the problem statement. Quite often, though, we want to define 
our interval of interest based on where the graphs of the two functions intersect. This is illustrated in the following example. 


Finding the Area of a Region between Two Curves 2 


If R is the region bounded above by the graph of the function f(x) = 9 — (x/2)? and below by the graph of the 


function g(x) = 6— x, find the area of region R. 
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Solution 


The region is depicted in the following figure. 


g(x) =6-x 
{x\ 
\>] 
+ emt 
—10 10* 


—10+ 


Figure 2.5 This graph shows the region below the graph of 
f(x) and above the graph of g(x). 


We first need to compute where the graphs of the functions intersect. Setting f(x) = g(x), we get 


fQ@) = 


2 
a 

2 
36-x2 = 
x*-4x-12 = 
(x-6)(x+2) = 


The graphs of the functions intersect when x = 6 or x = —2, 


F(x) = g(x) for —-2 <x <6, we obtain 


b 
A =f fe)-s@ldx 


= a _ (e) =(6= of = [fs — = +xfts 


6 
= [3-545 |[.-&. 


27 3 


The area of the region is 64/3 units?. 


g(x) 
6-x 


sO we want to integrate from —2 to 6. Since 
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2.2 If R is the region bounded above by the graph of the function f(x) = x and below by the graph of the 


function g(x) = x+, find the area of region R. 
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Areas of Compound Regions 


So far, we have required f(x) > g(x) over the entire interval of interest, but what if we want to look at regions bounded by 


the graphs of functions that cross one another? In that case, we modify the process we just developed by using the absolute 
value function. 


Theorem 2.2: Finding the Area of a Region between Curves That Cross 


Let f(x) and g(x) be continuous functions over an interval [a, b]. Let R denote the region between the graphs of 
f(x) and g(x), and be bounded on the left and right by the lines x = a and x =b, respectively. Then, the area of 
R is given by 


b 
A= f Ife) - golds. 


In practice, applying this theorem requires us to break up the interval [a, b] and evaluate several integrals, depending on 


which of the function values is greater over a given part of the interval. We study this process in the following example. 


Finding the Area of a Region Bounded by Functions That Cross 


If R is the region between the graphs of the functions f(x) = sinx and g(x) = cos. over the interval [0, z], 


find the area of region R. 


Solution 


The region is depicted in the following figure. 


ns< 


f(x) = sin x 


g(x) = cos x 


Figure 2.6 The region between two curves can be broken into 
two sub-regions. 


The graphs of the functions intersect at x = 2/4. For x € [0, 2/4], cosx>sinx, so 
| f(x) — g()| = |sin x — cos x| = cos x — sin x. 


On the other hand, for x € [z/4, z], sinx >cosx, so 
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| f(x) — g()| = |sin x — cos x| = sin x — cos x. 
Then 


b 
A =f If) —g@oldx 


a ml4 a 

= [ |sin x — cos x|dx = } (cos x — sin x)dx + - (sin x — cos x)dx 
0 0 al4 

= [sin x + cos x] ie + [-cos x — sin x] |7/4 


= (V2 — 1) + (1 + V2) = 2v2. 


The area of the region is 2/2 units”. 


2.3 If R is the region between the graphs of the functions f(x) = sinx and g(x) =cos.~ over the interval 


[x/2, 2x], find the area of region R. 


Example 2.4 
Finding the Area of a Complex Region 


Consider the region depicted in Figure 2.7. Find the area of R. 


Figure 2.7 Two integrals are required to calculate the area of 
this region. 


Solution 


As with Example 2.3, we need to divide the interval into two pieces. The graphs of the functions intersect at 
x = 1 (set f(x) = g(x) and solve for x), so we evaluate two separate integrals: one over the interval [0, 1] and 


one over the interval [1, 2]. 


Over the interval [0, 1], the region is bounded above by f(x) = x? and below by the x-axis, so we have 


1 


: 3 
2 


Over the interval [1, 2], the region is bounded above by g(x) = 2 — x and below by the x-axis, so we have 
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2 272 1 
Ay= f 2-xdx=[2x-25]],=4 


Adding these areas together, we obtain 


The area of the region is 5/6 units?. 


fe 2.4 Consider the region depicted in the following figure. Find the area of R. 


Regions Defined with Respect to y 


In Example 2.4, we had to evaluate two separate integrals to calculate the area of the region. However, there is another 
approach that requires only one integral. What if we treat the curves as functions of y, instead of as functions of x? 


Review Figure 2.7. Note that the left graph, shown in red, is represented by the function y = f(x) = x7. We could just 
as easily solve this for x and represent the curve by the function x = v(y) = yy. (Note that x = —vy is also a valid 


representation of the function y = f(x) = x? asa function of y. However, based on the graph, it is clear we are interested 
in the positive square root.) Similarly, the right graph is represented by the function y = g(x) = 2 — x, but could just as 
easily be represented by the function x = u(y) = 2 — y. When the graphs are represented as functions of y, we see the 
region is bounded on the left by the graph of one function and on the right by the graph of the other function. Therefore, if 
we integrate with respect to y, we need to evaluate one integral only. Let’s develop a formula for this type of integration. 
Let u(y) and v(y) be continuous functions over an interval [c, d] such that u(y) > v(Qy) for all y € [c, d]. We want to 


find the area between the graphs of the functions, as shown in the following figure. 


y 

‘ uly) 
R 

c 
wy) 


xv 


Figure 2.8 We can find the area between the graphs of two 
functions, u(y) and v(y). 
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This time, we are going to partition the interval on the y-axis and use horizontal rectangles to approximate the area between 


the functions. So, for i= 0, 1, 2,...,n, let Q = {y;} bea regular partition of [c, d]. Then, for i= 1, 2,...,n, choose 


a point y* €[y;_, y,], then over each interval [y;_ ;, y;] construct a rectangle that extends horizontally from vy ) 


to u(y ). Figure 2.9(a) shows the rectangles when y* is selected to be the lower endpoint of the interval and n = 10. 


Figure 2.9(b) shows a representative rectangle in detail. 


y 
Ay 
d u(y) 
° vy) 7 
-» Wi) uly;} 
x 
(a) (b) 


Figure 2.9 (a) Approximating the area between the graphs of 
two functions, u(y) and v(y), with rectangles. (b) The area of 


a typical rectangle. 


The height of each individual rectangle is Ay and the width of each rectangle is u(y* )—v(y* ). Therefore, the area 


between the curves is approximately 
n 
Aw D! [uyt )- vot Ay. 


This is a Riemann sum, so we take the limit as n > oo, obtaining 


n d 


A=,lim, 2) [uo )-vF Ay =f) Wo) - vOvley. 


These findings are summarized in the following theorem. 


Theorem 2.3: Finding the Area between Two Curves, Integrating along the y-axis 


Let u(y) and v(y) be continuous functions such that u(y) > v(y) forall y € [c, d]. Let R denote the region bounded 


on the right by the graph of u(y), on the left by the graph of v(y), and above and below by the lines y= d and 


y=c, respectively. Then, the area of R is given by 


d 
A= f (wy) = voby. 


Integrating with Respect to y 
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Let’s revisit Example 2.4, only this time let’s integrate with respect to y. Let R be the region depicted in 
Figure 2.10. Find the area of R by integrating with respect to y. 


Figure 2.10 The area of region R can be calculated using 
one integral only when the curves are treated as functions of y. 


Solution 

We must first express the graphs as functions of y. As we saw at the beginning of this section, the curve on 
the left can be represented by the function x = v(y) = y, and the curve on the right can be represented by the 
function x = u(y) =2-y. 

Now we have to determine the limits of integration. The region is bounded below by the x-axis, so the lower limit 
of integration is y = 0. The upper limit of integration is determined by the point where the two graphs intersect, 


which is the point (1, 1), so the upper limit of integration is y = 1. Thus, we have [c, d] = [0, 1]. 


Calculating the area of the region, we get 
d 

A =f [wy)-voyldy 
c 

1 


: 2 
= I ie — y)- Why = |2»- = 3)°4| ; 


The area of the region is 5/6 units?. 


2.5 Let’s revisit the checkpoint associated with Example 2.4, only this time, let’s integrate with respect to 
y. Let be the region depicted in the following figure. Find the area of R by integrating with respect to y. 
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2.1 EXERCISES 


For the following exercises, determine the area of the 
region between the two curves in the given figure by 
integrating over the x-axis. 


1. y=x?-3andy=1 


2. y=x? and y = 3x+4 
y 
20¢ 


15+ 


g(x) = 3x + 4 


For the following exercises, split the region between the 
two curves into two smaller regions, then determine the 
area by integrating over the x-axis. Note that you will 


have two integrals to solve. 


3. y=x? and y=x?+x 


y 
5t g(x) = x2 +x 
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4. y=cos@ and y=0.5, for0<@0<a 
Y* £0) = cos 0 
g(x) = 0.5 


For the following exercises, determine the area of the 
region between the two curves by integrating over the 
y-axis. 


5. x=y? andx=9 


For the following exercises, graph the equations and shade 
the area of the region between the curves. Determine its 
area by integrating over the x-axis. 


7. y=x? and y = —x? + 18x 


2 


9. y=cosx and y=cos*x on x =[-a, a] 


2x-1 


10. y=e*,y=e , andx =0 


x 


i. y=e’*,y=e%,x=-landx=1 
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x 


12. y=e,y=e*, andy=e” 
13. y = Ixland y = x? 


For the following exercises, graph the equations and shade 
the area of the region between the curves. If necessary, 
break the region into sub-regions to determine its entire 
area. 


14. y=sin(zx), y= 2x, andx > 0 

15. y=12-—x, y= vx, andy=1 

16. y=sinx and y=cosx over x = [—2, a] 
17. y = x3 and y = x*—2x over x= {[-1, 1] 
18. y=x*4+9andy = 10+ 2x over x =[-l, 3] 
19. y=x°+3x and y = 4x 


For the following exercises, graph the equations and shade 
the area of the region between the curves. Determine its 
area by integrating over the y-axis. 


20. x=y? and x = 3y — 2 

21, x =2yandx=y>-y 

22. x=-34+y* andx=y-y? 

23. y* =xandx=y+2 

24. x=l|yland2x = ~y* 42 

25. x =siny, x =cos(2y), y = a/2, and y = —a/2 


For the following exercises, graph the equations and shade 
the area of the region between the curves. Determine its 
area by integrating over the x-axis or y-axis, whichever 
seems more convenient. 


26. x= y*and x = y 


27. y=xe*,y=e*,x=0, andx=1 
28. y =x andy = x* 


29. x=y?+2y*4landx = -y?+1 


30. y =Ixlandy =x*-1 
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1 


31. y=4-3xandy=y 


3 


32. y=sinx, x = —2/6, x = 2/6, and y = cos’ x 


33. y=x?—3x+2andy=x°—2x7-x4+2 


34. y = 20s? (3x), y=—l, x= 4, andx = —4 
35. yty?=xand2y =x 

36. y= 1—x*andy=x?-1 

37. y=cos7!x, y=sin7! x, x =—-1, and x = 1 


For the following exercises, find the exact area of the 
region bounded by the given equations if possible. If you 
are unable to determine the intersection points analytically, 
use a calculator to approximate the intersection points with 
three decimal places and determine the approximate area of 
the region. 


38. [T] x =e” andy=x-2 


39. [T] y= x? and y = V1 — x2 

40. [T] y = 3x7 + 8x49 and3y =x+24 
41. [T] x= 4 — y2 and y? =14+x? 

42. [T] x= y> and x = 3y 


43. [T] 
y=sin?x+2, y =tanx, x=—1.5, andx = 1.5 


44. [T] y= Vl — x? and y* = x? 


45. [T] y=V1—x2 andy =x24+2x41 
46. [T] x=4—-y? andx=14+3y+y? 


47. [T] y=cosx, y=e*, x =—a, andx=0 
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48. The largest triangle with a base on the x-axis that 
fits inside the upper half of the unit circle iy" +x7=1 
is given by y=1+x and y=1-—vx. See the following 


figure. What is the area inside the semicircle but outside the 
triangle? 


49. A factory selling cell phones has a marginal cost 
function C(x) = 0.01x? — 3x + 229, where x represents 


the number of cell phones, and a marginal revenue function 
given by R(x) = 429— 2x. Find the area between the 


graphs of these curves and x =0. What does this area 
represent? 


50. An amusement park has a marginal cost function 
C(x) = 1000e-* +5, where x represents the number 


of tickets sold, and a marginal revenue function given by 
R(x) = 60 —0.1x. Find the total profit generated when 


selling 550 
intersection points, if necessary, to two decimal places. 


tickets. Use a calculator to determine 


51. The tortoise versus the hare: The speed of the hare 


is given by the sinusoidal function H(t) = 1 — cos((zt)/2) 
tortoise is 


whereas the speed of the 


T= (1/2)tan7! (t/4), where ¢ is time measured in 
hours and the speed is measured in miles per hour. Find the 
area between the curves from time ¢ = 0 to the first time 


after one hour when the tortoise and hare are traveling at 
the same speed. What does it represent? Use a calculator to 
determine the intersection points, if necessary, accurate to 
three decimal places. 


52. The tortoise versus the hare: The speed of the hare 
is given by the sinusoidal function 
H(t) = (1/2) — (1/2)cos(2at) whereas the speed of the 


tortoise is T(t) = Vt, where ¢ is time measured in hours 
and speed is measured in kilometers per hour. If the race is 
over in | hour, who won the race and by how much? Use a 


calculator to determine the intersection points, if necessary, 
accurate to three decimal places. 


For the following exercises, find the area between the 
curves by integrating with respect to x and then with 


respect to y. Is one method easier than the other? Do you 
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obtain the same answer? 
53. y=x7?4+2x+landy= = 3K 4A 


54. y= x4 and x = y 


55. x = y*—2and x =2y 


For the following exercises, solve using calculus, then 
check your answer with geometry. 


56. Determine the equations for the sides of the square 
that touches the unit circle on all four sides, as seen in the 
following figure. Find the area between the perimeter of 
this square and the unit circle. Is there another way to solve 
this without using calculus? 


57. Find the area between the perimeter of the unit circle 
and the triangle created from y = 2x+ 1, y= 1-—2x and 


y= - 7 as seen in the following figure. Is there a way 


to solve this without using calculus? 
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2.2 | Determining Volumes by Slicing 


Learning Objectives 


2.2.1 Determine the volume of a solid by integrating a cross-section (the slicing method). 


2.2.2 Find the volume of a solid of revolution using the disk method. 
2.2.3 Find the volume of a solid of revolution with a cavity using the washer method. 


In the preceding section, we used definite integrals to find the area between two curves. In this section, we use definite 
integrals to find volumes of three-dimensional solids. We consider three approaches—slicing, disks, and washers—for 
finding these volumes, depending on the characteristics of the solid. 


Volume and the Slicing Method 


Just as area is the numerical measure of a two-dimensional region, volume is the numerical measure of a three-dimensional 
solid. Most of us have computed volumes of solids by using basic geometric formulas. The volume of a rectangular solid, 
for example, can be computed by multiplying length, width, and height: V = /wh. The formulas for the volume of a sphere 


(v = tar’), a cone (v = qar? h) and a pyramid (v - dan) have also been introduced. Although some of these 


formulas were derived using geometry alone, all these formulas can be obtained by using integration. 


We can also calculate the volume of a cylinder. Although most of us think of a cylinder as having a circular base, such as 
a soup can or a metal rod, in mathematics the word cylinder has a more general meaning. To discuss cylinders in this more 
general context, we first need to define some vocabulary. 


We define the cross-section of a solid to be the intersection of a plane with the solid. A cylinder is defined as any solid 
that can be generated by translating a plane region along a line perpendicular to the region, called the axis of the cylinder. 
Thus, all cross-sections perpendicular to the axis of a cylinder are identical. The solid shown in Figure 2.11 is an example 
of a cylinder with a noncircular base. To calculate the volume of a cylinder, then, we simply multiply the area of the cross- 


section by the height of the cylinder: V = A-h. In the case of a right circular cylinder (soup can), this becomes V = ar’ h. 


Three-dimensional cylinder Two-dimensional cross section 
Figure 2.11 Each cross-section of a particular cylinder is identical to the others. 


If a solid does not have a constant cross-section (and it is not one of the other basic solids), we may not have a formula for 
its volume. In this case, we can use a definite integral to calculate the volume of the solid. We do this by slicing the solid 
into pieces, estimating the volume of each slice, and then adding those estimated volumes together. The slices should all be 
parallel to one another, and when we put all the slices together, we should get the whole solid. Consider, for example, the 
solid S shown in Figure 2.12, extending along the x-axis. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 2 | Applications of Integration 135 


Figure 2.12 A solid with a varying cross-section. 


We want to divide S$ into slices perpendicular to the x-axis. As we see later in the chapter, there may be times when we 


want to slice the solid in some other direction—say, with slices perpendicular to the y-axis. The decision of which way to 
slice the solid is very important. If we make the wrong choice, the computations can get quite messy. Later in the chapter, 
we examine some of these situations in detail and look at how to decide which way to slice the solid. For the purposes of 
this section, however, we use slices perpendicular to the x-axis. 


Because the cross-sectional area is not constant, we let A(x) represent the area of the cross-section at point x. Now let 
P= {xo, Xow, Xn} be a regular partition of [a, b], andfor i= 1, 2,...n, let S; represent the slice of S stretching from 


x; ,tox;. The following figure shows the sliced solid with n = 3. 


Figure 2.13 The solid S has been divided into three slices 
perpendicular to the x-axis. 


Finally, for i= 1, 2,...n, let x¥ be an arbitrary point in [x;_ , x;]. Then the volume of slice S$; can be estimated by 


V(S,) & A(x JAx. Adding these approximations together, we see the volume of the entire solid S can be approximated by 


V(S) x )) Alx# Jax. 


i=1 


By now, we can recognize this as a Riemann sum, and our next step is to take the limit as n > oo. Then we have 


n b 
V(S) = lim, )) Ate Jax = fA@dx. 
i=1 a 
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The technique we have just described is called the slicing method. To apply it, we use the following strategy. 


Recall that in this section, we assume the slices are perpendicular to the x-axis. Therefore, the area formula is in terms of 
x and the limits of integration lie on the x-axis. However, the problem-solving strategy shown here is valid regardless of 
how we choose to slice the solid. 


Example 2.6 


Deriving the Formula for the Volume of a Pyramid 


We know from geometry that the formula for the volume of a pyramid is V = zh. If the pyramid has a square 


base, this becomes V = 4a°h, where a denotes the length of one side of the base. We are going to use the 


slicing method to derive this formula. 


Solution 


We want to apply the slicing method to a pyramid with a square base. To set up the integral, consider the pyramid 
shown in Figure 2.14, oriented along the x-axis. 


y ¥. 


(a) (b) 
Figure 2.14 (a) A pyramid with a square base is oriented along the x-axis. (b) A two-dimensional view of the 
pyramid is seen from the side. 


We first want to determine the shape of a cross-section of the pyramid. We are know the base is a square, so the 
cross-sections are squares as well (step 1). Now we want to determine a formula for the area of one of these cross- 
sectional squares. Looking at Figure 2.14(b), and using a proportion, since these are similar triangles, we have 


S_x ax 
S=fors=—. 
ah h 


Therefore, the area of one of the cross-sectional squares is 
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A(x) = 5? = (ax) (step 2). 


Then we find the volume of the pyramid by integrating from 0 toh (step 3): 


This is the formula we were looking for. 


fz 2.6 Use the slicing method to derive the formula V = ar? h for the volume of a circular cone. 


Solids of Revolution 


137 


If a region in a plane is revolved around a line in that plane, the resulting solid is called a solid of revolution, as shown in 


the following figure. 
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Aregion in the 
xy-plane 


(a) 


The region is 
revolved around 
the x-axis, ... 


... producing a 
solid of revolution 


~ 
= ——)- — 


(c) 
Figure 2.15 (a) This is the region that is revolved around the x-axis. 
(b) As the region begins to revolve around the axis, it sweeps out a 
solid of revolution. (c) This is the solid that results when the 
revolution is complete. 


Solids of revolution are common in mechanical applications, such as machine parts produced by a lathe. We spend the rest 
of this section looking at solids of this type. The next example uses the slicing method to calculate the volume of a solid of 
revolution. 


(>) Use an online integral calculator (http://www.openstaxcollege.org/I/20_IntCalc2) to learn more. 
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Example 2.7 


Using the Slicing Method to find the Volume of a Solid of Revolution 


Use the slicing method to find the volume of the solid of revolution bounded by the graphs of 
f@ = x? —4x+5,x=1, andx =4, and rotated about the x-axis. 


Solution 
Using the problem-solving strategy, we first sketch the graph of the quadratic function over the interval [1, 4] as 


shown in the following figure. 


y f(x) = x2 -4x +5 


Figure 2.16 A region used to produce a solid of revolution. 


Next, revolve the region around the x-axis, as shown in the following figure. 


y 1) =F = ANS y {x)= x*-47 4-5 


(a) (b) 
Figure 2.17 Two views, (a) and (b), of the solid of revolution produced by revolving the region 
in Figure 2.16 about the x-axis. 
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Since the solid was formed by revolving the region around the x-axis, the cross-sections are circles (step 1). 
The area of the cross-section, then, is the area of a circle, and the radius of the circle is given by f(x). Use the 


formula for the area of the circle: 
2 
A(x) = ar? = al f(x)? = a(x? —4x+ 5) (step 2). 


The volume, then, is (step 3) 
h 

V = | A(x)dx 
ul 


= I de —4x4+ 5) dx = af (e — 8x3 + 26x? — 40x + 25)dx 
~ 1 ~ 1 


4 
185. 


5 3 
— 7{X_ _ 9544 26x" _ 2 = 
= a( 5 2x" + 3 20x* + 251) ae 


The volume is 7827/5. 


2.7 Use the method of slicing to find the volume of the solid of revolution formed by revolving the region 
between the graph of the function f(x) = 1/x andthe x-axis over the interval [1, 2] around the x-axis. See 


the following figure. 


y 
3 
f(x) == 
1 
+ + + + ao 
-1 9% 1 2 3 4% 
=a 
-2 —2+ 
(a) (b) 


The Disk Method 


When we use the slicing method with solids of revolution, it is often called the disk method because, for solids of 
revolution, the slices used to over approximate the volume of the solid are disks. To see this, consider the solid of revolution 


generated by revolving the region between the graph of the function f(x) = (x — 1)* +1 andthe x-axis over the interval 
[—1, 3] around the x-axis. The graph of the function and a representative disk are shown in Figure 2.18(a) and (b). The 
region of revolution and the resulting solid are shown in Figure 2.18(c) and (d). 
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{0} = &— 1)? +2 


A thin rectangle 
under a curve... 


(a) 


f(x) = (x- 1)? +1 


The area under 
the curve.. 


(c) 


Figure 2.18 (a) A thin rectangle for approximating the area under a curve. (b) A representative disk formed by 
revolving the rectangle about the x-axis. (c) The region under the curve is revolved about the x-axis, resulting in 


(d) the solid of revolution. 


Kx) == '1)* 


...produces a disk 
when revolved 
about the x-axis. 


(b) 


y Ax)’= (x= 1)?+1 


p\4 | ...produces a solid 
of revolution when 
revolved about the 


_ xaxis. 

! 
— - = + —_t 
~" 


(d) 
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We already used the formal Riemann sum development of the volume formula when we developed the slicing method. We 


know that 


ve i, “Nede 


The only difference with the disk method is that we know the formula for the cross-sectional area ahead of time; it is the 


area of a circle. This gives the following rule. 


Rule: The Disk Method 


Let f(x) be continuous and nonnegative. Define R as the region bounded above by the graph of f(x), below by the 
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x-axis, on the left by the line x =a, and on the right by the line x = b. Then, the volume of the solid of revolution 
formed by revolving R around the x-axis is given by 


b 72) 
ve ib alf (xP dx. 23) 


The volume of the solid we have been studying (Figure 2.18) is given by 
b 
= 2 
Ve= i af (x)|- dx 
3 2 3 2 
= —1)?4+1] dx= =i 3G 1444 
fal ) | x af Acs ) (x - 1) | x 


= afte = 1+ Ha =i) +2] if = a| (32 +104 3)- (-22 iG 2 1)| = au units>, 


b) 3 5 3 


Let’s look at some examples. 


Example 2.8 


Using the Disk Method to Find the Volume of a Solid of Revolution 1 


Use the disk method to find the volume of the solid of revolution generated by rotating the region between the 
graph of f(x) = vx andthe x-axis over the interval [1, 4] around the x-axis. 


Solution 
The graphs of the function and the solid of revolution are shown in the following figure. 


(a) (b) 
Figure 2.19 (a) The function f(x) = vx over the interval [1, 4]. (b) The solid of revolution 


obtained by revolving the region under the graph of f(x) about the x-axis. 


We have 
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The volume is (15z)/2 units®. 


2.8 Use the disk method to find the volume of the solid of revolution generated by rotating the region 
between the graph of f(x) = V4—.x andthe x-axis over the interval [0, 4] around the x-axis. 


So far, our examples have all concerned regions revolved around the x-axis, but we can generate a solid of revolution by 


revolving a plane region around any horizontal or vertical line. In the next example, we look at a solid of revolution that has 
been generated by revolving a region around the y-axis. The mechanics of the disk method are nearly the same as when 


the x-axis is the axis of revolution, but we express the function in terms of y and we integrate with respect to y as well. 


This is summarized in the following rule. 


Rule: The Disk Method for Solids of Revolution around the y-axis 


Let g(y) be continuous and nonnegative. Define Q as the region bounded on the right by the graph of g(y), on the 
left by the y-axis, below by the line y=c, and above by the line y = d. Then, the volume of the solid of revolution 


formed by revolving Q around the y-axis is given by 


d (2.4) 
v= f algoPay. 


The next example shows how this rule works in practice. 


Example 2.9 


Using the Disk Method to Find the Volume of a Solid of Revolution 2 


Let R be the region bounded by the graph of g(y) = \/4—y and the y-axis over the y-axis interval [0, 4]. 


Use the disk method to find the volume of the solid of revolution generated by rotating R around the y-axis. 


Solution 


Figure 2.20 shows the function and a representative disk that can be used to estimate the volume. Notice that 
since we are revolving the function around the y-axis, the disks are horizontal, rather than vertical. 
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(a) (b) 
Figure 2.20 (a) Shown is a thin rectangle between the curve of the function g(y) = 4 — y 


and the y-axis. (b) The rectangle forms a representative disk after revolution around the y-axis. 


The region to be revolved and the full solid of revolution are depicted in the following figure. 


(a) (b) 
Figure 2.21 (a) The region to the left of the function g(y) = 4 — y over the y-axis interval 


[0, 4]. (b) The solid of revolution formed by revolving the region about the y-axis. 


To find the volume, we integrate with respect to y. We obtain 


d 
Vv =f agoPay 


4 4 
= a a4 -y > dy = nf (4 — yldy 


2 4 
= »4y-3| 9 = 8a. 
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The volume is 87 units?. 


2.9 Use the disk method to find the volume of the solid of revolution generated by rotating the region 
between the graph of g(y) = y and the y-axis over the interval [1, 4] around the y-axis. 


The Washer Method 


Some solids of revolution have cavities in the middle; they are not solid all the way to the axis of revolution. Sometimes, 
this is just a result of the way the region of revolution is shaped with respect to the axis of revolution. In other cases, cavities 
arise when the region of revolution is defined as the region between the graphs of two functions. A third way this can happen 
is when an axis of revolution other than the x-axis or y-axis is selected. 


When the solid of revolution has a cavity in the middle, the slices used to approximate the volume are not disks, but washers 
(disks with holes in the center). For example, consider the region bounded above by the graph of the function f(x) = vx 
and below by the graph of the function g(x) = 1 over the interval [1, 4]. When this region is revolved around the x-axis, 


the result is a solid with a cavity in the middle, and the slices are washers. The graph of the function and a representative 
washer are shown in Figure 2.22(a) and (b). The region of revolution and the resulting solid are shown in Figure 2.22(c) 
and (d). 
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y A thin rectangle in the y ... produces a washer when 
4 region between two curves... 4+ revolved around the x-axis. 
f(x) = \x 


(a) (b) 
When the region between ..it produces a solid of 
two curves is revolved y revolution with a cavity. 
about the x-axis... 4 


my wo > 


(c) (d) 
Figure 2.22 (a) A thin rectangle in the region between two curves. (b) A 
representative disk formed by revolving the rectangle about the x-axis. (c) The region 
between the curves over the given interval. (d) The resulting solid of revolution. 


The cross-sectional area, then, is the area of the outer circle less the area of the inner circle. In this case, 
A(x) = a(vx)? — 2(1)? = a(x 1). 


Then the volume of the solid is 


b 
y= i. AChadx 
9 3 


4 4 
=f mx—l)dx=a aa = Az units 
1 2 2 . 


Generalizing this process gives the washer method. 
Rule: The Washer Method 


Suppose f(x) and g(x) are continuous, nonnegative functions such that f(x) > g(x) over [a, b]. Let R denote the 
region bounded above by the graph of f(x), below by the graph of g(x), on the left by the line x =a, andon 
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the right by the line x = b. Then, the volume of the solid of revolution formed by revolving R around the x-axis is 
given by 
(2.5) 


b 
v= f aire? - eof. 


Example 2.10 


Using the Washer Method 


Find the volume of a solid of revolution formed by revolving the region bounded above by the graph of f(x) = x 
and below by the graph of g(x) = 1/x over the interval [1, 4] around the x-axis. 


Solution 
The graphs of the functions and the solid of revolution are shown in the following figure. 


(a) (b) 
Figure 2.23 (a) The region between the graphs of the functions f(x) = x and 


g(x) = 1/x over the interval [1, 4]. (b) Revolving the region about the x-axis generates 


a solid of revolution with a cavity in the middle. 


We have 


b 
v =f airy? - eo) lex 


1= 812 units®. 


2.10 Find the volume of a solid of revolution formed by revolving the region bounded by the graphs of 
f(x) = vx and g(x) = 1/x over the interval [1, 3] around the x-axis. 


As with the disk method, we can also apply the washer method to solids of revolution that result from revolving a region 
around the y-axis. In this case, the following rule applies. 
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Rule: The Washer Method for Solids of Revolution around the y-axis 


Suppose u(y) and v(y) are continuous, nonnegative functions such that v(y) < u(y) for y € [c, d]. Let Q denote 
the region bounded on the right by the graph of u(y), on the left by the graph of v(y), below by the line y =c, 
and above by the line y = d. Then, the volume of the solid of revolution formed by revolving Q around the y-axis 


is given by 


d 
v= fi muy? - 09)". 


Rather than looking at an example of the washer method with the y-axis as the axis of revolution, we now consider an 


example in which the axis of revolution is a line other than one of the two coordinate axes. The same general method 
applies, but you may have to visualize just how to describe the cross-sectional area of the volume. 


The Washer Method with a Different Axis of Revolution 


Find the volume of a solid of revolution formed by revolving the region bounded above by f(x) =4—.x and 


below by the x-axis over the interval [0, 4] around the line y = —2. 


Solution 


The graph of the region and the solid of revolution are shown in the following figure. 


(a) (b) 


Figure 2.24 (a) The region between the graph of the function f(x) = 4 —.x and the x-axis 


over the interval [0, 4]. (b) Revolving the region about the line y = —2 generates a solid of 


revolution with a cylindrical hole through its middle. 


We can’t apply the volume formula to this problem directly because the axis of revolution is not one of the 
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coordinate axes. However, we still know that the area of the cross-section is the area of the outer circle less the 
area of the inner circle. Looking at the graph of the function, we see the radius of the outer circle is given by 
f(x) +2, which simplifies to 


fw4+2=4-xy+2=6-x. 


The radius of the inner circle is g(x) = 2. Therefore, we have 
: 2 2 
V=/] ao-x*-()*dx 
J a6»? - 2)" 


4 3 4 
= nf (x? —12x+ 32)dx = “| — 6x? + 324 o= 1008 units’. 


2.11 Find the volume of a solid of revolution formed by revolving the region bounded above by the graph of 
f(x) = x+2 and below by the x-axis over the interval [0, 3] around the line y = —1. 
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2.2 EXERCISES 


58. Derive the formula for the volume of a sphere using 
the slicing method. 


59. Use the slicing method to derive the formula for the 
volume of a cone. 


60. Use the slicing method to derive the formula for the 
volume of a tetrahedron with side length a. 


61. Use the disk method to derive the formula for the 
volume of a trapezoidal cylinder. 


62. Explain when you would use the disk method versus 
the washer method. When are they interchangeable? 


For the following exercises, draw a typical slice and find 
the volume using the slicing method for the given volume. 


63. A pyramid with height 6 units and square base of side 
2 units, as pictured here. 


fh 
ho 
Nd 


64. A pyramid with height 4 units and a rectangular base 
with length 2 units and width 3 units, as pictured here. 


4 
en 
-#—3— +X 


65. A tetrahedron with a base side of 4 units, as seen here. 


4 


N 
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66. A pyramid with height 5 units, and an isosceles 
triangular base with lengths of 6 units and 8 units, as seen 
here. 


67. Acone of radius r andheight h has a smaller cone of 
radius r/2 and height 4/2 removed from the top, as seen 
here. The resulting solid is called a frustum. 


For the following exercises, draw an outline of the solid and 
find the volume using the slicing method. 


68. The base is a circle of radius a. The slices 
perpendicular to the base are squares. 


69. The base is a triangle with vertices (0, 0), (1, 0), 
and (0,1). Slices perpendicular to the xy-plane are 


semicircles. 


70. The base is the region under the parabola y = 1 — x? 
in the first quadrant. Slices perpendicular to the xy-plane 
are squares. 


71. The base is the region under the parabola y = 1 — x? 


and above the x-axis. Slices perpendicular to the y-axis 


are squares. 
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72. The base is the region enclosed by y=x~ and 


y = 9. Slices perpendicular to the x-axis are right isosceles 


triangles. 


73. The base is the area between y=x and y= gs 


Slices perpendicular to the x-axis are semicircles. 


For the following exercises, draw the region bounded by 
the curves. Then, use the disk method to find the volume 
when the region is rotated around the x-axis. 


74. x+y=8,x=0, andy=0 

75. y=2x7,x=0,x=4, and y = 0 

76. y=e*+1,x=0,x=1, andy=0 

hls y=xtx=0, andy = 1 

78. y=vx,x=0,x=4, andy=0 

79. y=sinx, y=cosx, andx=0 

80. y=1x=2, and y = 3 

81. x*—y? =9andx+y=9, y=Oandx =0 


For the following exercises, draw the region bounded by 
the curves. Then, find the volume when the region is 
rotated around the y-axis. 


82. y=4—dy,x=0, and y = 0 
83. y=2x7,x=0,x=1, and y = 0 


84. y = 3x’, x=0, and y = 3 


8. y=V —~x7,y=0, and x = 0 


86. y= ly =0, and x = 3 
Vxt+1 
87. x = sec(y) and y = 7, y = Oand x = 0 
pen bees => => 
88. eran Fe 0, andx=2 


89. y=4-x, y=x, andx=0 


For the following exercises, draw the region bounded by 
the curves. Then, find the volume when the region is 
rotated around the x-axis. 
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90. y=x+2,y=x+6,x=0, andx=5 

91. y=x andy =x+2 

92. vay? and x? = y? 

93. y=4-x7 andy =2-x 

94. [T] y=cosx, y=e *,x=0, andx = 1.2927 
95. y = veand y = x” 

96. y=sinx,y=S5sinx,x=Oandx=a 

97. y=\1+x2andy = V4 —x2 


For the following exercises, draw the region bounded by 
the curves. Then, use the washer method to find the volume 
when the region is revolved around the y-axis. 


98. y=vx,x=4, andy=0 


99. y=x+2,y=2x—1, andx=0 
100. y= wand y = x? 
x=y’, y=0, and y = In(2) 


101s oars. 


102. x=\9-y*,x=e°, y=0, and y = 3 
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103. Yogurt containers can be shaped like frustums. 


Rotate the line y= dx around the y-axis to find the 


volume between y = aandy=b. 


104. Rotate the ellipse (ie /a’) + (y°/b) = 1 around the 


x-axis to approximate the volume of a football, as seen 
here. 


105. Rotate the ellipse (x? la’) + (y?/b) = 1 around the 


y-axis to approximate the volume of a football. 
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106. A better approximation of the volume of a football 
is given by the solid that comes from rotating y = sin x 
around the x-axis from x=0O to x=a. What is the 


volume of this football approximation, as seen here? 
—1.0 
z 


107. What is the volume of the Bundt cake that comes 
from rotating y = sinx around the y-axis from x = 0 to 


x=? 


For the following exercises, find the volume of the solid 
described. 
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108. The base is the region between y =x and y= x°. 113. Find the volume of a sphere of radius R with a cap 
of height / removed from the top, as seen here. 


Slices perpendicular to the x-axis are semicircles. 


109. The base is the region enclosed by the generic ellipse 
(x*/a) + (y°/b7) = 1. Slices perpendicular to the x-axis 


are semicircles. 


110. Boreahole of radius a down the axis of a right cone 
and through the base of radius b, as seen here. 


111. Find the volume common to two spheres of radius r 
with centers that are 2h apart, as shown here. 


es 


112. Find the volume of a spherical cap of height / and 
radius r where h <r, as seen here. 
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2.3 | Volumes of Revolution: Cylindrical Shells 


Learning Objectives 


2.3.1 Calculate the volume of a solid of revolution by using the method of cylindrical shells. 
2.3.2 Compare the different methods for calculating a volume of revolution. 


In this section, we examine the method of cylindrical shells, the final method for finding the volume of a solid of revolution. 
We can use this method on the same kinds of solids as the disk method or the washer method; however, with the disk and 
washer methods, we integrate along the coordinate axis parallel to the axis of revolution. With the method of cylindrical 
shells, we integrate along the coordinate axis perpendicular to the axis of revolution. The ability to choose which variable 
of integration we want to use can be a significant advantage with more complicated functions. Also, the specific geometry 
of the solid sometimes makes the method of using cylindrical shells more appealing than using the washer method. In the 
last part of this section, we review all the methods for finding volume that we have studied and lay out some guidelines to 
help you determine which method to use in a given situation. 


The Method of Cylindrical Shells 


Again, we are working with a solid of revolution. As before, we define a region R, bounded above by the graph of a 
function y = f(x), below by the x-axis, and on the left and right by the lines x = a and x =b, respectively, as shown 


in Figure 2.25(a). We then revolve this region around the y-axis, as shown in Figure 2.25(b). Note that this is different 
from what we have done before. Previously, regions defined in terms of functions of x were revolved around the x-axis 
or a line parallel to it. 


y 


(a) (b) 
Figure 2.25 (a) A region bounded by the graph of a function of x. (b) The solid of revolution formed when the 


region is revolved around the y-axis. 


As we have done many times before, partition the interval |a, b] using a regular partition, P = {xo, x,,..., Xn} and, 
for i= 1, 2,...,, choose a point x* € [x;_, x;]. Then, construct a rectangle over the interval [x;_ 1, x;] of height 


f(x* ) and width Ax. A representative rectangle is shown in Figure 2.26(a). When that rectangle is revolved around the 


y-axis, instead of a disk or a washer, we get a cylindrical shell, as shown in the following figure. 
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(a) (b) 


Figure 2.26 (a) A representative rectangle. (b) When this rectangle is revolved around the y-axis, the result is a cylindrical 


shell. (c) When we put all the shells together, we get an approximation of the original solid. 


To calculate the volume of this shell, consider Figure 2.27. 
y 


y = fx) 


f(x;*) 


Figure 2.27 Calculating the volume of the shell. 


The shell is a cylinder, so its volume is the cross-sectional area multiplied by the height of the cylinder. The cross-sections 
are annuli (ring-shaped regions—essentially, circles with a hole in the center), with outer radius x; and inner radius x; _ 1. 


Thus, the cross-sectional area is nx? - ax? _ 1. The height of the cylinder is f(x* ). Then the volume of the shell is 


Vane = St ax? — xx}_,) 
= af(xt (x7 —x7_1) 
= af (xF \a;+x;_ )Q;-x;_1) 


Xj;+Xj_4 


= 2nf (xt (Be, — X;_))- 


Note that x; -—x;_ 1 = Ax, so we have 
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XjtXj_ 
Vonent = 2nfort (== Jax. 


XjtXj 4 


Furthermore, is both the midpoint of the interval [x;_ , x;] and the average radius of the shell, and we can 


approximate this by x* . We then have 
Vehen © 2a f(x )x* Ax. 


Another way to think of this is to think of making a vertical cut in the shell and then opening it up to form a flat plate 
(Figure 2.28). 


|~ 20x} + 


(a) (b) 


Figure 2.28 (a) Make a vertical cut in a representative shell. (b) Open the shell up to form a flat plate. 


In reality, the outer radius of the shell is greater than the inner radius, and hence the back edge of the plate would be slightly 
longer than the front edge of the plate. However, we can approximate the flattened shell by a flat plate of height f(x* ), 


width 2nx* , 


and thickness Ax (Figure 2.28). The volume of the shell, then, is approximately the volume of the flat 
plate. Multiplying the height, width, and depth of the plate, we get 
Vsneu © f(xt \(2axF JAx, 


which is the same formula we had before. 


To calculate the volume of the entire solid, we then add the volumes of all the shells and obtain 
nr 
Ve > (Qaxt f(t )Ax), 
i=1 


Here we have another Riemann sum, this time for the function 27x f(x). Taking the limit as n — oo gives us 


n b 
V= im, > (2ax* S(xt )Ax) = [ (22x f(x))dx. 
i=1 ig 


This leads to the following rule for the method of cylindrical shells. 


Rule: The Method of Cylindrical Shells 
Let f(x) be continuous and nonnegative. Define R as the region bounded above by the graph of f(x), below by the 


x-axis, on the left by the line x =a, and on the right by the line x = b. Then the volume of the solid of revolution 
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formed by revolving R around the y-axis is given by 


b 2.6 
Y= i (2axf(x))dx. sae 


Now let’s consider an example. 


The Method of Cylindrical Shells 1 


Define R as the region bounded above by the graph of f(x) = 1/x and below by the x-axis over the interval 


[1, 3]. Find the volume of the solid of revolution formed by revolving R around the y-axis. 


Solution 


First we must graph the region R and the associated solid of revolution, as shown in the following figure. 


z 


a 1 
-4 -3°=2 -1 0 
-0.5 


=1 


(b) 
Figure 2.29 (a) Theregion R under the graph of f(x) = 1/x over the 


interval [1, 3]. (b) The solid of revolution generated by revolving R about 
the y-axis. 


Then the volume of the solid is given by 


b 
V= I (2x f(x))dx 


~ J, (em(b)y 


3 
= [ 2n dx = 2ax\} = Az units>. 
1 


2.12 Define R as the region bounded above by the graph of f(x) = x” and below by the x-axis over the 


interval [1, 2]. Find the volume of the solid of revolution formed by revolving R around the y-axis. 
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The Method of Cylindrical Shells 2 


Define R as the region bounded above by the graph of f(x) = 2x — x* and below by the x-axis over the interval 


[0, 2]. Find the volume of the solid of revolution formed by revolving R around the y-axis. 


Solution 


First graph the region R and the associated solid of revolution, as shown in the following figure. 


(a) (b) 
Figure 2.30 (a) Theregion R under the graph of f(x) = 2x — x? over 


the interval [0, 2]. (b) The volume of revolution obtained by revolving 
R about the y-axis. 


Then the volume of the solid is given by 
b 


V= : (22x f(x)\dx 


2.13 Define R as the region bounded above by the graph of f(x) = 3x — x and below by the x-axis over 


the interval [0, 2]. Find the volume of the solid of revolution formed by revolving R around the y-axis. 


As with the disk method and the washer method, we can use the method of cylindrical shells with solids of revolution, 
revolved around the x-axis, when we want to integrate with respect to y. The analogous rule for this type of solid is given 


here. 


Rule: The Method of Cylindrical Shells for Solids of Revolution around the x-axis 


Let g(y) be continuous and nonnegative. Define Q as the region bounded on the right by the graph of g(y), on 
the left by the y-axis, below by the line y=c, and above by the line y=d. Then, the volume of the solid of 
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revolution formed by revolving Q around the x-axis is given by 


d 
v= f Cnyg()idy. 


Example 2.14 


The Method of Cylindrical Shells for a Solid Revolved around the x-axis 


Define Q as the region bounded on the right by the graph of g(y) = 2\/y and on the left by the y-axis for 


y € [0, 4]. Find the volume of the solid of revolution formed by revolving Q around the x-axis. 


Solution 


First, we need to graph the region Q and the associated solid of revolution, as shown in the following figure. 


bh 


N \ 
---F--4---+-- 


(a) (b) 
Figure 2.31 (a) The region Q to the left of the function g(y) over the interval 


[0, 4]. (b) The solid of revolution generated by revolving Q around the x-axis. 


Label the shaded region Q. Then the volume of the solid is given by 


d 
Ve= ib (2ryg(y))dy 


4 4 
= I, (22y(2yy)\dy = 4a I, y> dy 


4 


5/2. 
= af | o= 2060 units>. 


5 


2.14 Define Q as the region bounded on the right by the graph of g(y) = 3/y and on the left by the y-axis 


for y € [1, 3]. Find the volume of the solid of revolution formed by revolving Q around the x-axis. 
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For the next example, we look at a solid of revolution for which the graph of a function is revolved around a line other than 
one of the two coordinate axes. To set this up, we need to revisit the development of the method of cylindrical shells. Recall 
that we found the volume of one of the shells to be given by 


2 2 
Vener = SOF axe — 1x7 _ 1) 
2 2 
= af (x# (xj XFL 1) 
= af (xt xj t+x;_ j-x;- 1) 
Xj, +X; _ 
= nfo (=A 1Yx;- x). 
This was based on a shell with an outer radius of x; and an inner radius of x;_ ,. If, however, we rotate the region around 
a line other than the y-axis, we have a different outer and inner radius. Suppose, for example, that we rotate the region 
around the line x = —k, where k is some positive constant. Then, the outer radius of the shell is x;+ and the inner 


radius of the shell is x;_ ; +k. Substituting these terms into the expression for volume, we see that when a plane region is 


rotated around the line x = —k, the volume of a shell is given by 


Vena = 2arp (ENA Na 8) C0) +8) 


= In flxt (B=) + k}Ax, 


xXj- 


F Xj . ee ; : 
As before, we notice that + ! is the midpoint of the interval [x;_ 1, x;] and can be approximated by x* . Then, 


the approximate volume of the shell is 
Venen © 2a(xt + k)f (rk )Ax. 
The remainder of the development proceeds as before, and we see that 


b 
ve ie (n(x + k)f()dx. 


We could also rotate the region around other horizontal or vertical lines, such as a vertical line in the right half plane. In 
each case, the volume formula must be adjusted accordingly. Specifically, the x-term in the integral must be replaced with 


an expression representing the radius of a shell. To see how this works, consider the following example. 


A Region of Revolution Revolved around a Line 


Define R as the region bounded above by the graph of f(x) =x and below by the x-axis over the interval 


[1, 2]. Find the volume of the solid of revolution formed by revolving R around the line x = —1. 


Solution 


First, graph the region R and the associated solid of revolution, as shown in the following figure. 
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Figure 2.32 (a) The region R between the graph of f(x) and the x-axis over the interval [1, 2]. (b) The 


solid of revolution generated by revolving R around the line x = —1. 


Note that the radius of a shell is given by x + 1. Then the volume of the solid is given by 
2 
Vi =f Qa(x+ DfWldx 
1 


2 2 
= I (2a(x + 1)x)dx = anf (je + x}dx 


24) x3 x2 > 230 403 
= 2a) * + 1) = “3° units”. 


2.15 Define R as the region bounded above by the graph of f(x) = x? and below by the x-axis over the 


interval [0, 1]. Find the volume of the solid of revolution formed by revolving R around the line x = —2. 


For our final example in this section, let’s look at the volume of a solid of revolution for which the region of revolution is 
bounded by the graphs of two functions. 


Example 2.16 


A Region of Revolution Bounded by the Graphs of Two Functions 


Define R as the region bounded above by the graph of the function f(x) = vx and below by the graph of the 
function g(x) = 1/x over the interval [1, 4]. Find the volume of the solid of revolution generated by revolving 


R around the y-axis. 
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Solution 


First, graph the region R and the associated solid of revolution, as shown in the following figure. 


(b) 
Figure 2.33 (a) The region R between the graph of f(x) and the graph of g(x) over the interval [1, 4]. (b) 


The solid of revolution generated by revolving R around the y-axis. 


Note that the axis of revolution is the y-axis, so the radius of a shell is given simply by x. We don’t need to 
make any adjustments to the x-term of our integrand. The height of a shell, though, is given by f(x) — g(x), so 


in this case we need to adjust the f(x) term of the integrand. Then the volume of the solid is given by 


4 
V= if ; (2x(f(x) — g(x))\dx 


= [ “(oma(vx = tax =2n f “(” - dx 


4 
5/2 
= 2a 2 = x] 


2.16 Define R as the region bounded above by the graph of f(x) = x and below by the graph of g(x) = x 


over the interval [0, 1]. Find the volume of the solid of revolution formed by revolving R around the y-axis. 


Which Method Should We Use? 


We have studied several methods for finding the volume of a solid of revolution, but how do we know which method to use? 
It often comes down to a choice of which integral is easiest to evaluate. Figure 2.34 describes the different approaches 
for solids of revolution around the x-axis. It’s up to you to develop the analogous table for solids of revolution around the 


y-axis. 
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Comparing the Methods for Finding the Volume of a Solid Revolution around the x-axis 


Compare Disk Method Washer Method Shell Method 
Volume formula b b , d 
v= [P affooP ax v=, alin? -(gmjdx | v= J, anya) dy 
Solid No cavity in the center Cavity in the center With or without a cavity 
in the center 


y y 
f(x) 
Typical region d 
gy) 
> c _ 
a x x 
¥ y, 
f(x) 
Typical element 
gly) 
a x x 


Figure 2.34 


Let’s take a look at a couple of additional problems and decide on the best approach to take for solving them. 


Selecting the Best Method 


For each of the following problems, select the best method to find the volume of a solid of revolution generated 
by revolving the given region around the x-axis, and set up the integral to find the volume (do not evaluate the 


integral). 


a. The region bounded by the graphs of y=x, y=2-—x, andthe x-axis. 


b. The region bounded by the graphs of y = 4x — x? and the x-axis. 


Solution 


a. First, sketch the region and the solid of revolution as shown. 
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(a) (b) 
Figure 2.35 (a) The region R bounded by two lines and the x-axis. (b) The solid of 


revolution generated by revolving R about the x-axis. 


Looking at the region, if we want to integrate with respect to x, we would have to break the integral 
into two pieces, because we have different functions bounding the region over [0, 1] and [1, 2]. In this 


case, using the disk method, we would have 
1 2 
V= I, (xx? \dx + I (x(2 — x)? }dx. 


If we used the shell method instead, we would use functions of y to represent the curves, producing 


1 


V= in enyfl2 — y)— y)ay 


1 
= A (2my[2 — 2y}dy. 


Neither of these integrals is particularly onerous, but since the shell method requires only one integral, 
and the integrand requires less simplification, we should probably go with the shell method in this case. 


b. First, sketch the region and the solid of revolution as shown. 
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--4---+---4--- 


2 = 2a 


(a) (b) 


Figure 2.36 (a) The region R between the curve and the x-axis. (b) The solid of 


revolution generated by revolving R about the x-axis. 


Looking at the region, it would be problematic to define a horizontal rectangle; the region is bounded on 
the left and right by the same function. Therefore, we can dismiss the method of shells. The solid has no 
cavity in the middle, so we can use the method of disks. Then 


4 
V= j. n(4x — ey dx. 


2.17 Select the best method to find the volume of a solid of revolution generated by revolving the given 
region around the x-axis, and set up the integral to find the volume (do not evaluate the integral): the region 


bounded by the graphs of y = 2 — x and y= x 
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2.3 EXERCISES 


For the following exercise, find the volume generated when 
the region between the two curves is rotated around the 
given axis. Use both the shell method and the washer 
method. Use technology to graph the functions and draw a 
typical slice by hand. 


114. [T] Over the curve of y = 3x, x=0, 


rotated around the y-axis. 


and y=3 


115. [T] Under the curve of y= 3x, x =0, andx=3 


rotated around the y-axis. 


116. [T] Over the curve of y=3x,x=0, andy=3 


rotated around the x-axis. 


117. [T] Under the curve of y= 3x, x =0, andx=3 


rotated around the x-axis. 


118. [T] Under the curve of y= 2x3, x=0, andx=2 


rotated around the y-axis. 


119. [T] Under the curve of y= 2x3, x=0, andx=2 


rotated around the x-axis. 


For the following exercises, use shells to find the volumes 
of the given solids. Note that the rotated regions lie between 
the curve and the x-axis and are rotated around the 
y-axis. 

120. y=1 ~x*,x=0, and x = 1 

121. y= 5x°, x=0, andx=1 


122. y=4,x=1, andx=100 


2 


123. y=V1l—x*,x=0, andx=1 


124. yal, x=0, and x = 3 
1l+x 


125. y= sinx?, x=0, andx = va 


126. y=—1_ x=0, and x = 


1 
Vl—x 2 


127. y=vx,x=0, andx=1 


128. y= (1 +x), x=0, andx=1 
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129. y= 5x? — 2x4, x=0, andx=2 
For the following exercises, use shells to find the volume 


generated by rotating the regions between the given curve 
and y=0 around the x-axis. 


130. y= V1-x*, x=0, andx = 1 


131. y=x*,x=0, and x = 2 
132. y=e*,x=0, andx=1 


133. y=In(x), x=1, andx=e 


134, x=—L,, y=1, andy =4 
l+y 


17 


135. x= y 


,y=0, andy=2 
136. x=cosy, y=0, andy=az 
137. x=y—4y*, x=-1, and x = 2 
138. x=ye’,x=—l, andx=2 
139. x=cosye’,x=0, andx=a 


For the following exercises, find the volume generated 
when the region between the curves is rotated around the 
given axis. 


140. y=3-x, y=0, x=0, andx =2 rotated around 


the y-axis. 


1414. y= x, y=0, andy=8 rotated around the 


y-axis. 
142, y= x2, y =x, rotated around the y-axis. 


143. y=vx,x=0, andx=1 rotated around the line 


144. y= 1 = x=1, andx=2 rotated around the 


A= 
line x = 4. 


145. y=vxandy= x* rotated around the y-axis. 


146. y=vxandy= x* rotated around the line x = 2. 
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147. x= y>, y=yx=1, andy=2 rotated around 


the x-axis. 
148. x= y? and y = x rotated around the line y = 2. 


149. [T] Left of x = sin(zy), 


the y-axis. 


right of y= x, around 


For the following exercises, use technology to graph the 
region. Determine which method you think would be 
easiest to use to calculate the volume generated when the 
function is rotated around the specified axis. Then, use your 
chosen method to find the volume. 


150. [T] y= x? and y = 4x rotated around the y-axis. 


151. [T] y=cos(zx), y = sin(zx), x= and x = + 


i 
4 
rotated around the y-axis. 


152. [T] y= eos 2x, x= 2, andx =4 rotated around 


the y-axis. 


153. [T] y= es 2x, x= 2, andx =4 rotated around 


the x-axis. 


154. [T] y= 3x° = 2, y =x, andx =2 rotated around 


the x-axis. 


155. [T] y= 3x3 — 2, y=x, andx =2 rotated around 


the y-axis. 


156. [T] x= sin(xy”) and x = V2y rotated around the 


x-axis. 


157. [T] x=y*,x=y?—2y+1, andx=2 rotated 


around the y-axis. 


For the following exercises, use the method of shells to 
approximate the volumes of some common objects, which 
are pictured in accompanying figures. 


158. Use the method of shells to find the volume of a 
sphere of radius r. 
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159. Use the method of shells to find the volume of a cone 
with radius r and height h. 


160. Use the method of shells to find the volume of an 
ellipse ( (x*/a) (y7/b7) = 1 rotated around the x-axis. 


= 


161. Use the method of shells to find the volume of a 
cylinder with radius r and height h. 


iG 
a 
h 


162. Use the method of shells to find the volume of the 
donut created when the circle x7 + y- =4 is rotated 


around the line x = 


163. Consider the region enclosed by the graphs of 
y=f(x), y=14+f@),x=0,y=0, and x=a>0. 


What is the volume of the solid generated when this region 
is rotated around the y-axis? Assume that the function is 


defined over the interval [0, a]. 
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164. Consider the function y = f(x), which decreases 
from f{(0)=5b to f(1)=0. Set up the integrals for 


determining the volume, using both the shell method and 
the disk method, of the solid generated when this region, 
with x =O and y=0, is rotated around the y-axis. 


Prove that both methods approximate the same volume. 
Which method is easier to apply? (Hint: Since f(x) is one- 


to-one, there exists an inverse f “ly).) 
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2.4 | Arc Length of a Curve and Surface Area 


Learning Objectives 
2.4.1 Determine the length of a curve, y = f(x), between two points. 


2.4.2 Determine the length of a curve, x = g(y), between two points. 


2.4.3 Find the surface area of a solid of revolution. 


In this section, we use definite integrals to find the arc length of a curve. We can think of arc length as the distance you 
would travel if you were walking along the path of the curve. Many real-world applications involve arc length. If a rocket 
is launched along a parabolic path, we might want to know how far the rocket travels. Or, if a curve on a map represents a 
road, we might want to know how far we have to drive to reach our destination. 


We begin by calculating the arc length of curves defined as functions of x, then we examine the same process for curves 
defined as functions of y. (The process is identical, with the roles of x and y reversed.) The techniques we use to find arc 
length can be extended to find the surface area of a surface of revolution, and we close the section with an examination of 
this concept. 

Arc Length of the Curve y = f(x) 

In previous applications of integration, we required the function f(x) to be integrable, or at most continuous. However, 
for calculating arc length we have a more stringent requirement for f(x). Here, we require f(x) to be differentiable, and 
furthermore we require its derivative, f’(x), to be continuous. Functions like this, which have continuous derivatives, are 
called smooth. (This property comes up again in later chapters.) 

Let f(x) be a smooth function defined over [a, b|. We want to calculate the length of the curve from the point (a, f(a)) 
to the point (b, f(b)). We start by using line segments to approximate the length of the curve. For i= 0, 1, 2,..., n, 
let P = {x;} be a regular partition of [a,b] Then, for i=1, 2,...,m, construct a line segment from the point 
(x; 1, f(x; — 1)) to the point (x;, f(x,)). Although it might seem logical to use either horizontal or vertical line segments, 
we want our line segments to approximate the curve as closely as possible. Figure 2.37 depicts this construct for n = 5. 


Ya 


f(Xo) 


ae ee ee 
pee ape pee 


ae 


ie Seo 
Nm 


Xo 


Figure 2.37 We can approximate the length of a curve by 
adding line segments. 


To help us find the length of each line segment, we look at the change in vertical distance as well as the change in horizontal 
distance over each interval. Because we have used a regular partition, the change in horizontal distance over each interval is 


given by Ax. The change in vertical distance varies from interval to interval, though, so we use Ay; = f(x;) — f(x; _ 1) 
to represent the change in vertical distance over the interval [x;_ , x,;], as shown in Figure 2.38. Note that some (or all) 


Ay; may be negative. 
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Xji-4 0 x; x 


Figure 2.38 A representative line segment approximates the 
curve over the interval [x;_ 1, x;]. 


By the Pythagorean theorem, the length of the line segment is \(Ax)? + (Ay,)?. We can also write this as 
Ax\/1+((Ay;/(Ax)?. Now, by the Mean Value Theorem, there is a point x* €[x;_1,x,] such that 


f'(x* ) = (Ay (Ax). Then the length of the line segment is given by Ax\/1 + [ Sf (xk Pf. Adding up the lengths of all 


the line segments, we get 
n 
Arc Length = > \1 + [f(t lk Ax. 
i=1 


This is a Riemann sum. Taking the limit as m — oo, wehave 


n b 
Arc Length = lim | > 1+ [f' (rt ih Ax = J 1+[f'Q)? dx. 
i=1 ° 


We summarize these findings in the following theorem. 


Theorem 2.4: Arc Length for y = f(x) 
Let f(x) be a smooth function over the interval [a, b]. Then the arc length of the portion of the graph of f(x) from 
the point (a, f(a)) to the point (b, f(b)) is given by 


b 
Arc Length = I V1 + [QP ax. 


(2.7) 


Note that we are integrating an expression involving f’(x), so we need to be sure f’(x) is integrable. This is why we 


require f(x) to be smooth. The following example shows how to apply the theorem. 


Example 2.18 


Calculating the Arc Length of a Function of x 


Let f(x) = 2x7!" Calculate the arc length of the graph of f(x) over the interval [0, 1]. Round the answer to 


three decimal places. 
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Solution 


We have f’(x) = 3x17, so faeole = 9x. Then, the arc length is 
b 
Arc Length = a 1+([f'Qo/ dx 
a 
1 
= J V1 + 9x dx. 
Substitute u = 1+9x. Then, du =9dx. When x=0, then u=1, andwhen x=1, then u= 10. Thus, 
1 
Arc Length = ie V1 + 9x dx 
1 1 1 10 
=5/ (1 + 9x0dx = 5 f vidu 
10 
= el = FyL1Ovi0 1| ~ 2.268 units. 


9 3 


2.18 Let f(x) = (4/3)x°! 2. Calculate the arc length of the graph of f(x) over the interval [0, 1]. Round the 


answer to three decimal places. 


Although it is nice to have a formula for calculating arc length, this particular theorem can generate expressions that are 
difficult to integrate. We study some techniques for integration in Introduction to Techniques of Integration. In some 
cases, we may have to use a computer or calculator to approximate the value of the integral. 


Example 2.19 


Using a Computer or Calculator to Determine the Arc Length of a Function of x 
Let f(x) = x. Calculate the arc length of the graph of f(x) over the interval [1, 3]. 


Solution 


We have f’(x) = 2x, so [f’(x)? = 4x7. Then the arc length is given by 


b 3 
Arc Length = vs 1+[f'@P dx = i. V1 + 4x? dx. 
a 1 
Using a computer to approximate the value of this integral, we get 


3 
j. V1 + 4x2 dx w 8.26815. 


2.19 Let f(x) =sinx. Calculate the arc length of the graph of f(x) over the interval [0, z]. Use a 


computer or calculator to approximate the value of the integral. 
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Arc Length of the Curve x = g(y) 


We have just seen how to approximate the length of a curve with line segments. If we want to find the arc length of the 
graph of a function of y, we can repeat the same process, except we partition the y-axis instead of the x-axis. Figure 


2.39 shows a representative line segment. 
Ya 


gly) 


xv 


Figure 2.39 A representative line segment over the interval 
[vi-1 Yil- 


Then the length of the line segment is \(Ay)? +(Ax,)*, which can also be written as Ay//1 + (Ax,/(Ay))?. If we now 


follow the same development we did earlier, we get a formula for arc length of a function x = g(y). 


Theorem 2.5: Arc Length for x = g(y) 
Let g(y) be a smooth function over an interval [c, d]. Then, the arc length of the graph of g(y) from the point 
(c, g(c)) to the point (d, g(d)) is given by 


d 
Arc Length = f V1 +[e’O)F dy. 


(2.8) 


Example 2.20 


Calculating the Arc Length of a Function of y 
Let gv) = ay Calculate the arc length of the graph of g(y) over the interval [1, 2]. 


Solution 


We have g’(y) = Oy, sO Ie’) F = 81 ie Then the arc length is 


d v) 
Arc Length = ie V1 +[e’O)P dy = I V1 + 81y4 dy. 
Cc 
Using a computer to approximate the value of this integral, we obtain 


2 
i? 1 + 81y4 dy ~ 21.0277. 
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2.20 Let g(y) = I/y. Calculate the arc length of the graph of g(y) over the interval [1, 4]. Use a computer 


or calculator to approximate the value of the integral. 


Area of a Surface of Revolution 


The concepts we used to find the arc length of a curve can be extended to find the surface area of a surface of revolution. 
Surface area is the total area of the outer layer of an object. For objects such as cubes or bricks, the surface area of the 
object is the sum of the areas of all of its faces. For curved surfaces, the situation is a little more complex. Let f(x) bea 


nonnegative smooth function over the interval [a, b]. We wish to find the surface area of the surface of revolution created 
by revolving the graph of y = f(x) around the x-axis as shown in the following figure. 

V 4 y 
y = f(x) 


x! 


(a) (b) 


Figure 2.40 (a) A curve representing the function f(x). (b) The surface of revolution 


formed by revolving the graph of f(x) around the x-axis. 


As we have done many times before, we are going to partition the interval [a, b] and approximate the surface area by 


calculating the surface area of simpler shapes. We start by using line segments to approximate the curve, as we did earlier 
in this section. For i= 0, 1, 2,...,n, let P = {x;} bea regular partition of [a, b]. Then, for i= 1, 2,..., n, construct a 


line segment from the point (x; _ ;, f(x; _ 1)) to the point (x;, f(x;)). Now, revolve these line segments around the x-axis 
to generate an approximation of the surface of revolution as shown in the following figure. 


y y 
y = f(x) 


al 


(a) (b) 


Figure 2.41 (a) Approximating f(x) with line segments. (b) The surface of revolution 


formed by revolving the line segments around the x-axis. 


Notice that when each line segment is revolved around the axis, it produces a band. These bands are actually pieces of cones 
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(think of an ice cream cone with the pointy end cut off). A piece of a cone like this is called a frustum of a cone. 
To find the surface area of the band, we need to find the lateral surface area, S, of the frustum (the area of just the slanted 
outside surface of the frustum, not including the areas of the top or bottom faces). Let r; and r, be the radii of the wide 


end and the narrow end of the frustum, respectively, and let / be the slant height of the frustum as shown in the following 


figure. 


x 
Figure 2.42 A frustum of a cone can approximate a small part 
of surface area. 


We know the lateral surface area of a cone is given by 


Lateral Surface Area = zrs, 


where r is the radius of the base of the cone and s is the slant height (see the following figure). 


Figure 2.43 The lateral surface area of the cone is given by 
mrs. 


Since a frustum can be thought of as a piece of a cone, the lateral surface area of the frustum is given by the lateral surface 
area of the whole cone less the lateral surface area of the smaller cone (the pointy tip) that was cut off (see the following 
figure). 
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fi 


Figure 2.44 Calculating the lateral surface area of a frustum 
of a cone. 


The cross-sections of the small cone and the large cone are similar triangles, so we see that 


2 _s-l 
1 Ss 
Solving for s, we get 
m) _ sl 
ry _ Ss 
ros = ry(s—J 
ros = rys—ryl 
ryl = rys—ros 
ryl = (ry -1r9)s 
rl 
i = 5. 
Pyro 


Then the lateral surface area (SA) of the frustum is 


S (Lateral SA of large cone) — (Lateral SA of small cone) 


= ar,S—arz(s—l) 


| 
a 
5 
a 
—. 
S 
= 
[J— 
S 
N 
—"” 
| 
a 
~ 
N 
=< 
x 
jn 
ee 
JH 
= 
nN 
~ 
— 


aril Ary Vol | aryl(ry—1ry) 
hears Ty r= T5 
2 2 
arj{l Mryrol aryrol ary“ 
Wom Hats hrs 
2 2 
ari - r3M _ ary —ror, +r) 
rp-lg ry rr 


= ary +1ry)l. 


Let’s now use this formula to calculate the surface area of each of the bands formed by revolving the line segments around 
the x-axis. A representative band is shown in the following figure. 
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Yh 


x 


Ax 


Figure 2.45 A representative band used for determining 
surface area. 


Note that the slant height of this frustum is just the length of the line segment used to generate it. So, applying the surface 
area formula, we have 


S =a(r,+7ry)l 
= a(f(x;_ 1) + f(x) Ax? + (Ay)? 


2 
na (Ak 
= a(f(x;_ 1) + foe))Ax] 1 + (=) . 
Now, as we did in the development of the arc length formula, we apply the Mean Value Theorem to select x¥ € [x;_ 1, xj] 


such that f’(x* ) = (Ay,/Ax. This gives us 


S = alf(xj— 1) + fxp))Ax\1 + (f'O% DY. 


Furthermore, since f(x) is continuous, by the Intermediate Value Theorem, there is a point x; © [x;_ , x;] such that 


f(x; °) = (/2)[f(@;— 1) + f(x)} so we get 
a a arr) 
S = 2nflax; “)Axl1 + (f/Cer )). 
Then the approximate surface area of the whole surface of revolution is given by 
n — 
Surface Areas )) 2x f(x; *)Ax\1+(f’@% DP. 
i=1 
This almost looks like a Riemann sum, except we have functions evaluated at two different points, x* and ae 7 , over 


the interval [x;_ 1, x;]. Although we do not examine the details here, it turns out that because f(x) is smooth, if we let 


n-— oo, the limit works the same as a Riemann sum even with the two different evaluation points. This makes sense 
intuitively. Both x#* and x; "are in the interval [x;_ }, x;], so it makes sense that as n > oo, both x* and x; 
approach x. Those of you who are interested in the details should consult an advanced calculus text. 


Taking the limit as 1 > 00, we get 


n b 
Surface Area = lim, DY) 2a fla; *)Axl1 + (f'@t )P = i (27 f(aV1 + (FQ)? ld. 
i=l ie 


As with arc length, we can conduct a similar development for functions of y to get a formula for the surface area of surfaces 


of revolution about the y-axis. These findings are summarized in the following theorem. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 2 | Applications of Integration 177 


Theorem 2.6: Surface Area of a Surface of Revolution 
Let f(x) be anonnegative smooth function over the interval [a, b]. Then, the surface area of the surface of revolution 


formed by revolving the graph of f(x) around the x-axis is given by 


Surface Area = i ‘(0x FONV1+(F '@)? \dx. 


Similarly, let g(y) be a nonnegative smooth function over the interval [c, d]. Then, the surface area of the surface of 


(2.9) 


revolution formed by revolving the graph of g(y) around the y-axis is given by 


d 


Surface Area = f (2780/1 +(e’)? ay. 


Calculating the Surface Area of a Surface of Revolution 1 


Let f(x) = vx over the interval [1, 4]. Find the surface area of the surface generated by revolving the graph of 


f(x) around the x-axis. Round the answer to three decimal places. 


Solution 
The graph of f(x) and the surface of rotation are shown in the following figure. 


y 
4 


(a) (b) 
Figure 2.46 (a) The graph of f(x). (b) The surface of revolution. 


We have f(x) = vx. Then, f’(x) = 1/(2vx) and (fo)? = 1/(4x). Then, 
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i 
Surface Area = — + (fa)? Jax 


= f (ome 1 Tae 


-f[ in 


Let u=x+ 1/4. Then, du=dx. When x=1, u=5/4, andwhen x=4, u=17/4. This gives us 


17/4 


J eae de =/ 2nvu du 


= 2a|2u3?| Bi = A17V17 — 5\5] = 30.846. 


2.21) Let f(x)=V1-— x over the interval [0, 1/2]. Find the surface area of the surface generated by 


revolving the graph of f(x) around the x-axis. Round the answer to three decimal places. 


Calculating the Surface Area of a Surface of Revolution 2 


Let fxX) =y= Vx. Consider the portion of the curve where 0 < y < 2. Find the surface area of the surface 
generated by revolving the graph of f(x) around the y-axis. 


Solution 
Notice that we are revolving the curve around the y-axis, and the interval is in terms of y, so we want to 
rewrite the function as a function of y. We get x = g(y) = (1/3)y?. The graph of g(y) and the surface of rotation 


are shown in the following figure. 
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(a) 
Figure 2.47 (a) The graph of g(y). (b) The surface of revolution. 


We have ¢(y) = (1/3)y?, so g’(y) = y? and (p(y)? = y*. Then 


d 


Surface Area = a (22g(y)\1 +(e’) }ay 
= [et jit} 


Let u=yi+ 1. Then du = dy dy. When y=0, uw=1, andwhen y=2, uw=17. Then 


2 


17 
2a 34 44 -2a#/ 1 
3 at l+y"|dy = 3/4 qvudu 


= 212,37] i = 2(17)°? — 1] 24.118. 


2.22 Let g(y) = \9 - y? over the interval y € [0, 2]. Find the surface area of the surface generated by 
revolving the graph of g(y) around the y-axis. 
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2.4 EXERCISES 


For the following exercises, find the length of the functions 
over the given interval. 


165. y=5xfromx=Otox =2 


166. y= — Fx +25 fromx=ltox=4 


167. x=4yfromy=-—-ltoy=1 


168. Pick an arbitrary linear function x = g(y) over any 
interval of your choice (yj, y>). Determine the length of 
the function and then prove the length is correct by using 
geometry. 

169. Find the surface area of the volume generated when 
the curve y = vx revolves around the x-axis from (1, 1) 
to (4, 2), 


as seen here. 


170. Find the surface area of the volume generated when 


2 


the curve y = x* revolves around the y-axis from (1, 1) 


to (3, 9). 


For the following exercises, find the lengths of the 
functions of x over the given interval. If you cannot 
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evaluate the technology to 


approximate it. 


integral exactly, use 


171. y =x?” from (0, 0) to (1, 1) 


172. y =x from (1, 1) to (8, 4) 


3/2 


173. y=H(x? +2) from x = Otox = 1 


3 


3/2 


174. y=H(x? -2) from x =2 tox =4 


175. [Tl y=e* on x=0 to x=1 


3 
176. y=4+ qb from x=ltox=3 


177. y=AP +25 from x= Itox=2 
x 
3/2 1/2 
178. y = 2a -4,- from x= 1tox=4 


1 2 3/2 
179. y = 59(9x +6) from x = Otox =2 


180. [T] y=sinx on x=Otox=a 


For the following exercises, find the lengths of the 
functions of y over the given interval. If you cannot 


evaluate the technology to 


approximate it. 


integral exactly, use 


181. y= 25 3e from y=0 to y=4 


182. rahe? +e”) from y= —-ltoy=1 


183. x = 5y?? from y=0 to y=1 
184. [T] x=y? from y=0 to y=1 


185. x= yy from y=Otoy=1 


3/2 
186. x= 4y? +1) from y= 1 to y=3 


187. [T] x =tany from y=0 to y=d 


188. [T] x = cos7y from y= —+ to y= 


NIA 


x 
2 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 2 | Applications of Integration 


189. [T] x =4° from y=Otoy=2 
190. [T] x = In(y) on y=t to y=e 


For the following exercises, find the surface area of the 
volume generated when the following curves revolve 
around the x-axis. If you cannot evaluate the integral 


exactly, use your calculator to approximate it. 


191. y=vx from x=2 to x =6 
192. y=x° from x=0 tox=1 
193. y=7x from x =—ltox=1 


194. [T] y=} from x= 1tox=3 
x 


195. y=\ —x? from x =Otox =2 
196. y= —x? from x =—ltox=1 
197. y=5x from x=1tox=5 


198. [T] y=tanx from x= —“tox= 


For the following exercises, find the surface area of the 
volume generated when the following curves revolve 
around the y-axis. If you cannot evaluate the integral 


exactly, use your calculator to approximate it. 


199. y=x from x =Otox =2 


200. yodr+ from x =Otox=1 


1 
2 
201. y=x+1 from x =Otox=3 


202. [T] y= from x=hto x=1 


203. y =%x from x=1tox=27 
204. [T] y = 3x* from x=0 to x=1 
205. [T] y=— from x=1 to x =3 


vx 


206. [T] y=cosx from x =0 to x= 


NIA 
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207. The base of a lamp is constructed by revolving a 
quarter circle y= \2x—x? around the y-axis from 
x=1 to x =2, as seen here. Create an integral for the 


surface area of this curve and compute it. 
—2 y = (2x - x2 


208. A light bulb is a sphere with radius 1/2 in. with the 


bottom sliced off to fit exactly onto a cylinder of radius 
1/4 in. and length 1/3 in., as seen here. The sphere is 


cut off at the bottom to fit exactly onto the cylinder, so 
the radius of the cut is 1/4 in. Find the surface area (not 


including the top or bottom of the cylinder). 


209. [T] A lampshade is constructed by rotating y = 1/x 
as seen here. 


around the x-axis from y=1 to y=2, 


Determine how much material you would need to construct 
this lampshade—that is, the surface area—accurate to four 
decimal places. 


y 


210. [T] An anchor drags behind a boat according to 
—x/2 


the function y = 24e — 24, where y represents the 
depth beneath the boat and x is the horizontal distance of 
the anchor from the back of the boat. If the anchor is 23 ft 


below the boat, how much rope do you have to pull to reach 
the anchor? Round your answer to three decimal places. 
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211. [T] You are building a bridge that will span 10 


ft. You intend to add decorative rope in the shape of 
y = 5|sin((xz)/5)|, where x is the distance in feet from 


one end of the bridge. Find out how much rope you need to 
buy, rounded to the nearest foot. 


For the following exercises, find the exact arc length for the 
following problems over the given interval. 
212. y=In(sinx) from x= 2/4 to x = (32)/4. (Hint: 


Recall trigonometric identities.) 


213. Draw graphs of y= x y= x®, and y= x0 


For y=x", as n increases, formulate a prediction on 
the arc length from (0, 0) to (1, 1). Now, compute the 


lengths of these three functions and determine whether your 
prediction is correct. 

214. Compare the lengths of the parabola x = y? and the 
line x = by from (0, 0) to (b°, b) as b increases. What 
do you notice? 


215. Solve for the length of x=y? from 


(0, 0) to (1, 1). Show that x = (1/2)y” from (0, 0) to 
(2, 2) is twice as long. Graph both functions and explain 


why this is so. 


216. [T] Which is longer between (1, 1) and (2, 1/2): 
the hyperbola y = 1/x or the graph of x + 2y = 3? 


217. Explain why the surface area is infinite when 
y = 1/x is rotated around the x-axis for 1<x<o, 


but the volume is finite. 
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2.5 | Physical Applications 


Learning Objectives 


2.5.1 Determine the mass of a one-dimensional object from its linear density function. 
2.5.2 Determine the mass of a two-dimensional circular object from its radial density function. 


2.5.3 Calculate the work done by a variable force acting along a line. 
2.5.4 Calculate the work done in pumping a liquid from one height to another. 
2.5.5 Find the hydrostatic force against a submerged vertical plate. 


In this section, we examine some physical applications of integration. Let’s begin with a look at calculating mass from a 
density function. We then turn our attention to work, and close the section with a study of hydrostatic force. 


Mass and Density 


We can use integration to develop a formula for calculating mass based on a density function. First we consider a thin rod 
or wire. Orient the rod so it aligns with the x-axis, with the left end of the rod at x =a and the right end of the rod at 


x = b (Figure 2.48). Note that although we depict the rod with some thickness in the figures, for mathematical purposes 
we assume the rod is thin enough to be treated as a one-dimensional object. 


y 


Figure 2.48 We can calculate the mass of a thin rod oriented 
along the x-axis by integrating its density function. 


If the rod has constant density , given in terms of mass per unit length, then the mass of the rod is just the product of the 
density and the length of the rod: (b — a)p. If the density of the rod is not constant, however, the problem becomes a little 
more challenging. When the density of the rod varies from point to point, we use a linear density function, p(x), to denote 
the density of the rod at any point, x. Let p(x) be an integrable linear density function. Now, for i = 0, 1, 2,..., ” let 


P = {x;} be a regular partition of the interval [a, b], and for i = 1, 2,..., n choose an arbitrary point x* € [x;_ 1, xj]. 


Figure 2.49 shows a representative segment of the rod. 
y 


a GA ' shicbecledliadt —*- 


a b 


Figure 2.49 A representative segment of the rod. 


The mass m, of the segment of the rod from x;_ to x; is approximated by 
mM, ® p(x# x; — X;_ 1) = pO )Ax. 


Adding the masses of all the segments gives us an approximation for the mass of the entire rod: 
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m= >} mM; & x p(x# )Ax. 
i=1 rel 


This is a Riemann sum. Taking the limit as n — oo, we get an expression for the exact mass of the rod: 
n b 

— 1 ok — 

m= nlim., 2 P(x# )Ax = I p(x)dx. 

i= 


We state this result in the following theorem. 


Theorem 2.7: Mass—Density Formula of a One-Dimensional Object 
Given a thin rod oriented along the x-axis over the interval [a, b|, let p(x) denote a linear density function giving 
the density of the rod at a point x in the interval. Then the mass of the rod is given by 


b 2.10 
m= i o(xodx. a 


We apply this theorem in the next example. 


Calculating Mass from Linear Density 


Consider a thin rod oriented on the x-axis over the interval [z/2, z]. If the density of the rod is given by 


p(x) = sinx, what is the mass of the rod? 


Solution 
Applying Equation 2.10 directly, we have 


cs 


b 
m= I p(xjdx = J sinxds = —cos x7) = 1. 


fe 2.23 Consider a thin rod oriented on the x-axis over the interval [1, 3]. If the density of the rod is given by 


p(x) = 2x? + 3, what is the mass of the rod? 


We now extend this concept to find the mass of a two-dimensional disk of radius +. As with the rod we looked at in 


the one-dimensional case, here we assume the disk is thin enough that, for mathematical purposes, we can treat it as a 
two-dimensional object. We assume the density is given in terms of mass per unit area (called area density), and further 
assume the density varies only along the disk’s radius (called radial density). We orient the disk in the xy-plane, with 


the center at the origin. Then, the density of the disk can be treated as a function of x, denoted p(x). We assume 
p(x) is integrable. Because density is a function of x, we partition the interval from [0, r] along the x-axis. For 
i=0, 1, 2,...,, let P = {x;} bea regular partition of the interval [0, r], andfor i= 1, 2,...,, choose an arbitrary 


point x* € [x;_ 1, x;]. Now, use the partition to break up the disk into thin (two-dimensional) washers. A disk and a 


representative washer are depicted in the following figure. 
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Ax 


(a) (b) 
Figure 2.50 (a) A thin disk in the xy-plane. (b) A representative washer. 


We now approximate the density and area of the washer to calculate an approximate mass, m,. Note that the area of the 


washer is given by 
A; = (x)? — a(x;_ 1)? 


= 2 2 
= lx} = Xi i 
= W(x; +X;_ pAx. 


You may recall that we had an expression similar to this when we were computing volumes by shells. As we did there, we 
use x¥ ®& (x;+X;_ 1)/2 to approximate the average radius of the washer. We obtain 


A; = M(x, +x;_ Ax & 2nx¥ Ax, 
Using p(x* ) to approximate the density of the washer, we approximate the mass of the washer by 
m,& 2nx* p(xt )Ax. 


Adding up the masses of the washers, we see the mass m of the entire disk is approximated by 
n n 
m= bs mM; & > 2nx* p(xF )Ax. 
i=1 i=1 
We again recognize this as a Riemann sum, and take the limit as n — oo. This gives us 
n r 
m= lim, z Qax* p(xt Ax = I 2axp(x)dx. 
i= 
We summarize these findings in the following theorem. 


Theorem 2.8: Mass—Density Formula of a Circular Object 
Let p(x) be an integrable function representing the radial density of a disk of radius r. Then the mass of the disk is 
given by 


m= ip Ceo ee 


186 Chapter 2 | Applications of Integration 


Example 2.24 


Calculating Mass from Radial Density 


Let p(x) = vx represent the radial density of a disk. Calculate the mass of a disk of radius 4. 


Solution 
Applying the formula, we find 


r 
m= i, 2axp(x)dx 


4 4 
= Ve 2nxvxdx = 212 if x dx 
0 0 
4 
= 20dx°|, 


_ Anz) _ 1282 
= “2132] = Ss. 


fe 2.24 Let p(x) = 3x +2 represent the radial density of a disk. Calculate the mass of a disk of radius 2. 


Work Done by a Force 


We now consider work. In physics, work is related to force, which is often intuitively defined as a push or pull on an object. 
When a force moves an object, we say the force does work on the object. In other words, work can be thought of as the 
amount of energy it takes to move an object. According to physics, when we have a constant force, work can be expressed 
as the product of force and distance. 


In the English system, the unit of force is the pound and the unit of distance is the foot, so work is given in foot-pounds. In 
the metric system, kilograms and meters are used. One newton is the force needed to accelerate 1 kilogram of mass at the 


rate of 1 m/sec*. Thus, the most common unit of work is the newton-meter. This same unit is also called the joule. Both 
are defined as kilograms times meters squared over seconds squared (kg . m/s”), 
When we have a constant force, things are pretty easy. It is rare, however, for a force to be constant. The work done to 


compress (or elongate) a spring, for example, varies depending on how far the spring has already been compressed (or 
stretched). We look at springs in more detail later in this section. 


Suppose we have a variable force F(x) that moves an object in a positive direction along the x-axis from point a to point 
b. To calculate the work done, we partition the interval [a, b] and estimate the work done over each subinterval. So, for 
i=0, 1, 2,...,n, let P = {x;} be a regular partition of the interval [a, b], and for i= 1, 2,...,, choose an arbitrary 


point x* € [x;_ , x;]. To calculate the work done to move an object from point x;_, to point x;, we assume the 
force is roughly constant over the interval, and use F(x* ) to approximate the force. The work done over the interval 
[x;_,%,], then, is given by 
W; & FOx* )(xj — x; 1) = FOF Ax. 
Therefore, the work done over the interval {a, b] is approximately 
n 
W= > w,x FOr Ax. 
i=1 i=1 


Taking the limit of this expression as n — oo gives us the exact value for work: 
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n b 
W= ylim, F(x )Ax = I F(xodx. 
i= 


Thus, we can define work as follows. 


If a variable force F(x) moves an object in a positive direction along the x-axis from point a to point b, then the work 
done on the object is 


b 2a12 
w=f F(x)dx. ( 


Note that if F is constant, the integral evaluates to F-(b—a)=F'-d, which is the formula we stated at the beginning of 
this section. 


Now let’s look at the specific example of the work done to compress or elongate a spring. Consider a block attached to a 
horizontal spring. The block moves back and forth as the spring stretches and compresses. Although in the real world we 
would have to account for the force of friction between the block and the surface on which it is resting, we ignore friction 
here and assume the block is resting on a frictionless surface. When the spring is at its natural length (at rest), the system is 
said to be at equilibrium. In this state, the spring is neither elongated nor compressed, and in this equilibrium position the 
block does not move until some force is introduced. We orient the system such that x = 0 corresponds to the equilibrium 


position (see the following figure). 


Equilibrium 


x<0 


Compressed 


Elongated 
(Stretched) 


Figure 2.51 A block attached to a horizontal spring at 
equilibrium, compressed, and elongated. 


According to Hooke’s law, the force required to compress or stretch a spring from an equilibrium position is given by 
F(x) = kx, for some constant k. The value of k depends on the physical characteristics of the spring. The constant k 


is called the spring constant and is always positive. We can use this information to calculate the work done to compress or 
elongate a spring, as shown in the following example. 
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The Work Required to Stretch or Compress a Spring 


Suppose it takes a force of 10 N (in the negative direction) to compress a spring 0.2 m from the equilibrium 
position. How much work is done to stretch the spring 0.5 m from the equilibrium position? 


Solution 
First find the spring constant, k. When x = —0.2, weknow F(x) =—10, so 


F(x) = kx 
-10 = k(-0.2) 
k = 50 


and F(x) = 50x. Then, to calculate work, we integrate the force function, obtaining 


b 0.5 0.5 
W= i F(x)dx = j, 50x dx = 25x"|, = 6.25. 


The work done to stretch the spring is 6.25 J. 


2.25 Suppose it takes a force of 8 Ib to stretch aspring 6 in. from the equilibrium position. How much work 
is done to stretch the spring 1 ft from the equilibrium position? 


Work Done in Pumping 


Consider the work done to pump water (or some other liquid) out of a tank. Pumping problems are a little more complicated 
than spring problems because many of the calculations depend on the shape and size of the tank. In addition, instead of 
being concerned about the work done to move a single mass, we are looking at the work done to move a volume of water, 
and it takes more work to move the water from the bottom of the tank than it does to move the water from the top of the 
tank. 


We examine the process in the context of a cylindrical tank, then look at a couple of examples using tanks of different 
shapes. Assume a cylindrical tank of radius 4 m and height 10 m is filled to a depth of 8 m. How much work does it take 


to pump all the water over the top edge of the tank? 


The first thing we need to do is define a frame of reference. We let x represent the vertical distance below the top of the 
tank. That is, we orient the x-axis vertically, with the origin at the top of the tank and the downward direction being positive 
(see the following figure). 
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Figure 2.52 How much work is needed to empty a tank 
partially filled with water? 


Using this coordinate system, the water extends from x = 2 to x = 10. Therefore, we partition the interval [2, 10] and 
look at the work required to lift each individual “layer” of water. So, for i= 0, 1, 2,...,, let P= {x;} be a regular 


partition of the interval [2, 10], and for i= 1, 2,...,, choose an arbitrary point x#* € [x;_ 1, xj]. Figure 2.53 


shows a representative layer. 


Figure 2.53 A representative layer of water. 


In pumping problems, the force required to lift the water to the top of the tank is the force required to overcome gravity, so 
it is equal to the weight of the water. Given that the weight-density of water is 9800 N/m?, or 62.4 Ib/ft®, calculating the 


volume of each layer gives us the weight. In this case, we have 
V =2(4)? Ax = 16xAx. 
Then, the force needed to lift each layer is 


F = 9800: 16zAx = 156,8002Ax. 


Note that this step becomes a little more difficult if we have a noncylindrical tank. We look at a noncylindrical tank in the 
next example. 


We also need to know the distance the water must be lifted. Based on our choice of coordinate systems, we can use x¥ as 


an approximation of the distance the layer must be lifted. Then the work to lift the ith layer of water W; is approximately 
W; © 156,8002x* Ax. 


Adding the work for each layer, we see the approximate work to empty the tank is given by 
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n n 
W= ¥ w,x Y 156,8000x* Ax. 
i=1 i=1 
This is a Riemann sum, so taking the limit as n > oo, we get 


n 
W = lim >) 156,8002x* Ax 


10 


= 156,800 a xdx 


10 
2 
= 156,800r| = | , = 7,526,4002 ~ 23,644,883. 


The work required to empty the tank is approximately 23,650,000 J. 


For pumping problems, the calculations vary depending on the shape of the tank or container. The following problem- 
solving strategy lays out a step-by-step process for solving pumping problems. 


We now apply this problem-solving strategy in an example with a noncylindrical tank. 


Example 2.26 


A Pumping Problem with a Noncylindrical Tank 


Assume a tank in the shape of an inverted cone, with height 12 ft and base radius 4 ft. The tank is full to start 
with, and water is pumped over the upper edge of the tank until the height of the water remaining in the tank is 4 
ft. How much work is required to pump out that amount of water? 


Solution 
The tank is depicted in Figure 2.54. As we did in the example with the cylindrical tank, we orient the x-axis 
vertically, with the origin at the top of the tank and the downward direction being positive (step 1). 
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Figure 2.54 A water tank in the shape of an inverted cone. 


The tank starts out full and ends with 4 ft of water left, so, based on our chosen frame of reference, we need 
to partition the interval [0, 8]. Then, for i= 0, 1, 2,...,, let P = {x,} bea regular partition of the interval 


[0, 8], and for i= 1, 2,...,, choose an arbitrary point x* € [x;_, x;]. We can approximate the volume 


of a layer by using a disk, then use similar triangles to find the radius of the disk (see the following figure). 


x* 
12 * 
12 — x* 
a 
(a) (b) 


Figure 2.55 Using similar triangles to express the radius of a disk of water. 
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From properties of similar triangles, we have 


es eee es 
12 — x# 12. 3 
3r; = 12—x* 

12 — x* 
Vr; = =o 

xf 

= 4 =" 


Then the volume of the disk is 


x* : 
Vi= “(4 — ~) Ax (step 2). 


The weight-density of water is 62.4 Ib/ft?, so the force needed to lift each layer is approximately 
xt)? 
aX 624e(4 - ) Ax (step 3). 
Based on the diagram, the distance the water must be lifted is approximately x* feet (step 4), so the approximate 


work needed to lift the layer is 


ok 
meu 


2 
W; & 62.40x* (4 3 ) Ax (step 5). 
Summing the work required to lift all the layers, we get an approximate value of the total work: 
n xt 2 
w= p> W, pa 62.4nx* (: = ) Ax (step 6). 
Taking the limit as n — oo, we obtain 


n * 2 
W = lim, a 62.Anx* (4 - “) Ax 
i= 


[ "62.4ns(4 = x) dx 


8 2 8 2 3 
= 624m f »(16 2 Se a sas 2 o24nf (16x Ss Ben 4 hax 


8 


3 4 
= 624 8x7 -8r 4 | 0 = 10,649.6n  33,456.7. 


It takes approximately 33,450 ft-lb of work to empty the tank to the desired level. 


2.26 A tank is in the shape of an inverted cone, with height 10 ft and base radius 6 ft. The tank is filled to a 


depth of 8 ft to start with, and water is pumped over the upper edge of the tank until 3 ft of water remain in the 
tank. How much work is required to pump out that amount of water? 
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Hydrostatic Force and Pressure 


In this last section, we look at the force and pressure exerted on an object submerged in a liquid. In the English system, force 
is measured in pounds. In the metric system, it is measured in newtons. Pressure is force per unit area, so in the English 
system we have pounds per square foot (or, perhaps more commonly, pounds per square inch, denoted psi). In the metric 
system we have newtons per square meter, also called pascals. 


Let’s begin with the simple case of a plate of area A submerged horizontally in water at a depth s (Figure 2.56). Then, the 
force exerted on the plate is simply the weight of the water above it, which is given by F = pAs, where p is the weight 


density of water (weight per unit volume). To find the hydrostatic pressure—that is, the pressure exerted by water on a 
submerged object—we divide the force by the area. So the pressure is p = F/A = ps. 


Figure 2.56 A plate submerged horizontally in water. 


By Pascal’s principle, the pressure at a given depth is the same in all directions, so it does not matter if the plate is submerged 
horizontally or vertically. So, as long as we know the depth, we know the pressure. We can apply Pascal’s principle to find 
the force exerted on surfaces, such as dams, that are oriented vertically. We cannot apply the formula F = pAs directly, 


because the depth varies from point to point on a vertically oriented surface. So, as we have done many times before, we 
form a partition, a Riemann sum, and, ultimately, a definite integral to calculate the force. 


Suppose a thin plate is submerged in water. We choose our frame of reference such that the x-axis is oriented vertically, with 
the downward direction being positive, and point x = 0 corresponding to a logical reference point. Let s(x) denote the 


depth at point x. Note we often let x = 0 correspond to the surface of the water. In this case, depth at any point is simply 
given by s(x) = x. However, in some cases we may want to select a different reference point for x = 0, so we proceed 


with the development in the more general case. Last, let w(x) denote the width of the plate at the point x. 


Assume the top edge of the plate is at point x =a and the bottom edge of the plate is at point x = b. Then, for 
i=0, 1, 2,...,, let P = {x;} bea regular partition of the interval |a, b|, and for i= 1, 2,...,, choose an arbitrary 


point x* € [x;_ 1, x;]. The partition divides the plate into several thin, rectangular strips (see the following figure). 
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LeS a Slater 


Figure 2.57 A thin plate submerged vertically in water. 


Let’s now estimate the force on a representative strip. If the strip is thin enough, we can treat it as if it is at a constant depth, 
s(x* ). We then have 


F; = pAs = p[w(xt )Ax|s(x* ). 
Adding the forces, we get an estimate for the force on the plate: 
nh n 
Fe DY Fi= > lw? Axx ). 
i=l i=1 
This is a Riemann sum, so taking the limit gives us the exact force. We obtain 


n b 2.13 
F= lim.) plw(x# Axo ) =f pwas(wdk. — 
i=l a 


n> wo 


Evaluating this integral gives us the force on the plate. We summarize this in the following problem-solving strategy. 


Finding Hydrostatic Force 


A water trough 15 ft long has ends shaped like inverted isosceles triangles, with base 8 ft and height 3 ft. Find the 
force on one end of the trough if the trough is full of water. 


Solution 
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Figure 2.58 shows the trough and a more detailed view of one end. 


x 


(b) 
Figure 2.58 (a) A water trough with a triangular cross-section. (b) 
Dimensions of one end of the water trough. 


Select a frame of reference with the x-axis oriented vertically and the downward direction being positive. Select 
the top of the trough as the point corresponding to x = O (step 1). The depth function, then, is s(x) = x. Using 
similar triangles, we see that w(x) = 8 — (8/3)x (step 2). Now, the weight density of water is 62.4 lb/ft? (step 
3), so applying Equation 2.13, we obtain 


Fe= J: " puitosonds 
= I “62.4(s —Sx}edx = 62.4 J “(sx -8.7)ax 
3 
= 62.4[4x? - 813]|, = 748.8. 


The water exerts a force of 748.8 lb on the end of the trough (step 4). 


2.27 A water trough 12 m long has ends shaped like inverted isosceles triangles, with base 6 m and height 4 
m. Find the force on one end of the trough if the trough is full of water. 
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Example 2.28 


Chapter Opener: Finding Hydrostatic Force 


We now return our attention to the Hoover Dam, mentioned at the beginning of this chapter. The actual dam is 
arched, rather than flat, but we are going to make some simplifying assumptions to help us with the calculations. 
Assume the face of the Hoover Dam is shaped like an isosceles trapezoid with lower base 750 ft, upper base 


1250 ft, and height 750 ft (see the following figure). 
1250 ft 


750 ft 


750 ft 


When the reservoir is full, Lake Mead’s maximum depth is about 530 ft, and the surface of the lake is about 10 ft 
below the top of the dam (see the following figure). 


10 ft 


Figure 2.59 A simplified model of the Hoover Dam with 
assumed dimensions. 


Find the force on the face of the dam when the reservoir is full. 


b. The southwest United States has been experiencing a drought, and the surface of Lake Mead is about 125 
ft below where it would be if the reservoir were full. What is the force on the face of the dam under these 
circumstances? 


Solution 
a. We begin by establishing a frame of reference. As usual, we choose to orient the x-axis vertically, with 
the downward direction being positive. This time, however, we are going to let x = 0 represent the top 
of the dam, rather than the surface of the water. When the reservoir is full, the surface of the water is 10 
ft below the top of the dam, so s(x) = x — 10 (see the following figure). 
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10 ft 


Figure 2.60 We first choose a frame of reference. 


To find the width function, we again turn to similar triangles as shown in the figure below. 
250 ft 250 ft 


750 ft 
(a) 
250 ft 
—_—— 
750 ft 
(b) 


Figure 2.61 We use similar triangles to determine a function 
for the width of the dam. (a) Assumed dimensions of the dam; 
(b) highlighting the similar triangles. 


From the figure, we see that w(x)=750+2r. Using properties of similar triangles, we get 
r = 250 —(1/3)x. Thus, 


w(x) = 1250 — 3x (step 2). 


Using a weight-density of 62.4 lb/ft? (step 3) and applying Equation 2.13, we get 
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b 
F= [ pw(x)s(x)dx 


540 540 
-f[ i‘ 62.4(1250 = Zxox — 10)dx = 62.4 f ‘ - 2). — 1885x + 18750|ix 


540 


= -67.4(2) 22 _ 18852? 2 _ 
= 24(2)% + 187504 19 © 8,832,245,000 Ib = 4,416,122.5t. 


Note the change from pounds to tons (2000 lb= 1 ton) (step 4). This changes our depth function, s(x), and our 


limits of integration. We have s(x) = x — 135. The lower limit of integration is 135. The upper limit remains 
540. Evaluating the integral, we get 


b 
F= [ pw(x)s(x)dx 


-f[ = 24{1250 2 2x) ~ 135)dx 


540 540 
= -62.4(3) [)_(e- 1875)ox- 135)dx = -62.4(3) f(x? - 2010x + 253125)ax 


540 


135 © 5,015,230,000 lb = 2,507,615 t. 


oo 2) x3 _ 2 
= 62.4(2 = — 1005x +253125s| 


2.28 When the reservoir is at its average level, the surface of the water is about 50 ft below where it would be 
if the reservoir were full. What is the force on the face of the dam under these circumstances? 


(>) To learn more about Hoover Dam, see this article (http://www.openstaxcollege.org/|/20_HooverDam) 
published by the History Channel. 
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2.5 EXERCISES 


For the following exercises, find the work done. 


218. Find the work done when a constant force F = 12 
lb moves a chair from x = 0.9 to x= 1.1 ft. 


219. How much work is done when a person lifts a 50 lb 
box of comics onto a truck that is 3 ft off the ground? 


220. What is the work done lifting a 20 kg child from the 
floor to a height of 2 m? (Note that 1 kg equates to 9.8 
N) 


221. Find the work done when you push a box along 
the floor 2 m, when you apply a constant force of 


F=100N. 


222. Compute the work done for a force F = 12/x? N 
from x= 1 to x =2 m. 


223. What is the work done moving a particle from x = 0 


to x = 1 mif the force acting on itis F = 3x? N? 


For the following exercises, find the mass of the one- 
dimensional object. 


224, A wire that is 2 ft long (starting at x = 0) and has 


a density function of p(x) = x? +2x lb/ft 


225. A car antenna that is 3 ft long (starting at x = 0) 
and has a density function of p(x) = 3x +2 lb/ft 


226. A metal rod that is 8 in. long (starting at x = 0) and 


has a density function of p(x) = e!/?* Ib/in. 


227. A pencil that is 4 in. long (starting at x = 2) and 


has a density function of p(x) = 5/x oz/in. 


228. A ruler that is 12 in. long (starting at x = 5) and 


has a density function of p(x) = In(x) + (1/2)x? oz/in. 


For the following exercises, find the mass of the two- 
dimensional object that is centered at the origin. 


229. An oversized hockey puck of radius 2 in. with 


density function p(x) = eo = 9245 


230. A frisbee of radius 6 in. with density function 


p(x) =e * 
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231. A plate of radius 10 in. with density function 
p(x) = 1 + cos(ax) 


232. A jar lid of radius 3 in. with density function 
p(x) = In + 1) 


233. A disk of radius 5 cm with density function 


p(x) = V3x 


234. A 12-in. spring is stretched to 15 in. by a force of 
75 |b. What is the spring constant? 


235. A spring has a natural length of 10 cm. It takes 2 
J to stretch the spring to 15 cm. How much work would it 
take to stretch the spring from 15 cmto 20 cm? 


236. A 1-m spring requires 10 J to stretch the spring to 
1.1 m. How much work would it take to stretch the spring 
from 1 mto 1.2 m? 


237. A spring requires 5 J to stretch the spring from 8 
cm to 12 cm, and an additional 4 J to stretch the spring 
from 12 cmto 14 cm. What is the natural length of the 
spring? 


238. A shock absorber is compressed 1 in. by a weight of 
1 t. What is the spring constant? 


239. A force of F = 20x—x° N stretches a nonlinear 
spring by x meters. What work is required to stretch the 
spring from x =0 to x =2 m? 


240. Find the work done by winding up a hanging cable of 
length 100 ft and weight-density 5 lb/ft. 


241. For the cable in the preceding exercise, how much 
work is done to lift the cable 50 ft? 


242. For the cable in the preceding exercise, how much 
additional work is done by hanging a 200 lb weight at the 


end of the cable? 


243. [T] A pyramid of height 500 ft has a square base 
800 ft by 800 ft. Find the area A at height vA. If the 
rock used to build the pyramid weighs approximately 
w = 100 lb/ft? , how much work did it take to lift all the 


rock? 


200 


244, [T] For the pyramid in the preceding exercise, 
assume there were 1000 workers each working 10 hours 


aday, 5 days a week, 50 weeks a year. If the workers, on 
average, lifted 10 100 lb rocks 2 ft/hr, how long did it take 
to build the pyramid? 


245. [T] The force of gravity on a mass m_ is 


F = —-((GMm)/x*) newtons. For a rocket of mass 


m= 1000kg, compute the work to lift the rocket from 
x = 6400 to x = 6500 km. (Note: 
G=6x107!7 N m*/kg? and M =6x 10% kg.) 


246. [T] For the rocket in the preceding exercise, find the 
work to lift the rocket from x = 6400 to x = oo. 


247. [T] Arectangular dam is 40 ft high and 60 ft wide. 
Compute the total force F on the dam when 


a. the surface of the water is at the top of the dam and 
b. the surface of the water is halfway down the dam. 


248. [T] Find the work required to pump all the water out 
of a cylinder that has a circular base of radius 5 ft and 


height 200 ft. Use the fact that the density of water is 62 
Ib/ft?. 


249. [T] Find the work required to pump all the water out 
of the cylinder in the preceding exercise if the cylinder is 
only half full. 


250. [T] How much work is required to pump out a 
swimming pool if the area of the base is 800 ft?, the water 


is 4 ft deep, and the top is 1 ft above the water level? 
Assume that the density of water is 62 lb/ft’. 


251. A cylinder of depth H and cross-sectional area A 
stands full of water at density ». Compute the work to 


pump all the water to the top. 
252. For the cylinder in the preceding exercise, compute 


the work to pump all the water to the top if the cylinder is 
only half full. 


253. A cone-shaped tank has a cross-sectional area that 
increases with its depth: A = (ar? h°VH 3. Show that the 


work to empty it is half the work for a cylinder with the 
same height and base. 
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2.6 | Moments and Centers of Mass 


Learning Objectives 


2.6.1 Find the center of mass of objects distributed along a line. 


2.6.2 Locate the center of mass of a thin plate. 
2.6.3 Use symmetry to help locate the centroid of a thin plate. 
2.6.4 Apply the theorem of Pappus for volume. 


In this section, we consider centers of mass (also called centroids, under certain conditions) and moments. The basic idea 
of the center of mass is the notion of a balancing point. Many of us have seen performers who spin plates on the ends of 
sticks. The performers try to keep several of them spinning without allowing any of them to drop. If we look at a single plate 
(without spinning it), there is a sweet spot on the plate where it balances perfectly on the stick. If we put the stick anywhere 
other than that sweet spot, the plate does not balance and it falls to the ground. (That is why performers spin the plates; the 
spin helps keep the plates from falling even if the stick is not exactly in the right place.) Mathematically, that sweet spot is 
called the center of mass of the plate. 


In this section, we first examine these concepts in a one-dimensional context, then expand our development to consider 
centers of mass of two-dimensional regions and symmetry. Last, we use centroids to find the volume of certain solids by 
applying the theorem of Pappus. 


Center of Mass and Moments 


Let’s begin by looking at the center of mass in a one-dimensional context. Consider a long, thin wire or rod of negligible 
mass resting on a fulcrum, as shown in Figure 2.62(a). Now suppose we place objects having masses m, and mp, at 


distances d, and d> from the fulcrum, respectively, as shown in Figure 2.62(b). 


—_— 


(a) 


d, d> 


(b) 
Figure 2.62 (a) A thin rod rests on a fulcrum. (b) Masses are 
placed on the rod. 


The most common real-life example of a system like this is a playground seesaw, or teeter-totter, with children of different 
weights sitting at different distances from the center. On a seesaw, if one child sits at each end, the heavier child sinks 
down and the lighter child is lifted into the air. If the heavier child slides in toward the center, though, the seesaw balances. 
Applying this concept to the masses on the rod, we note that the masses balance each other if and only if m,d, = md). 


In the seesaw example, we balanced the system by moving the masses (children) with respect to the fulcrum. However, 
we are really interested in systems in which the masses are not allowed to move, and instead we balance the system by 
moving the fulcrum. Suppose we have two point masses, m, and m,, located on a number line at points x, and x», 


respectively (Figure 2.63). The center of mass, x, is the point where the fulcrum should be placed to make the system 
balance. 
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mM, M2 
~< e e - X 


t 
xX, x Xo 
Figure 2.63 The center of mass x is the balance point of 
the system. 
Thus, we have 
mi |xy— X| = my|x2- x | 
mi(X —x,) = mg(x2- x) 


m, X —m,Xx, MX —M, X 


x (m, +m) mM, xX, +myXx2 


M,X,+MyXo 


x = 
m,y+my) 


The expression in the numerator, m 4x , +X», is called the first moment of the system with respect to the origin. If the 


context is clear, we often drop the word first and just refer to this expression as the moment of the system. The expression 
in the denominator, m +m, is the total mass of the system. Thus, the center of mass of the system is the point at which 


the total mass of the system could be concentrated without changing the moment. 
This idea is not limited just to two point masses. In general, if n masses, m1, M,..., My, are placed on a number line at 


points x}, X5,..., Xn, Tespectively, then the center of mass of the system is given by 


Theorem 2.9: Center of Mass of Objects on a Line 
Let mj , m>,..., Mn be point masses placed on a number line at points x, X>,..., Xn, respectively, and let 
nh 
ne 2 m, denote the total mass of the system. Then, the moment of the system with respect to the origin is given 
i=1 


by 
n (2.14) 


and the center of mass of the system is given by 
M (2.15) 
rie 


We apply this theorem in the following example. 


Example 2.29 


Finding the Center of Mass of Objects along a Line 


Suppose four point masses are placed on a number line as follows: 
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m, = 30kg, placed atx) =-—2m m,=S5kg, placed atx, =3m 
m3 = 10kg, placed at x3 =6m mg = 15 kg, placed at x4 = —3 m. 


Find the moment of the system with respect to the origin and find the center of mass of the system. 


Solution 
First, we need to calculate the moment of the system: 


4 
M= > MX; 


i=1 
= —60 + 15 +60 — 45 = —30. 


Now, to find the center of mass, we need the total mass of the system: 


4 
m =) m, 


i=1 
= 30+5+4+ 10+ 15 = 60kg. 


Then we have 


The center of mass is located 1/2 m to the left of the origin. 


fe 2.29 Suppose four point masses are placed on a number line as follows: 
my, = 12kg, placed atx; =-4m m,=12kg, placed atx, =4m 
m3 = 30kg, placed at x3 = 2m my = 6kg, placed at x4 = —6 m. 


Find the moment of the system with respect to the origin and find the center of mass of the system. 


We can generalize this concept to find the center of mass of a system of point masses in a plane. Let m, be a point 
mass located at point (x,, y;) in the plane. Then the moment M, of the mass with respect to the x-axis is given by 
M, =m, yj. Similarly, the moment M, with respect to the y-axis is given by My = m,x,. Notice that the x-coordinate 


of the point is used to calculate the moment with respect to the y-axis, and vice versa. The reason is that the x-coordinate 
gives the distance from the point mass to the y-axis, and the y-coordinate gives the distance to the x-axis (see the following 
figure). 


y 


x< 
aA 
xV 


Figure 2.64 Point mass my is located at point (x1, y,) in 


the plane. 


If we have several point masses in the xy-plane, we can use the moments with respect to the x- and y-axes to calculate the 
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x- and y-coordinates of the center of mass of the system. 


Theorem 2.10: Center of Mass of Objects in a Plane 
Let m , m3,..., Mn be point masses located in the xy-plane at points (x1, yy), (%9, y2),---, (Wn, Yn), respectively, 
n 
and let m= yi m, denote the total mass of the system. Then the moments M, and My, of the system with respect 
i=1 


to the x- and y-axes, respectively, are given by 


my my (2.16) 
My= By m;y,; and My= »y M;X;. 
i=1 i= 
Also, the coordinates of the center of mass (x, y ) of the system are 
_ M es 2.17 
x= |= and y = wee G17) 


The next example demonstrates how to apply this theorem. 


Example 2.30 


Finding the Center of Mass of Objects in a Plane 


Suppose three point masses are placed in the xy-plane as follows (assume coordinates are given in meters): 
m, = 2kg, placed at (—1, 3), 
my = 6kg, placed at (1, 1), 
m3 = 4kg, placed at (2, —2). 


Find the center of mass of the system. 


Solution 
First we calculate the total mass of the system: 


a 
m= )) m,=2+6+4= I2kg. 


i=1 


Next we find the moments with respect to the x- and y-axes: 


3 

My= )) mx; = -2+64+8 = 12, 
i= 
3 

M,= >) my; =6+6-8 =4. 
al 


Then we have 


The center of mass of the systemis (1, 1/3), in meters. 
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2.30 Suppose three point masses are placed on a number line as follows (assume coordinates are given in 
meters): 

m, = 5kg, placed at (—2, —3), 

my = 3kg, placed at (2, 3), 

m3 = 2kg, placed at (—3, —2). 


Find the center of mass of the system. 


Center of Mass of Thin Plates 


So far we have looked at systems of point masses on a line and in a plane. Now, instead of having the mass of a system 
concentrated at discrete points, we want to look at systems in which the mass of the system is distributed continuously 
across a thin sheet of material. For our purposes, we assume the sheet is thin enough that it can be treated as if it is two- 
dimensional. Such a sheet is called a lamina. Next we develop techniques to find the center of mass of a lamina. In this 
section, we also assume the density of the lamina is constant. 


Laminas are often represented by a two-dimensional region in a plane. The geometric center of such a region is called its 
centroid. Since we have assumed the density of the lamina is constant, the center of mass of the lamina depends only on 
the shape of the corresponding region in the plane; it does not depend on the density. In this case, the center of mass of the 
lamina corresponds to the centroid of the delineated region in the plane. As with systems of point masses, we need to find 
the total mass of the lamina, as well as the moments of the lamina with respect to the x- and y-axes. 


We first consider a lamina in the shape of a rectangle. Recall that the center of mass of a lamina is the point where the lamina 
balances. For a rectangle, that point is both the horizontal and vertical center of the rectangle. Based on this understanding, 
it is clear that the center of mass of a rectangular lamina is the point where the diagonals intersect, which is a result of the 
symmetry principle, and it is stated here without proof. 


Theorem 2.11: The Symmetry Principle 


If a region R is symmetric about a line |, then the centroid of R lies on I. 


Let’s turn to more general laminas. Suppose we have a lamina bounded above by the graph of a continuous function f(x), 


below by the x-axis, and on the left and right by the lines x = a and x = b, respectively, as shown in the following figure. 


y 


Figure 2.65 A region in the plane representing a lamina. 


As with systems of point masses, to find the center of mass of the lamina, we need to find the total mass of the lamina, as 
well as the moments of the lamina with respect to the x- and y-axes. As we have done many times before, we approximate 
these quantities by partitioning the interval [a, b] and constructing rectangles. 


For i=0, 1, 2,...,n, let P= {x;} be a regular partition of [a, b}, Recall that we can choose any point within the 


interval [x;_ , x;] as our x# . In this case, we want x* to be the x-coordinate of the centroid of our rectangles. Thus, for 
i= 1, 2,...,n, weselect x* €[x;_,, x;] suchthat x* is the midpoint of the interval. That is, x* = (x;_4+-4;)/2. 


Now, for i= 1, 2,..., 1, construct a rectangle of height Fit ) on [x;_, x;]. The center of mass of this rectangle is 
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(x# ae 2}, as shown in the following figure. 


y 


Figure 2.66 A representative rectangle of the lamina. 


Next, we need to find the total mass of the rectangle. Let p represent the density of the lamina (note that p is a constant). 
In this case, p is expressed in terms of mass per unit area. Thus, to find the total mass of the rectangle, we multiply the area 


of the rectangle by p. Then, the mass of the rectangle is given by pf(x# )Ax. 


To get the approximate mass of the lamina, we add the masses of all the rectangles to get 


ms >) pf (xt Ax. 


i=1 


This is a Riemann sum. Taking the limit as n — oo gives the exact mass of the lamina: 
n b 
= li * = 
ne nlim, Dy pf(xt Ax = pf five. 
Next, we calculate the moment of the lamina with respect to the x-axis. Returning to the representative rectangle, recall its 


center of mass is (x ; (f(x ))2}. Recall also that treating the rectangle as if it is a point mass located at the center of 


mass does not change the moment. Thus, the moment of the rectangle with respect to the x-axis is given by the mass of 
the rectangle, pf(x* )Ax, multiplied by the distance from the center of mass to the x-axis: ( f(x )y2. Therefore, the 


moment with respect to the x-axis of the rectangle is (| (xt )P/2)ax. Adding the moments of the rectangles and taking 


the limit of the resulting Riemann sum, we see that the moment of the lamina with respect to the x-axis is 
a puCe ei hie @P, 
Mie nlim, 2 p =f & 


We derive the moment with respect to the y-axis similarly, noting that the distance from the center of mass of the rectangle 
to the y-axis is x* . Then the moment of the lamina with respect to the y-axis is given by 


My = lim, > pxt f(x# pare pf xf (x)dx. 


We find the coordinates of the center of mass by dividing the moments by the total mass to give 
x =M yim and y = M,/m. If we look closely at the expressions for M,, M y> andm, we notice that the constant p 


cancels out when x and y_ are calculated. 


We summarize these findings in the following theorem. 


Theorem 2.12: Center of Mass of a Thin Plate in the xy-Plane 


Let R denote a region bounded above by the graph of a continuous function f(x), below by the x-axis, and on the left 
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and right by the lines x =a and x =b, respectively. Let p denote the density of the associated lamina. Then we 


can make the following statements: 


i. The mass of the lamina is 


b (2.18) 
m= pf fide. 
ii. The moments M, and M, of the lamina with respect to the x- and y-axes, respectively, are 
b 2 b (2.19) 
a [f@)] _ 
M,= pf “<5 dx and M y = pf xf (x)dx. 
iii. The coordinates of the center of mass (x, y) are 
_ M _ 2.20 
z= —? and y= a ( ) 


In the next example, we use this theorem to find the center of mass of a lamina. 


Finding the Center of Mass of a Lamina 


Let R be the region bounded above by the graph of the function f(x) = vx and below by the x-axis over the 


interval [0, 4]. Find the centroid of the region. 


Solution 


The region is depicted in the following figure. 


Figure 2.67 Finding the center of mass of a lamina. 


Since we are only asked for the centroid of the region, rather than the mass or moments of the associated 
lamina, we know the density constant p cancels out of the calculations eventually. Therefore, for the sake of 


convenience, let’s assume p = 1. 


First, we need to calculate the total mass: 
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Next, we compute the moments: 


and 


Thus, we have 


The centroid of the region is (12/5, 3/4). 


2.31 Let R be the region bounded above by the graph of the function f(x) = x? and below by the x-axis over 
the interval [0, 2]. Find the centroid of the region. 


We can adapt this approach to find centroids of more complex regions as well. Suppose our region is bounded above by the 
graph of a continuous function f(x), as before, but now, instead of having the lower bound for the region be the x-axis, 


suppose the region is bounded below by the graph of a second continuous function, g(x), as shown in the following figure. 


y 
f(x) 


g(x) 

_ 
a b 7 

Figure 2.68 A region between two functions. 


Again, we partition the interval [a, b] and construct rectangles. A representative rectangle is shown in the following figure. 
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Figure 2.69 A representative rectangle of the region between 
two functions. 


Note that the centroid of this rectangle is (x : ( SF (xt ) + g(x¥ )y2}. We won’t go through all the details of the Riemann 


sum development, but let’s look at some of the key steps. In the development of the formulas for the mass of the lamina 
and the moment with respect to the y-axis, the height of each rectangle is given by f(x* ) — g(x* ), which leads to the 


expression f(x) — g(x) in the integrands. 

In the development of the formula for the moment with respect to the x-axis, the moment of each rectangle is found 
by multiplying the area of the rectangle, fal SF (xt ) — g(x* )|Ax, by the distance of the centroid from the x-axis, 
(f(x ) + g(x V2, which gives p(1/2){[ ft )P - [ect )P fax. Summarizing these findings, we arrive at the 


following theorem. 


Theorem 2.13: Center of Mass of a Lamina Bounded by Two Functions 

Let R denote a region bounded above by the graph of a continuous function f(x), below by the graph of the 
continuous function g(x), and on the left and right by the lines x =a and x=b, respectively. Let p denote the 
density of the associated lamina. Then we can make the following statements: 


i. The mass of the lamina is 


b (2.21) 
m=pf [f@)— edldx. 
a 
ii. The moments M, and My of the lamina with respect to the x- and y-axes, respectively, are 
b b (2.22) 
= 1 2 2 fs = 
Mx= pf Mf? —[eoP}axand My = pf aff) - g@ldx: 
iii. The coordinates of the center of mass (x, y) are 
_ M 2.23 
z= —* and ys ee ( ) 


We illustrate this theorem in the following example. 


Finding the Centroid of a Region Bounded by Two Functions 


Let R be the region bounded above by the graph of the function f(x) = | — x* and below by the graph of the 


function g(x) = x — 1. Find the centroid of the region. 
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Solution 


The region is depicted in the following figure. 


Figure 2.70 Finding the centroid of a region between two 
curves. 


The graphs of the functions intersect at (—2, —3) and (1, 0), so we integrate from —2 to 1. Once again, for the 


sake of convenience, assume p = 1. 


First, we need to calculate the total mass: 
b 
m =pf |fx)- go)ldx 
i 1 
= Jp ~ x? -(«- dx = fe ~ x2 — xx 
il 
=f fe] .= dda 
Next, we compute the moments: 
b 
My =ef Ufo? -[goP)ax 


1 2 1 
= 4 a = i) ~(x- 1)? = a = 3x 2x)dx 
1 


and 


b 
My =pf xf) - ax 
1 1 1 
a fsa - x’) —(x- 1) ax a ae oe x|dx = I ex age x \dx 


5 3 
ye oso 
=| 5 5 ||4- q 


Therefore, we have 
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The centroid of the region is (—(1/2), —(3/5)). 


2.32 Let R be the region bounded above by the graph of the function f(x) = 6 — x? and below by the graph 
of the function g(x) = 3 — 2x. Find the centroid of the region. 


The Symmetry Principle 


We stated the symmetry principle earlier, when we were looking at the centroid of a rectangle. The symmetry principle can 
be a great help when finding centroids of regions that are symmetric. Consider the following example. 


Finding the Centroid of a Symmetric Region 


Let R be the region bounded above by the graph of the function f(x) = 4 — x? and below by the x-axis. Find the 


centroid of the region. 


Solution 


The region is depicted in the following figure. 


ONS 


f(x) = 4 — x? 


Figure 2.71 We can use the symmetry principle to help find 
the centroid of a symmetric region. 


The region is symmetric with respect to the y-axis. Therefore, the x-coordinate of the centroid is zero. We need 
only calculate y . Once again, for the sake of convenience, assume p = 1. 


First, we calculate the total mass: 


m =pf fax 
=f 6-? 
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Next, we calculate the moments. We only need M,: 


2 2 
=4 fe-¥ Tas tf (16 - 8x? + x" \dx 
os oe a * _ 256 
=He- BF ox] 2575, 


Then we have 


The centroid of the region is (0, 8/5). 


2.33 Let R be the region bounded above by the graph of the function f(x) = 1 — x and below by x-axis. 


Find the centroid of the region. 
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Student 


The Grand Canyon Skywalk 


The Grand Canyon Skywalk opened to the public on March 28, 2007. This engineering marvel is a horseshoe-shaped 
observation platform suspended 4000 ft above the Colorado River on the West Rim of the Grand Canyon. Its crystal- 
clear glass floor allows stunning views of the canyon below (see the following figure). 


ss 


“ 


SEE, SE Oe TR eh 
The Grand Canyon Skywalk offers magnificent views of the canyon. (credit: 10da_ralta, Wikimedia 
Commons) 


The Skywalk is a cantilever design, meaning that the observation platform extends over the rim of the canyon, with no 
visible means of support below it. Despite the lack of visible support posts or struts, cantilever structures are engineered 
to be very stable and the Skywalk is no exception. The observation platform is attached firmly to support posts that 
extend 46 ft down into bedrock. The structure was built to withstand 100-mph winds and an 8.0-magnitude earthquake 
within 50 mi, and is capable of supporting more than 70,000,000 lb. 


One factor affecting the stability of the Skywalk is the center of gravity of the structure. We are going to calculate 
the center of gravity of the Skywalk, and examine how the center of gravity changes when tourists walk out onto the 
observation platform. 


The observation platform is U-shaped. The legs of the U are 10 ft wide and begin on land, under the visitors’ center, 
48 ft from the edge of the canyon. The platform extends 70 ft over the edge of the canyon. 


To calculate the center of mass of the structure, we treat it as a lamina and use a two-dimensional region in the xy-plane 
to represent the platform. We begin by dividing the region into three subregions so we can consider each subregion 
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separately. The first region, denoted R,, consists of the curved part of the U. We model R, as a semicircular annulus, 
with inner radius 25 ft and outer radius 35 ft, centered at the origin (see the following figure). 
Ya 


Canyon Wall 


Figure 2.73 We model the Skywalk with three sub-regions. 


The legs of the platform, extending 35 ft between R, and the canyon wall, comprise the second sub-region, R5. Last, 
the ends of the legs, which extend 48 ft under the visitor center, comprise the third sub-region, R3. Assume the density 


of the lamina is constant and assume the total weight of the platform is 1,200,000 lb (not including the weight of the 
visitor center; we will consider that later). Use g = 32 ft/sec. 


1. Compute the area of each of the three sub-regions. Note that the areas of regions Ry and R3 should include 
the areas of the legs only, not the open space between them. Round answers to the nearest square foot. 
Determine the mass associated with each of the three sub-regions. 

Calculate the center of mass of each of the three sub-regions. 


Now, treat each of the three sub-regions as a point mass located at the center of mass of the corresponding 
sub-region. Using this representation, calculate the center of mass of the entire platform. 


5. Assume the visitor center weighs 2,200,000 lb, with a center of mass corresponding to the center of mass of 
R3. Treating the visitor center as a point mass, recalculate the center of mass of the system. How does the 


center of mass change? 


6. Although the Skywalk was built to limit the number of people on the observation platform to 120, the platform 
is capable of supporting up to 800 people weighing 200 lb each. If all 800 people were allowed on the platform, 
and all of them went to the farthest end of the platform, how would the center of gravity of the system be 
affected? (Include the visitor center in the calculations and represent the people by a point mass located at the 
farthest edge of the platform, 70 ft from the canyon wall.) 


Theorem of Pappus 


This section ends with a discussion of the theorem of Pappus for volume, which allows us to find the volume of particular 
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kinds of solids by using the centroid. (There is also a theorem of Pappus for surface area, but it is much less useful than the 
theorem for volume.) 


Theorem 2.14: Theorem of Pappus for Volume 


Let R be a region in the plane and let | be a line in the plane that does not intersect R. Then the volume of the solid of 
revolution formed by revolving R around | is equal to the area of R multiplied by the distance d traveled by the centroid 
of R. 


Proof 

We can prove the case when the region is bounded above by the graph of a function f(x) and below by the graph of a 

function g(x) over an interval [a, b], and for which the axis of revolution is the y-axis. In this case, the area of the region is 
b 

A= y [ f(x) — g(x)|dx. Since the axis of rotation is the y-axis, the distance traveled by the centroid of the region depends 
a 


only on the x-coordinate of the centroid, x, whichis 


i 
where 
b b 
m= pf (f(x) — g()ldxand My = pf x{f(x) - idx. 
Then, 
b 
pf Af) - gwldx 
= 2a 4 
pf [f@) - lax 
and thus 


b 
d-A=2n J. af(x) — e(x)dx. 


However, using the method of cylindrical shells, we have 


b 
V=2n i xf (x) — g(x) dx. 


So, 
V=d-A 


and the proof is complete. 


Example 2.34 


Using the Theorem of Pappus for Volume 


Let R be a circle of radius 2 centered at (4, 0). Use the theorem of Pappus for volume to find the volume of the 


torus generated by revolving R around the y-axis. 
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Solution 
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The region and torus are depicted in the following figure. 


at 
6+ 


44 


(a) 


foe] 
x< 


(b) 
Figure 2.74 Determining the volume of a torus by using the theorem of Pappus. (a) A 
circular region R in the plane; (b) the torus generated by revolving R about the y-axis. 


The region R is a circle of radius 2, so the area of Ris A = 4 units*. By the symmetry principle, the centroid of 


R is the center of the circle. The centroid travels around the y-axis in a circular path of radius 4, so the centroid 


travels d = 8z units. Then, the volume of the torus is A-d = 3227 units? 


2.34 Let R be a circle of radius 1 centered at (3, 0). Use the theorem of Pappus for volume to find the 


volume of the torus generated by revolving R around the y-axis. 
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2.6 EXERCISES 


For the following exercises, calculate the center of mass for 
the collection of masses given. 


254. m,=2 at x; =1 and m,=4 at x, =2 
255. m,=1 at xj =—1 and m) =3 at x9 =2 
256. m=3 at x=0, 1, 2,6 

257. Unit masses at (x, y) = (1, 0), (0, 1), C1, 1) 
258. m,=1 at (1, 0) and mz =4 at (0, 1) 
259. m,=1 at (1, 0) and mz =3 at (2, 2) 


For the following exercises, compute the center of mass 
x. 


260. p=1 for x € (-1, 3) 
261. p=x* for x E (0, L) 
262. p=1 for x € (0, 1) and p=2 for x € C1, 2) 


263. p=sinx for x € (0, z) 


264. p=cosx for xe (0, 2) 


265. p=er* for x € (0, 2) 

266. p=x>+xe~* for xe (0, 1) 
267. p=xsinx for x € (0, a) 
268. p= vx for x € (1, 4) 

269. p=Inx for x € (1, e) 


For the following exercises, compute the center of mass 
(x, y). Use symmetry to help locate the center of mass 


whenever possible. 


270. p=7 inthesquae O<x<1, O<y<l 


271. p=3 inthe triangle with vertices (0, 0), 
and (0, b) 


(a, 0), 


272. p=2 for the region bounded by y= cos(x), 


an _~_4a4 —2 
y=-cos(x), x 7 and x 7 
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For the following exercises, use a calculator to draw the 
region, then compute the center of mass (x, y). Use 


symmetry to help locate the center of mass whenever 
possible. 


273. [T] The region bounded by y=cos(2x), 


= —4 -Zz 
Ne Se and x 4 
274, [T] The region between y = 2x?, y=0, x=0, 


and x = 1 


275. [T] The region between y = 3? and y=5 
276. [T] Region between y= vx, y=In(x), x=1, 
and x =4 
2 2 
277. [T] The region bounded by y = 0, a + > =1 
278. [T] The region bounded by y=0, x=0, and 
2 2 
x74 y 
i 


279. [T] The region bounded by y= x? and y= x* in 


the first quadrant 
For the following exercises, use the theorem of Pappus to 
determine the volume of the shape. 


280. Rotating y = mx around the x-axis between x = 0 


and x = | 


281. Rotating y = mx around the y-axis between x = 0 


and x = 1 


282. A general cone created by rotating a triangle with 
vertices (0,0), (a, 0), and (0, b) around the y-axis. 


Does your answer agree with the volume of a cone? 

283. A general cylinder created by rotating a rectangle 
with vertices (0,0), (a, 0), (0, b), and (a, b) around 
the y-axis. Does your answer agree with the volume of a 
cylinder? 

284. A sphere created by rotating a semicircle with radius 
a around the y-axis. Does your answer agree with the 
volume of a sphere? 


For the following exercises, use a calculator to draw the 
region enclosed by the curve. Find the area M and the 
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centroid (x, y) for the given shapes. Use symmetry to 


help locate the center of mass whenever possible. 


285. [T] Quarter-circle: y = V1— x2, y=0, and 
x=0 


286. [T] Triangle: y=x, y=2-—-x, and y=0 
287. [T] Lens: y= x? and y=x 
288. [T] Ring: y? +x2=1 and y? +x27=4 


289. [T] Half-ring: y2+x?2=1, y*+x2=4, and 
y=0 


290. Find the generalized center of mass in the sliver 
between y =x“ and y=x? with a>b. Then, use the 


Pappus theorem to find the volume of the solid generated 
when revolving around the y-axis. 


291. Find the generalized center of mass between 


y= a’>—x?, x=0, and y =0. Then, use the Pappus 


theorem to find the volume of the solid generated when 
revolving around the y-axis. 


292. Find the generalized center of mass between 


y=bsin(ax), x=0, and x= z. Then, use the 


Pappus theorem to find the volume of the solid generated 
when revolving around the y-axis. 


293. Use the theorem of Pappus to find the volume of 
a torus (pictured here). Assume that a disk of radius a 


is positioned with the left end of the circle at x= b, 


b> 0, and is rotated around the y-axis. 


294. Find the center of mass (x, y ) fora thin wire along 


the semicircle y = V1 — x? with unit mass. (Hint: Use the 


theorem of Pappus.) 
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2.7 | Integrals, Exponential Functions, and Logarithms 


Learning Objectives 


2.7.1 Write the definition of the natural logarithm as an integral. 
2.7.2 Recognize the derivative of the natural logarithm. 
2.7.3 Integrate functions involving the natural logarithmic function. 


2.7.4 Define the number e through an integral. 


2.7.5 Recognize the derivative and integral of the exponential function. 
2.7.6 Prove properties of logarithms and exponential functions using integrals. 


2.7.7 Express general logarithmic and exponential functions in terms of natural logarithms and 
exponentials. 


We already examined exponential functions and logarithms in earlier chapters. However, we glossed over some key details 
in the previous discussions. For example, we did not study how to treat exponential functions with exponents that are 
irrational. The definition of the number e is another area where the previous development was somewhat incomplete. We 
now have the tools to deal with these concepts in a more mathematically rigorous way, and we do so in this section. 


For purposes of this section, assume we have not yet defined the natural logarithm, the number e, or any of the integration 
and differentiation formulas associated with these functions. By the end of the section, we will have studied these concepts 
in a mathematically rigorous way (and we will see they are consistent with the concepts we learned earlier). 


We begin the section by defining the natural logarithm in terms of an integral. This definition forms the foundation for 
the section. From this definition, we derive differentiation formulas, define the number e, and expand these concepts to 


logarithms and exponential functions of any base. 


The Natural Logarithm as an Integral 


Recall the power rule for integrals: 


n+1 
[x'dx= 2 iC bot 


Clearly, this does not work when n = —1, as it would force us to divide by zero. So, what do we do with f Lax? Recall 


x 
from the Fundamental Theorem of Calculus that J dat is an antiderivative of 1/x. Therefore, we can make the following 
1 


definition. 


Definition 
For x > 0, define the natural logarithm function by 


t (2.24) 


x 
For x > 1, this is just the area under the curve y = 1/t from | to x. For x< 1, wehave I Lat - =i Lit, so in 
x 


this case it is the negative of the area under the curve from x to | (see the following figure). 
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(a) (b) 


Figure 2.75 (a) When x > 1, the natural logarithm is the area under the 


curve y= I/t from 1 tox. (b) When x < 1, the natural logarithm is the 


negative of the area under the curve from x to 1. 


Notice that In | = 0. Furthermore, the function y = 1/t > 0 for x > 0. Therefore, by the properties of integrals, it is clear 


that In x is increasing for x > 0. 


Properties of the Natural Logarithm 


Because of the way we defined the natural logarithm, the following differentiation formula falls out immediately as a result 
of to the Fundamental Theorem of Calculus. 


Theorem 2.15: Derivative of the Natural Logarithm 


For x > 0, the derivative of the natural logarithm is given by 


NG ees JL 
qx * = ¥ 


Theorem 2.16: Corollary to the Derivative of the Natural Logarithm 


The function In x is differentiable; therefore, it is continuous. 


A graph of Inx is shown in Figure 2.76. Notice that it is continuous throughout its domain of (0, co). 
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f(x) = Inx 


Figure 2.76 The graph of f(x) = 1nx shows that it is a 


continuous function. 


Calculating Derivatives of Natural Logarithms 


Calculate the following derivatives: 


a. #in(5x° — 2) 


b. #Ain(3x))? 


Solution 
We need to apply the chain rule in both cases. 


a. fin(5x° — 2) I 15x? 


x 5x3 —2 
d 2_ 2(ln(3x))-3 _ 2(InGx)) 
b. gyn) = Se 


fe 2.35 Calculate the following derivatives: 


a. #in(2x + x) 
b. -2in(x3))” 
- £fin(x")) 


Note that if we use the absolute value function and create a new function In|xl, we can extend the domain of the natural 
logarithm to include x < 0. Then (d/(dx))In |x| = 1/x. This gives rise to the familiar integration formula. 


Theorem 2.17: Integral of (1/u) du 


The natural logarithm is the antiderivative of the function f(u) = 1/u: 
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[du = ni +c. 


Example 2.36 


Calculating Integrals Involving Natural Logarithms 


dx. 


Calculate the integral f =~ ri 
x + 


Solution 


Using u -substitution, let u = x? +4. Then du = 2x dx and we have 


[aye- 1 fddudin lul + C =4in |x? +4] +C = Fin(x? +4) +C. 


2 
fe Zor Calculate the integral 7 = ls. 
x? +6 


Although we have called our function a “logarithm,” we have not actually proved that any of the properties of logarithms 
hold for this function. We do so here. 


Theorem 2.18: Properties of the Natural Logarithm 


If a, b> 0 and r isa rational number, then 
i. Inl=0 


ii. In(ab) =Ina+Inb 
ii, In(Z) = Ina -Inb 


iv. In(a’)=rlna 


Proof 


1 
i. By definition, In 1 = li = 0. 
y ee 
ii. We have 


ab a ab 
= fine fi 1 
In(ab) = f° far= f tart f dat. 


Use u-substitution on the last integral in this expression. Let u = t/a. Then du = (1/a)dt. Furthermore, when 


t=a,u=1, andwhen t=ab, u=b. Sowe get 


a ab a ab a b 
= 1 1), 1 aly 1 1 
Intab) = f att [ le ee ¢gat= f part f pdu=ina+inb, 


iii. Note that 
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Furthermore, 


d = 
a Inx) =. 
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Since the derivatives of these two functions are the same, by the Fundamental Theorem of Calculus, they must differ 


by a constant. So we have 
In(x’) =rInx+C 


for some constant C. Taking x= 1, we get 
Ind’) = riInQ)+cC 
0 = r0O)+C 
C = 0. 


Thus In(x’) = r In x and the proof is complete. Note that we can extend this property to irrational values of r later 


in this section. 
Part iii. follows from parts ii. and iv. and the proof is left to you. 


Using Properties of Logarithms 


Use properties of logarithms to simplify the following expression into a single logarithm: 


In9—21n34 n(4), 


Solution 
We have 


In9 —21n3 + In(L) = n(3?) — 2 In 3 + In(3~!) = 21n3 — 21n3 — In3 = -In3. 


fe 2.37 Use properties of logarithms to simplify the following expression into a single logarithm: 
= —Inf(l 
In8 —In2—In(4), 


Defining the Number e 


Now that we have the natural logarithm defined, we can use that function to define the number e. 


Definition 
The number e is defined to be the real number such that 


Ine=1. 


To put it another way, the area under the curve y = 1/t between ft = | and t =e is 1 (Figure 2.77). The proof that such 


a number exists and is unique is left to you. (Hint: Use the Intermediate Value Theorem to prove existence and the fact that 
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In x is increasing to prove uniqueness.) 


Figure 2.77 The area under the curve from | to e is equal 
to one. 


The number e can be shown to be irrational, although we won’t do so here (see the Student Project in Taylor and 
Maclaurin Series). Its approximate value is given by 


e © 2.71828182846. 
The Exponential Function 


We now turn our attention to the function e*. Note that the natural logarithm is one-to-one and therefore has an inverse 
function. For now, we denote this inverse function by exp x. Then, 


exp(In x) = x for x > 0 and In(exp x) = x for all x. 


The following figure shows the graphs of exp x and In x. 


Figure 2.78 The graphs of Inx and exp x. 


We hypothesize that expx=e*. For rational values of x, this is easy to show. If x is rational, then we have 
In(e*) = x Ine =x. Thus, when x is rational, e* = exp x. For irrational values of x, we simply define e* as the 


inverse function of In x. 
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Definition 
For any real number x, define y = e* to be the number for which 


In y = In(e*) =x. (2.25) 


Then we have e* = exp(x) forall x, and thus 


e!™* = x forx > Oand In(e*) = x (2.26) 


for all x. 


Properties of the Exponential Function 


Since the exponential function was defined in terms of an inverse function, and not in terms of a power of e, we must 


verify that the usual laws of exponents hold for the function e”. 


Theorem 2.19: Properties of the Exponential Function 


If p and g are any real numbers and r is a rational number, then 


: 4 
inet etae 4 
Dp ~ 
ie p-4q 
i, “=e 
ef 

acs r 
ii. (e?)" =e? 


Proof 
Note that if p and gq are rational, the properties hold. However, if p or gq are irrational, we must apply the inverse 


function definition of e* and verify the properties. Only the first property is verified here; the other two are left to you. We 
have 


In(e? e7) = In(e”) + In(e’) = p+q= In(e?* 1 
Since In x is one-to-one, then 


+ 
ePelaeP*1 


As with part iv. of the logarithm properties, we can extend property iii. to irrational values of r, and we do so by the end 


of the section. 
We also want to verify the differentiation formula for the function y= e*. To do this, we need to use implicit 


differentiation. Let y = e*. Then 


Iny = x 
d_ — d 
a dx 

1d _ | 

Y dx 

dy _ 

ax y 


Thus, we see 
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d 5 ee 4 
ae = * 
as desired, which leads immediately to the integration formula 


ferdx=e*+C. 


We apply these formulas in the following examples. 


Example 2.38 


Using Properties of Exponential Functions 


Evaluate the following derivatives: 


ar 
a ae e 
d 3x2 
b. rE 
Solution 


We apply the chain rule as necessary. 


d ,3t cee’ 3t+12 _ arte? 
a. ae e =a =e (3 + 2t) 


fe 2.38 Evaluate the following derivatives: 


2 
a df 
axle 


3 
b. Le at) 


Example 2.39 


Using Properties of Exponential Functions 


42 
Evaluate the following integral: [ 2xe* dx. 


Solution 


Using u-substitution, let u = —x?. Then du = —2x dx, and we have 


2 2; 
[oxe™ dx = — fe"du=-e"+C =-e" +C. 
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Ez 2.39 Evaluate the following integral: J ya. 
e X 


General Logarithmic and Exponential Functions 


We close this section by looking at exponential functions and logarithms with bases other than e. Exponential functions 
are functions of the form f(x) = a*. Note that unless a =e, we still do not have a mathematically rigorous definition 


of these functions for irrational exponents. Let’s rectify that here by defining the function f(x) = a* in terms of the 


exponential function e*. We then examine logarithms with bases other than e as inverse functions of exponential 
functions. 


Definition 
For any a>0O, and foranyreal number x, define y = a* as follows: 
xina 


yeu" =Se 


Now a” is defined rigorously for all values of x. This definition also allows us to generalize property iv. of logarithms and 
property iii. of exponential functions to apply to both rational and irrational values of r. It is straightforward to show that 
properties of exponents hold for general exponential functions defined in this way. 


Let’s now apply this definition to calculate a differentiation formula for a*. We have 


d x_ d yxina_ 


xIna x 
e Ina =a‘ lna. 
dx dx 


The corresponding integration formula follows immediately. 


Theorem 2.20: Derivatives and Integrals Involving General Exponential Functions 


Let a> 0. Then, 


GL ok — it 
at =a Ina 


and 
yp a*dx=—4*+C. 
Ina 
If a# 1, then the function a“ is one-to-one and has a well-defined inverse. Its inverse is denoted by log,.x. Then, 
y = log, xif and only if x = a’. 


Note that general logarithm functions can be written in terms of the natural logarithm. Let y = loggx. Then, x =a’. 


Taking the natural logarithm of both sides of this second equation, we get 


Inx = In(a’) 
Inx = ylna 
= Inx 

» * tna 

— Inx 
log x = ina 


Thus, we see that all logarithmic functions are constant multiples of one another. Next, we use this formula to find a 
differentiation formula for a logarithm with base a. Again, let y = loggx. Then, 
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Theorem 2.21: Derivatives of General Logarithm Functions 


Let a> 0. Then, 


_d, Sl 
Te ~ xIna 


Example 2.40 


Calculating Derivatives of General Exponential and Logarithm Functions 


Evaluate the following derivatives: 


d{agt. 2 
a. (4 2 ) 


Hogs (7x? + 4) 


Solution 
We need to apply the chain rule as necessary. 


2 2 2 2 
ac d(4'.2! )- A229! le Cn loa In(2)(2 + 20) 


dt dt dt 
d oe 1 
b. logs (7x7 +4) 2 4\in a 


fe 2.40 Evaluate the following derivatives: 


da. a 


b. Log, (\x? +1 


Example 2.41 


Integrating General Exponential Functions 
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Evaluate the following integral: i Sat 


Solution 
Use u-substitution and let wu = —3x. Then du = —3dx and we have 
3 ye [3-2-8dx = — [ody = --Lo"40= —-Lo-® 
I Baa [3-2-%dx = — f2"du dott c= - hose. 


3 
fe ait Evaluate the following integral: i. ar” ax, 
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2./ EXERCISES 


For the following exercises, find the derivative a 


295. y=In(2x) 


296. y=In(2x+ 1) 


297, yo_L 


For the following exercises, find the indefinite integral. 


298, [# 


299, [5 


For the following exercises, find the derivative dy/dx. 


(You can use a calculator to plot the function and the 
derivative to confirm that it is correct.) 


300. [T] y= BiG) 

301. [T] y = xIn(x) 
302. [T] y = logygx 
303. [T] y = In(sin x) 
304. [T] y = In(In x) 
305. [T] y = 7In(4x) 
306. [T] y = In((4x)’) 
307. [T] y = In(tan x) 
308. [T] y = In(tanGx)) 


309. [T] y= In(cos? x) 


For the following exercises, find the definite or indefinite 
integral. 
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312, re 
313, [pax 


314, | dx 


e 


15. dx __ 
i, 2 (x In(x))? 


316. [os x dx 


sin x 


nl4 
317. [ tan x dx 
0 


318. _f cot(3x)dx 


2 
319. je dx 


For the following exercises, compute dy/dx by 


differentiating In y. 

320. y= Vee 41 

321, y= Vx24+1Vx2-1 
q2% yeaee 


993, yex 


324. y=e”) 
325. y=x® 
326. yax™ 


327, y= veux We 
328, y=x7linx 
329. y=e/* 


For the following exercises, evaluate by any method. 
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— [u-foe 


ae ae 
aL / nae es 


1 
df dt 
332. Gilad 
2 
x 
df dt 
333. Fre ee 
334 4 in(sec x + tan x) 
“dx 


For the following exercises, use the function Inx. If you 


are unable to find intersection points analytically, use a 
calculator. 


335. Find the area of the region enclosed by x = 1 and 
y=5 above y=Inx. 


336. [T] Find the arc length of Inx from x=1 to 
x=2. 


337. Find the area between Inx and the x-axis from 
x=ltox=2. 


338. Find the volume of the shape created when rotating 
this curve from x=1tox=2 around the x-axis, as 


pictured here. 
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339. [T] Find the surface area of the shape created when 
rotating the curve in the previous exercise from x = | to 


x = 2 around the x-axis. 


If you are unable to find intersection points analytically in 
the following exercises, use a calculator. 


340. Find the area of the hyperbolic quarter-circle 
enclosed by x = 2andy = 2 above y= I/x. 


341. [T] Find the arc length of y=1/x from 


x=ltox=4. 


342. Find the area under y = 1/x and above the x-axis 


from x= ltox =4. 


For the following exercises, verify the derivatives and 
antiderivatives. 


d 4] 2 1 
343, —Infxt+ \Vx74+1)= 
dx ( Vi+ x2 


344. -Lin(t=4) = 24 


dx \xta (x? - a’) 
d)(1+V1—x? 1 
tae aes wr 


_d- 2.2). 1 
346. Linx + Vx a aes 


347. Indndin x)) + C 


ie dx = 
x In(x)In(in x) 
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2.8 | Exponential Growth and Decay 


Learning Objectives 


2.8.1 Use the exponential growth model in applications, including population growth and 
compound interest. 


2.8.2 Explain the concept of doubling time. 


2.8.3 Use the exponential decay model in applications, including radioactive decay and Newton’s 
law of cooling. 


2.8.4 Explain the concept of half-life. 


One of the most prevalent applications of exponential functions involves growth and decay models. Exponential growth 
and decay show up in a host of natural applications. From population growth and continuously compounded interest to 
radioactive decay and Newton’s law of cooling, exponential functions are ubiquitous in nature. In this section, we examine 
exponential growth and decay in the context of some of these applications. 


Exponential Growth Model 


Many systems exhibit exponential growth. These systems follow a model of the form y = yg e*! where Yo represents 


the initial state of the system and k is a positive constant, called the growth constant. Notice that in an exponential growth 
model, we have 


y= kyge™ = ky. (2.27) 


That is, the rate of growth is proportional to the current function value. This is a key feature of exponential growth. 
Equation 2.27 involves derivatives and is called a differential equation. We learn more about differential equations in 
Introduction to Differential Equations. 


Rule: Exponential Growth Model 
Systems that exhibit exponential growth increase according to the mathematical model 
k 
y=yoey 


where yg represents the initial state of the system and k > 0 is a constant, called the growth constant. 


Population growth is a common example of exponential growth. Consider a population of bacteria, for instance. It seems 
plausible that the rate of population growth would be proportional to the size of the population. After all, the more bacteria 
there are to reproduce, the faster the population grows. Figure 2.79 and Table 2.1 represent the growth of a population 
of bacteria with an initial population of 200 bacteria and a growth constant of 0.02. Notice that after only 2 hours (120 


minutes), the population is 10 times its original size! 
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y = 200¢902t 


I$} $$ 
0 20 40 60 80 100 120¢ 
Figure 2.79 An example of exponential growth for bacteria. 


Table 2.1 Exponential Growth of a Bacterial Population 


Note that we are using a continuous function to model what is inherently discrete behavior. At any given time, the real-world 
population contains a whole number of bacteria, although the model takes on noninteger values. When using exponential 
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growth models, we must always be careful to interpret the function values in the context of the phenomenon we are 
modeling. 


Example 2.42 


Population Growth 


Consider the population of bacteria described earlier. This population grows according to the function 
f®O= 200¢9-97", where t is measured in minutes. How many bacteria are present in the population after 5 


hours (300 minutes)? When does the population reach 100,000 bacteria? 


Solution 
We have f(t) = 200e°°”", Then 


0.02(300) 


(300) = 200e = 80,686. 


There are 80,686 bacteria in the population after 5 hours. 


To find when the population reaches 100,000 bacteria, we solve the equation 


100,000 = 200e9-°! 


500 = e902 
In500 = 0.02r 


— 1n500 ~ 
t = “902 310.73. 


The population reaches 100,000 bacteria after 310.73 minutes. 


0.05t 


2.42 Consider a population of bacteria that grows according to the function f(t) = 500e where ¢ is 


measured in minutes. How many bacteria are present in the population after 4 hours? When does the population 
reach 100 million bacteria? 


Let’s now turn our attention to a financial application: compound interest. Interest that is not compounded is called simple 
interest. Simple interest is paid once, at the end of the specified time period (usually 1 year). So, if we put $1000 ina 


savings account earning 2% simple interest per year, then at the end of the year we have 
1000(1 + 0.02) = $1020. 


Compound interest is paid multiple times per year, depending on the compounding period. Therefore, if the bank 
compounds the interest every 6 months, it credits half of the year’s interest to the account after 6 months. During the 


second half of the year, the account earns interest not only on the initial $1000, but also on the interest earned during the 


first half of the year. Mathematically speaking, at the end of the year, we have 
vs 
1000(1 + 202) — $1020.10. 
2 
Similarly, if the interest is compounded every 4 months, we have 
3 
1o00(1 + 292) = $1020.13, 


and if the interest is compounded daily (365 times per year), we have $1020.20. If we extend this concept, so that the 


interest is compounded continuously, after t years we have 
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1000, lim, (1+ 0.02)" 


Now let’s manipulate this expression so that we have an exponential growth function. Recall that the number e can be 
expressed as a limit: 
. 1 m 
e= lim (1 + i) ‘ 
Based on this, we want the expression inside the parentheses to have the form (1 + 1/m). Let n = 0.02m. Note that as 


n— oo, m-— oo as well. Then we get 


0.02mt 0.02t 


1000, lim, (1 + 0.02)" = 1000, lim, (1 4002 ) 


: 1\" 
ae = 1009, ,im,.(1 +4) | 


We recognize the limit inside the brackets as the number e. So, the balance in our bank account after tf years is given by 


1000e°-", Generalizing this concept, we see that if a bank account with an initial balance of $P earns interest at a rate 
of r%, compounded continuously, then the balance of the account after ¢ years is 


Balance = Pe”. 


Example 2.43 


Compound Interest 


A 25-year-old student is offered an opportunity to invest some money in a retirement account that pays 5% 
annual interest compounded continuously. How much does the student need to invest today to have $1 million 


when she retires at age 65? What if she could earn 6% annual interest compounded continuously instead? 


Solution 
We have 
0:05(40) 


1,000,000 P 
P = 135,335.28. 


She must invest $135,335.28 at 5% interest. 


If, instead, she is able to earn 6%, then the equation becomes 


(000,000: = pate 


P = 90,717.95. 
In this case, she needs to invest only $90,717.95. This is roughly two-thirds the amount she needs to invest at 


5%. The fact that the interest is compounded continuously greatly magnifies the effect of the 1% increase in 
interest rate. 


2.43 Suppose instead of investing at age 25 \b? —4ac, the student waits until age 35. How much would 
she have to invest at 5%? At 6%? 


If a quantity grows exponentially, the time it takes for the quantity to double remains constant. In other words, it takes the 
same amount of time for a population of bacteria to grow from 100 to 200 bacteria as it does to grow from 10,000 to 


20,000 bacteria. This time is called the doubling time. To calculate the doubling time, we want to know when the quantity 
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reaches twice its original size. So we have 


2y9 = yge™ 
2 = eft 
In2 = kt 
—- m2 

t= ie 


Definition 
If a quantity grows exponentially, the doubling time is the amount of time it takes the quantity to double. It is given 
by 


Doubling time = aaa 


Example 2.44 


Using the Doubling Time 


Assume a population of fish grows exponentially. A pond is stocked initially with 500 fish. After 6 months, 
there are 1000 fish in the pond. The owner will allow his friends and neighbors to fish on his pond after the fish 
population reaches 10,000. When will the owner’s friends be allowed to fish? 


Solution 
We know it takes the population of fish 6 months to double in size. So, if t represents time in months, 
by the doubling-time formula, we have 6 = (In2)/k. Then, k = (In2)/6. Thus, the population is given by 


y= 500e" any To figure out when the population reaches 10,000 fish, we must solve the following 
equation: 
10,000 = 500¢°"”" 
20 = gunaion 


in20 = (M2) 


_ 60n20) | 
b= =e x 25.93. 


The owner’s friends have to wait 25.93 months (a little more than 2 years) to fish in the pond. 


2.44 Suppose it takes 9 months for the fish population in Example 2.44 to reach 1000 fish. Under these 
circumstances, how long do the owner’s friends have to wait? 


Exponential Decay Model 


Exponential functions can also be used to model populations that shrink (from disease, for example), or chemical 

compounds that break down over time. We say that such systems exhibit exponential decay, rather than exponential growth. 

The model is nearly the same, except there is a negative sign in the exponent. Thus, for some positive constant k, we have 
—kt 

MAYO 


As with exponential growth, there is a differential equation associated with exponential decay. We have 
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Rule: Exponential Decay Model 


Systems that exhibit exponential decay behave according to the model 


y= vaen 


where yo represents the initial state of the system and k > O is a constant, called the decay constant. 


The following figure shows a graph of a representative exponential decay function. 


y 
2000 
1500 
1000 


500 


0 20 40 60 80 100 120¢ 
Figure 2.80 An example of exponential decay. 


Let’s look at a physical application of exponential decay. Newton’s law of cooling says that an object cools at a rate 
proportional to the difference between the temperature of the object and the temperature of the surroundings. In other words, 
if T represents the temperature of the object and 7T,, represents the ambient temperature in a room, then 


T’ = -k(T — Tq). 


Note that this is not quite the right model for exponential decay. We want the derivative to be proportional to the function, 
and this expression has the additional 7, term. Fortunately, we can make a change of variables that resolves this issue. Let 
y(t) = T(t) — Tg. Then y’(t) = T’() —0 =7’@, and our equation becomes 


, 


y Sok 


From our previous work, we know this relationship between y and its derivative leads to exponential decay. Thus, 


Ba “ae 


and we see that 
T=T, = (“Tae 
t= (tj Te "st, 


where 7) represents the initial temperature. Let’s apply this formula in the following example. 


Example 2.45 


Newton’s Law of Cooling 
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According to experienced baristas, the optimal temperature to serve coffee is between 155°F and 175°F. 
Suppose coffee is poured at a temperature of 200°F, and after 2 minutes in a 70°F room it has cooled to 


180°F. When is the coffee first cool enough to serve? When is the coffee too cold to serve? Round answers to 


the nearest half minute. 


Solution 
We have 
P= To= Tae +Tq 
180 = (200—70)e*? +70 
110 = 130e~2* 
dl _ ,-2k 
Mae 
Inaz = —2k 
Inll-—In13 = —-2k 
— Inl3—Inil 
k= 5 . 
Then, the model is 
T = 13001 =n 13/2)", a9 
The coffee reaches 175°F when 
175 = (302 = 13/2) | 79 
105 = i308 13/2)t 
21. — ednll—In 13/2)t 
26 
21 _ Inll—In13 
In 6 = 5 t 
In21—In26 = Mt—In13 sis, 
, = Un 21-1026). 5 56 


The coffee can be served about 2.5 minutes after it is poured. The coffee reaches 155°F at 


In 11—In13 


(35 = ioe = 13/2) 4 9g 
85 = 130¢02 1! —In13)t 
17 _ go — In 13)t 
26 
_ — (In1ll —In13 
Inl7—In26 = (gu itals } 
, = 2dn 17-1026) - 5 99 


In 11 —In13 


The coffee is too cold to be served about 5 minutes after it is poured. 


2.45 Suppose the room is warmer (75°F) and, after 2 minutes, the coffee has cooled only to 185°F. When 


is the coffee first cool enough to serve? When is the coffee be too cold to serve? Round answers to the nearest 


half minute. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 2 | Applications of Integration 239 


Just as systems exhibiting exponential growth have a constant doubling time, systems exhibiting exponential decay have a 
constant half-life. To calculate the half-life, we want to know when the quantity reaches half its original size. Therefore, we 
have 


y —k 
1 _ o-kt 
5 =e 
-In2 = —-kt 
— m2 
t= i 


Note: This is the same expression we came up with for doubling time. 


Definition 


If a quantity decays exponentially, the half-life is the amount of time it takes the quantity to be reduced by half. It is 
given by 


Half-life = a 


Example 2.46 


Radiocarbon Dating 


One of the most common applications of an exponential decay model is carbon dating. Carbon-14 decays (emits 


a radioactive particle) at a regular and consistent exponential rate. Therefore, if we know how much carbon was 
originally present in an object and how much carbon remains, we can determine the age of the object. The half- 
life of carbon-14 is approximately 5730 years—meaning, after that many years, half the material has converted 


from the original carbon-14 to the new nonradioactive nitrogen-14. If we have 100 g carbon-14 today, how 
much is left in 50 years? If an artifact that originally contained 100 g of carbon now contains 10 g of carbon, 
how old is it? Round the answer to the nearest hundred years. 


Solution 
We have 
5730 = M2 
is 350° 

So, the model says 

4 0007 2/5730)" 
In 50 years, we have 

yo 100e~“" 2/5730)(50) 
~ 99.40. 


Therefore, in 50 years, 99.40 g of carbon-14 remains. 


To determine the age of the artifact, we must solve 
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10 = 100e7 82/5730) 
A = .7(in2/5730)1 
10 — 

t x 19035. 


The artifact is about 19,000 years old. 


2.46 Ifwehave 100 gof carbon-14, how much is left after. years? If an artifact that originally contained 


100 g of carbon now contains 20g of carbon, how old is it? Round the answer to the nearest hundred years. 
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2.8 EXERCISES 


True or False? If true, prove it. If false, find the true answer. 
348. The doubling time for y = e“ is (In (2)\/(In (c)). 


349. If you invest $500, an annual rate of interest of 


3% yields more money in the first year than a 2.5% 
continuous rate of interest. 


350. If you leave a 100°C pot of tea at room temperature 
(25°C) and an identical pot in the refrigerator (5°C), 
with k = 0.02, 


drinkable temperature (70°C) more than 5 minutes 


the tea in the refrigerator reaches a 


before the tea at room temperature. 


351. If given a half-life of t years, the constant k for 
y = e™ is calculated by k = In (1/2)/t. 


For the following exercises, use y = yoe™. 


352. Ifaculture of bacteria doubles in 3 hours, how many 
hours does it take to multiply by 10? 


353. If bacteria increase by a factor of 10 in 10 hours, 
how many hours does it take to increase by 100? 


354. How old is a skull that contains one-fifth as much 
radiocarbon as a modern skull? Note that the half-life of 
radiocarbon is 5730 years. 


355. If a relic contains 90% as much radiocarbon as 


new material, can it have come from the time of Christ 
(approximately 2000 years ago)? Note that the half-life of 


radiocarbon is 5730 years. 


356. The population of Cairo grew from 5 million to 
10 million in 20 years. Use an exponential model to find 
when the population was 8 million. 


357. The populations of New York and Los Angeles are 
growing at 1% and 1.4% a year, respectively. Starting 


from 8 million (New York) and 6 million (Los Angeles), 
when are the populations equal? 


358. Suppose the value of $1 in Japanese yen decreases 
at 2% per year. Starting from $1 = ¥250, when will 
$1 = ¥1? 


359. The effect of advertising decays exponentially. If 
40% of the population remembers a new product after 3 


days, how long will 20% remember it? 
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360. If y= 1000 at t=3 and y=3000 at r=4, 


what was yop at t=0? 


361. If y= 100 at t=4 and y=10 at t=8, when 
does y=1? 


362. If a bank offers annual interest of 7.5% or 
continuous interest of 7.25%, 
yield? 


which has a better annual 


363. What continuous interest rate has the same yield as 
an annual rate of 9%? 


364. If you deposit $5000 at 8% annual interest, how 
many years can you withdraw $500 (starting after the first 


year) without running out of money? 


365. You are trying to save $50,000 in 20 years for 


college tuition for your child. If interest is a continuous 
10%, how much do you need to invest initially? 


366. You are cooling a turkey that was taken out of the 
oven with an internal temperature of 165°F. After 10 


minutes of resting the turkey in a 70°F apartment, the 
temperature has reached 155°F. What is the temperature 
of the turkey 20 minutes after taking it out of the oven? 


367. You are trying to thaw some vegetables that are 
at a temperature of 1°F. To thaw vegetables safely, you 


must put them in the refrigerator, which has an ambient 
temperature of 44°F. You check on your vegetables 2 


hours after putting them in the refrigerator to find that they 
arenow 12°F. Plot the resulting temperature curve and use 


it to determine when the vegetables reach 33°F. 


368. You are an archaeologist and are given a bone that is 
claimed to be from a Tyrannosaurus Rex. You know these 
dinosaurs lived during the Cretaceous Era (146 million 


years to 65 million years ago), and you find by 
radiocarbon dating that there is 0.000001% the amount of 
radiocarbon. Is this bone from the Cretaceous? 


369. The spent fuel of a nuclear reactor contains 
plutonium-239, which has a half-life of 24,000 years. If 1 
barrel containing 10kg of plutonium-239 is sealed, how 
many years must pass until only 10g of plutonium-239 is 
left? 


For the next set of exercises, use the following table, which 
features the world population by decade. 
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Years since 1950 Population (millions) 


Source: http://Awww.factmonster.com/ipka/ 
A0762181.html. 


370. [T] The best-fit exponential curve to the data of the 
form P(t) = ae” is given by P(t) = 2686e9-9!64", Use 


a graphing calculator to graph the data and the exponential 
curve together. 


371. [T] Find and graph the derivative y’ of your 


equation. Where is it increasing and what is the meaning of 
this increase? 


372. [T] Find and graph the second derivative of your 
equation. Where is it increasing and what is the meaning of 
this increase? 


373. [T] Find the predicted date when the population 
reaches 10 billion. Using your previous answers about 
the first and second derivatives, explain why exponential 
growth is unsuccessful in predicting the future. 


For the next set of exercises, use the following table, which 
shows the population of San Francisco during the 19th 
century. 
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Years since Population 
1850 (thousands) 
a 


ia 
lai 


Source: http:/Awww.sfgenealogy.com/sf/history/ 
hgpop.htm. 


374. [T] The best-fit exponential curve to the data of the 
form P(t) = ae” is given by P(t) = 35.26e9-9©407", Use 


a graphing calculator to graph the data and the exponential 
curve together. 


375. [T] Find and graph the derivative y’ of your 


equation. Where is it increasing? What is the meaning of 
this increase? Is there a value where the increase is 
maximal? 


376. [T] Find and graph the second derivative of your 
equation. Where is it increasing? What is the meaning of 
this increase? 
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2.9 | Calculus of the Hyperbolic Functions 


Learning Objectives 


2.9.1 Apply the formulas for derivatives and integrals of the hyperbolic functions. 


2.9.2 Apply the formulas for the derivatives of the inverse hyperbolic functions and their 
associated integrals. 


2.9.3 Describe the common applied conditions of a catenary curve. 


We were introduced to hyperbolic functions in Introduction to Functions and Graphs (http://cnx.org/content/ 
m53472/latest/) , along with some of their basic properties. In this section, we look at differentiation and integration 
formulas for the hyperbolic functions and their inverses. 


Derivatives and Integrals of the Hyperbolic Functions 
Recall that the hyperbolic sine and hyperbolic cosine are defined as 


x —Xx x =X: 
sinh x = oo and cosh x = coms ames 


The other hyperbolic functions are then defined in terms of sinh x and cosh x. The graphs of the hyperbolic functions are 


shown in the following figure. 


A 
3 
2 
1 


y=sinhx 
(a) 


y =cothx y = sechx 
(d) (e) 
Figure 2.81 Graphs of the hyperbolic functions. 


It is easy to develop differentiation formulas for the hyperbolic functions. For example, looking at sinh x we have 
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sinh y= A (ee) 


= ULee%) - Lee =| 


= iG +e *] =coshx. 
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Similarly, (d/dx)cosh x = sinh x. We summarize the differentiation formulas for the hyperbolic functions in the following 


_ 


table. 


Table 2.2 Derivatives of the 
Hyperbolic Functions 


Let’s take a moment to compare the derivatives of the hyperbolic functions with the derivatives of the standard 
trigonometric functions. There are a lot of similarities, but differences as well. For example, the derivatives of the sine 
functions match: (d/dx)sin x = cos x and (d/dx)sinh x = cosh x. The derivatives of the cosine functions, however, differ 


in sign: (d/dx)cos x = —sinx, but (d/dx)cosh x = sinh x. As we continue our examination of the hyperbolic functions, 


we must be mindful of their similarities and differences to the standard trigonometric functions. 


These differentiation formulas for the hyperbolic functions lead directly to the following integral formulas. 


fsinh udu = coshu+C fesch? udu 
[cosh udu = sinhu+C [sec utanh u du 
J sech? udu = tanhu+C fesch ucoth udu 


—cothu+C 
—sechu+C 


—cschu+C 


Example 2.47 


Differentiating Hyperbolic Functions 
Evaluate the following derivatives: 


a. 7 (sinh(x7)) 


x 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 2 | Applications of Integration 245 


d. 2 
b. ax cosh x) 


Solution 


Using the formulas in Table 2.2 and the chain rule, we get 


a. 4 (sinh(x”)) = cosh(x7) -2x 


dd 2_ : 
b. Aycosh x)“ = 2 cosh x sinh x 


fe 2.47 Evaluate the following derivatives: 


a. 4 (tanh (x? + 3x)) 


dx 
b. |—— 
aXx\ (sinh x)? 


Example 2.48 


Integrals Involving Hyperbolic Functions 


Evaluate the following integrals: 
a. f x cosh(x?}dx 


b. franhxdx 


Solution 


We can use u-substitution in both cases. 


a. Let u= x2. Then, du = 2x dx and 
2,7, fl _1.: _di: 2 
[x cosh(x Jdx = cosh udu= sinh u+tC= asinh(x )+ C. 
b. Let u=coshx. Then, du = sinhx dx and 


franhxdx = fsinbxax 7 [rau = Inju| + C = In|cosh x] + C. 


Note that cosh x > 0 for all x, so we can eliminate the absolute value signs and obtain 


a tanh x dx = In(cosh x) + C. 
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fe 2.48 Evaluate the following integrals: 


a. sinh? x cosh x dx 


b. J sech? (3x)dx 


Calculus of Inverse Hyperbolic Functions 


Looking at the graphs of the hyperbolic functions, we see that with appropriate range restrictions, they all have inverses. 
Most of the necessary range restrictions can be discerned by close examination of the graphs. The domains and ranges of 
the inverse hyperbolic functions are summarized in the following table. 


(-—oo, —1) UCI, oc) (—oo, 0) U (0, oo) 
(—oo, 0) U (0, oo) (—oo, 0) U (0, oo) 


Table 2.3 Domains and Ranges of the Inverse Hyperbolic 
Functions 


The graphs of the inverse hyperbolic functions are shown in the following figure. 
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y =coth!x y = sech'!x y=csch'!x 


(d) (e) () 


Figure 2.82 Graphs of the inverse hyperbolic functions. 


To find the derivatives of the inverse functions, we use implicit differentiation. We have 


y= sinh! x 
sinhy = x 
oh gs —- 4 
fishy = fe 
cosh a = 1. 


Recall that cosh? y _ sinh? y =1, so coshy= {1+ sinh? y. Then, 


dy_ 1 _ 1 =o oa 
dx coshy 1 + sinh? y Vi tx? 
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We can derive differentiation formulas for the other inverse hyperbolic functions in a similar fashion. These differentiation 


formulas are summarized in the following table. 
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Table 2.4 Derivatives of the 
Inverse Hyperbolic Functions 


Note that the derivatives of tanh~! x and coth~! x are the same. Thus, when we integrate u(1 - ), we need to select 


the proper antiderivative based on the domain of the functions and the values of x. Integration formulas involving the 
inverse hyperbolic functions are summarized as follows. 


ly, = sinha! u+C — ly = ~sech7! jul +C 
bare I 
= = -csch7!|ul+C 


cosh! u+C [hau 
uVi+u 


eee ut Cif |ul <1 
coth! w+ Cif |ul> 1 


1 
das . 
I 1 du 


l-u 


Example 2.49 


Differentiating Inverse Hyperbolic Functions 
Evaluate the following derivatives: 
A sinh-1(X 
a gasinh”"(3)) 


b. mr (tanh! x) 


x 
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Solution 


Using the formulas in Table 2.4 and the chain rule, we obtain the following results: 
a. (sinh! (2)) = 1 Sto 


dx 3 a4 9 + x2 


A 2.49 Evaluate the following derivatives: 
d -1 
a. 7 (cosh (3x)) 


x 


b. 4 (coth™! x) 


x 


Example 2.50 


Integrals Involving Inverse Hyperbolic Functions 


Evaluate the following integrals: 


a. 4 r 


Solution 


We can use u-substitution in both cases. 


a. Let u=2x. Then, du = 2dx and we have 


—1 gy, — deosh7! u+C= doosh7! (2x) + C. 


oe — 
Sia" Poca 2 2 


b. Let wu = 3x. Then, du = 3dx and we obtain 


- leech =! ul+Cz= — deech7! 3x1 + C. 


1 1 1 
dx = du = 
ia — 9x? a —u? - : 


fe 2.50 Evaluate the following integrals: 


dx, x>2 


1 
ees 
b. [ot 
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Applications 


One physical application of hyperbolic functions involves hanging cables. If a cable of uniform density is suspended 
between two supports without any load other than its own weight, the cable forms a curve called a catenary. High-voltage 
power lines, chains hanging between two posts, and strands of a spider’s web all form catenaries. The following figure 
shows chains hanging from a row of posts. 


ys 2 a 


ad = 


‘iid 
NT 


Figure 2.83 Chains between these posts take the shape of a catenary. (credit: modification of work by OKFoundryCompany, 
Flickr) 


Hyperbolic functions can be used to model catenaries. Specifically, functions of the form y = acosh(x/a) are catenaries. 


Figure 2.84 shows the graph of y = 2 cosh(x/2). 
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Figure 2.84 A hyperbolic cosine function forms the shape of 
a catenary. 


Using a Catenary to Find the Length of a Cable 


Assume a hanging cable has the shape 10 cosh(x/10) for —15<x<15, where x is measured in feet. 


Determine the length of the cable (in feet). 


Solution 


Recall from Section 6.4 that the formula for arc length is 
b 
Arc Length = y 1+ LP’ @P dx. 
a 
We have f(x) = 10 cosh(x/10), so f’(x) = sinh(x/10). Then 


b 
Arc Length = 7] 1+[f'Qo/ dx 
a 
15 
= MT ah? (x 
=/., 1+ sinh (5) ax. 
Now recall that 1 + sinh2x = cosh? x, so we have 
15 ; 
= : x 
Arc Length =/., 1+ sinh (25) ax 
15 
= x 
= J costs 


= 10 sinh(=} ¥ s = 10sinh(3) - sinh(-3)] = 20 sinh(3}) 


~ 42.586 ft. 


2.51 Assume a hanging cable has the shape 15 cosh(x/15) for —20 < x < 20. Determine the length of the 
cable (in feet). 
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2.9 EXERCISES 


377. [T] Find expressions for coshx+sinhx and 


cosh x — sinh x. Use a calculator to graph these functions 
and ensure your expression is correct. 


378. From the definitions of cosh(x) and sinh(x), find 


their antiderivatives. 


379. Show that cosh(x) and sinh(x) satisfy y” = y. 


380. Use the 
tanh(x)’ = sech? (x). 


quotient rule to verify that 


381. Derive cosh? (x) + sinh? (x) = cosh(2x) from the 


definition. 


382. Take the derivative of the previous expression to find 
an expression for sinh(2x). 


383. Prove 
sinh(x + y) = sinh(x)cosh(y) + cosh(x)sinh(y) by 


changing the expression to exponentials. 


384. Take the derivative of the previous expression to find 
an expression for cosh(x + y). 


For the following exercises, find the derivatives of the 
given functions and graph along with the function to ensure 
your answer is correct. 


385. [T] cosh(3x + 1) 


386. [T] sinh(x*) 


1 
387. [T] cog) 


388, [T] sinh(In(x)) 
389. [T] cosh? (x) + sinh? (x) 
390. [T] cosh? (x) — sinh? (x) 
391. [T] tanh(\x? + 1 


1 + tanh(x) 


393. [T] sinh® (x) 


394. [T] In(sech(x) + tanh(x)) 
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For the following exercises, find the antiderivatives for the 
given functions. 


395. cosh(2x + 1) 


396. tanh(3x + 2) 


397. x cosh(x”) 
398. 3x° tanh(x*) 


399. cosh? (x)sinh(x) 
400. tanh? (x)sech? (x) 


sinh(x) 


401. Te coshon) 


402. coth(x) 
403. cosh(x) + sinh(x) 
404. (cosh(x) + sinh(x))” 


For the following exercises, find the derivatives for the 
functions. 


405. tanh! (4x) 
406. sinh~'(x”) 
407. sinh~! (cosh(x)) 
408. cosh! (x°) 
409. tanh! (cos(x)) 
aio, est 1) 


411. In(tanh™! (x)) 


For the following exercises, find the antiderivatives for the 
functions. 


412, f ree 


413. J 5 
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A15. _xdx_ 


418. Jae 


For the following exercises, use the fact that a falling body 
with friction equal to velocity squared obeys the equation 


dvidt = g—v’. 


419. Show _ that satisfies this 


v(t) = /g tanh(\/g7) 


equation. 
420. Derive the previous expression for v(t) by 
integrating —2 5 = dt. 

g-v 


421. [T] Estimate how far a body has fallen in 12 seconds 
by finding the area underneath the curve of v(?). 


For the following exercises, use this scenario: A cable 
hanging under its own weight has a slope S = dy/dx that 


wicks / , : 
satisfies dS/dx = c\1 +S”. The constant c is the ratio of 
cable density to tension. 


422. Show that S = sinh(cx) satisfies this equation. 


423. Integrate dy/dx = sinh(cx) to find the cable height 
y(x) if yO) = I/e. 


424. Sketch the cable and determine how far down it sags 
at x =0. 


For the following exercises, solve each problem. 


425. [T] A chain hangs from two posts 2 m apart to form 
a catenary described by the equation y = 2 cosh(x/2) — 1. 


Find the slope of the catenary at the left fence post. 
426. [T] A chain hangs from two posts four meters apart 


to form a catenary described by the equation 
y = 4cosh(x/4) — 3. Find the total length of the catenary 


(arc length). 
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427. [T] A high-voltage power line is a catenary described 
by y = 10 cosh(x/10). Find the ratio of the area under the 


catenary to its arc length. What do you notice? 

428. A telephone line is a catenary described by 
y =acosh(x/a). Find the ratio of the area under the 
catenary to its arc length. Does this confirm your answer 


for the previous question? 


429. Prove the formula for the derivative of 
y= sinh~!(x) by differentiating x = sinh(y). (Hint: Use 


hyperbolic trigonometric identities.) 


430. Prove the formula for the derivative of 


y= cosh~/(x) by differentiating x =cosh(y). (Hint: 


Use hyperbolic trigonometric identities.) 


431. Prove the formula for the derivative of 


y= sech!(x) by differentiating x = sech(y). (Hint: Use 
hyperbolic trigonometric identities.) 

432. Prove that 
(cosh(x) + sinh(x))” = cosh(nx) + sinh(nx). 


433. Prove the expression for sinh7! (x). Multiply 
x = sinh(y) = (1/2)(e”—e ”) by 2e” and solve for y. 


Does your expression match the textbook? 


434. Prove the expression for cosh7! (x). Multiply 
x = cosh(y) = (1/2)(e”— e ”) by 2e” and solve for y. 


Does your expression match the textbook? 
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CHAPTER 2 REVIEW 


KEY TERMS 


arc length the arc length of a curve can be thought of as the distance a person would travel along the path of the curve 


catenary a curve in the shape of the function y = acosh(x/a) is a catenary; a cable of uniform density suspended 


between two supports assumes the shape of a catenary 
center of mass the point at which the total mass of the system could be concentrated without changing the moment 


centroid the centroid of a region is the geometric center of the region; laminas are often represented by regions in the 
plane; if the lamina has a constant density, the center of mass of the lamina depends only on the shape of the 
corresponding planar region; in this case, the center of mass of the lamina corresponds to the centroid of the 
representative region 


cross-section the intersection of a plane and a solid object 


density function a density function describes how mass is distributed throughout an object; it can be a linear density, 
expressed in terms of mass per unit length; an area density, expressed in terms of mass per unit area; or a volume 
density, expressed in terms of mass per unit volume; weight-density is also used to describe weight (rather than mass) 
per unit volume 


disk method a special case of the slicing method used with solids of revolution when the slices are disks 


doubling time if a quantity grows exponentially, the doubling time is the amount of time it takes the quantity to double, 
and is given by (In 2)/k 


exponential decay systems that exhibit exponential decay follow a model of the form y = yg eo 


exponential growth systems that exhibit exponential growth follow a model of the form y = YQ a™ 


frustum a portion of a cone; a frustum is constructed by cutting the cone with a plane parallel to the base 
half-life if a quantity decays exponentially, the half-life is the amount of time it takes the quantity to be reduced by half. It 
is given by (In 2)/k 


Hooke’s law this law states that the force required to compress (or elongate) a spring is proportional to the distance the 
spring has been compressed (or stretched) from equilibrium; in other words, F = kx, where k is a constant 


hydrostatic pressure the pressure exerted by water on a submerged object 


lamina a thin sheet of material; laminas are thin enough that, for mathematical purposes, they can be treated as if they are 
two-dimensional 


method of cylindrical shells a method of calculating the volume of a solid of revolution by dividing the solid into 
nested cylindrical shells; this method is different from the methods of disks or washers in that we integrate with 
respect to the opposite variable 


moment if n masses are arranged on a number line, the moment of the system with respect to the origin is given by 


n 
M= y m;x;; if, instead, we consider a region in the plane, bounded above by a function f(x) over an interval 
i=1 


b 2 
[a, b|, then the moments of the region with respect to the x- and y-axes are given by M, =p vA FO a and 
a 


b 
My=p J xf(x)dx, respectively 
; a 


slicing method a method of calculating the volume of a solid that involves cutting the solid into pieces, estimating the 
volume of each piece, then adding these estimates to arrive at an estimate of the total volume; as the number of slices 
goes to infinity, this estimate becomes an integral that gives the exact value of the volume 


solid of revolution a solid generated by revolving a region in a plane around a line in that plane 
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Surface area the surface area of a solid is the total area of the outer layer of the object; for objects such as cubes or 


bricks, the surface area of the object is the sum of the areas of all of its faces 


symmetry principle the symmetry principle states that if a region R is symmetric about a line I, then the centroid of R 
lies on I 


theorem of Pappus for volume this theorem states that the volume of a solid of revolution formed by revolving a 
region around an external axis is equal to the area of the region multiplied by the distance traveled by the centroid of 
the region 


washer method a special case of the slicing method used with solids of revolution when the slices are washers 


work the amount of energy it takes to move an object; in physics, when a force is constant, work is expressed as the 
product of force and distance 


KEY EQUATIONS 


¢ Area between two curves, integrating on the x-axis 
b 
A= f [fe)- golds 
a 
e Area between two curves, integrating on the y-axis 
d 
A= f (uy) -voyMy 
Cc 
¢ Disk Method along the x-axis 
4 2 
V= d. 
J mfoo? ax 
¢ Disk Method along the y-axis 
: 2 
a d 
v= f aeoyPay 
¢ Washer Method 
. 2 2 
V= = 
J Ares) - @e)? ex 
¢ Method of Cylindrical Shells 
b 
v= [ Qxxf(x)dx 
a 
¢ Arc Length of a Function of x 
—————— 
Arc Length = 7 V1+[f'@OP dx 
a 
¢ Arc Length of a Function of y 
Gi === = 
Arc Length = iy \1 + [g’O)P dy 
c 
¢ Surface Area of a Function of x 


Surface Area = J (eae) V1+ (f(x)? dx 


¢ Mass of a one-dimensional object 
b 
= d 
m ip p(x)dx 


¢ Mass of a circular object 


zs 
m= I, 2axp(x)dx 
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¢ Work done on an object 


b 
w=f _P(xyd 
¢ Hydrostatic force on a plate 
b 
F= j. pw(x)s(x)dx 
¢ Mass of a lamina 
b 
m= pf fed 
¢ Moments of a lamina 


b 2 b 
My= pf UO arand My = pf xfladdx 


¢ Center of mass of a lamina 


_ My 
x == and y =a 


¢ Natural logarithm function 
x 
‘ _fi1 
Inx= f rt Z 


* Exponential function y = e* 


* Iny=In(e*)=x Z 
KEY CONCEPTS 


2.1 Areas between Curves 
¢ Just as definite integrals can be used to find the area under a curve, they can also be used to find the area between 
two curves. 
¢ To find the area between two curves defined by functions, integrate the difference of the functions. 


¢ If the graphs of the functions cross, or if the region is complex, use the absolute value of the difference of the 
functions. In this case, it may be necessary to evaluate two or more integrals and add the results to find the area of 
the region. 


* Sometimes it can be easier to integrate with respect to y to find the area. The principles are the same regardless of 
which variable is used as the variable of integration. 


2.2 Determining Volumes by Slicing 
¢ Definite integrals can be used to find the volumes of solids. Using the slicing method, we can find a volume by 
integrating the cross-sectional area. 


¢ For solids of revolution, the volume slices are often disks and the cross-sections are circles. The method of disks 
involves applying the method of slicing in the particular case in which the cross-sections are circles, and using the 
formula for the area of a circle. 


¢ Ifa solid of revolution has a cavity in the center, the volume slices are washers. With the method of washers, the 
area of the inner circle is subtracted from the area of the outer circle before integrating. 


2.3 Volumes of Revolution: Cylindrical Shells 


¢ The method of cylindrical shells is another method for using a definite integral to calculate the volume of a solid of 
revolution. This method is sometimes preferable to either the method of disks or the method of washers because we 
integrate with respect to the other variable. In some cases, one integral is substantially more complicated than the 
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other. 


¢ The geometry of the functions and the difficulty of the integration are the main factors in deciding which integration 


method to use. 


2.4 Arc Length of a Curve and Surface Area 


The arc length of a curve can be calculated using a definite integral. 

The arc length is first approximated using line segments, which generates a Riemann sum. Taking a limit then gives 
us the definite integral formula. The same process can be applied to functions of y. 

The concepts used to calculate the arc length can be generalized to find the surface area of a surface of revolution. 


The integrals generated by both the arc length and surface area formulas are often difficult to evaluate. It may be 
necessary to use a computer or calculator to approximate the values of the integrals. 


2.5 Physical Applications 


Several physical applications of the definite integral are common in engineering and physics. 
Definite integrals can be used to determine the mass of an object if its density function is known. 


Work can also be calculated from integrating a force function, or when counteracting the force of gravity, as in a 
pumping problem. 


Definite integrals can also be used to calculate the force exerted on an object submerged in a liquid. 


2.6 Moments and Centers of Mass 


2.7 1 


Mathematically, the center of mass of a system is the point at which the total mass of the system could be 
concentrated without changing the moment. Loosely speaking, the center of mass can be thought of as the balancing 
point of the system. 


For point masses distributed along a number line, the moment of the system with respect to the origin is 


n 
M= > m;x;. For point masses distributed in a plane, the moments of the system with respect to the x- and 
i=1 


n n 
y-axes, respectively, are M,. = >» m;y; and My = D2 m;X;, respectively. 
i=1 i=1 


For a lamina bounded above by a function f(x), the moments of the system with respect to the x- and y-axes, 
b 2 b 
Lf] 
tivel My,= SS d My= ‘ 
respectively, are M,. pf 5) dx ani y pf xf (x)dx 


The x- and y-coordinates of the center of mass can be found by dividing the moments around the y-axis and around 
the x-axis, respectively, by the total mass. The symmetry principle says that if a region is symmetric with respect to 
a line, then the centroid of the region lies on the line. 


The theorem of Pappus for volume says that if a region is revolved around an external axis, the volume of the 
resulting solid is equal to the area of the region multiplied by the distance traveled by the centroid of the region. 


ntegrals, Exponential Functions, and Logarithms 


The earlier treatment of logarithms and exponential functions did not define the functions precisely and formally. 
This section develops the concepts in a mathematically rigorous way. 


The cornerstone of the development is the definition of the natural logarithm in terms of an integral. 
The function e* is then defined as the inverse of the natural logarithm. 


General exponential functions are defined in terms of e*, and the corresponding inverse functions are general 
logarithms. 
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¢ Familiar properties of logarithms and exponents still hold in this more rigorous context. 


2.8 Exponential Growth and Decay 


¢ Exponential growth and exponential decay are two of the most common applications of exponential functions. 


* Systems that exhibit exponential growth follow a model of the form y = yge”. 


kt 


¢ Inexponential growth, the rate of growth is proportional to the quantity present. In other words, y’ = ky. 


¢ Systems that exhibit exponential growth have a constant doubling time, which is given by (In 2)/k. 


¢ Systems that exhibit exponential decay follow a model of the form y= yge ™. 


kt 


¢ Systems that exhibit exponential decay have a constant half-life, which is given by (In 2)/k. 


2.9 Calculus of the Hyperbolic Functions 


¢ Hyperbolic functions are defined in terms of exponential functions. 


¢ Term-by-term differentiation yields differentiation formulas for the hyperbolic functions. These differentiation 


formulas give rise, in turn, to integration formulas. 


¢ With appropriate range restrictions, the hyperbolic functions all have inverses. 


¢ Implicit differentiation yields differentiation formulas for the inverse hyperbolic functions, which in turn give rise 


to integration formulas. 


¢ The most common physical applications of hyperbolic functions are calculations involving catenaries. 


CHAPTER 2 REVIEW EXERCISES 


True or False? Justify your answer with a proof or a 
counterexample. 


435. The amount of work to pump the water out of a half- 
full cylinder is half the amount of work to pump the water 
out of the full cylinder. 


436. If the force is constant, the amount of work to move 
an object from x =a to x=b is F(b—a). 


437. The disk method can be used in any situation in 
which the washer method is successful at finding the 
volume of a solid of revolution. 


438. If the half-life of seaborgium-266 is 360 ms, then 
k = (In(2)/360. 


For the following exercises, use the requested method to 
determine the volume of the solid. 


439. The volume that has a base of the ellipse 
x7/4 + y7/9 =1 and cross-sections of an equilateral 
triangle perpendicular to the y-axis. Use the method of 


slicing. 


440. y= x? - x, from x =1tox=4, rotated around 


they-axis using the washer method 
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441. x= y? and x = 3y rotated around the y-axis using 


the washer method 


442. x= 2y? — y, x = 0, and y = 0 rotated around the 


x-axis using cylindrical shells 


For the following exercises, find 
a. the area of the region, 


b. the volume of the solid when rotated around the 
x-axis, and 


c. the volume of the solid when rotated around the 
y-axis. Use whichever method seems most 
appropriate to you. 

443. y=x,x=0,y=0, and x = 2 
444, y=x*—xandx =0 

445. [T] y=In(v)+2andy=x 

446. y=x? and y= vx 


447, y=54+x, y=x?, x=0, andx=1 
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448. Below x* ye = 1 andabove y=1-x 


449. Find the mass of p =e ~ oma disk centered at the 


origin with radius 4. 


450. Find the center of mass for p = tan? x on 


_-£ 2 
re(-$9) 
451. Find the mass and the center of mass of p = 1 on 


the region bounded by y = x? and y= vx. 


For the following exercises, find the requested arc lengths. 
452. The 
x=Otox=2. 


length of x for y=cosh(x) from 


453. The length of y for x =3—- 
y=4 


vy from y=0 to 


For the following exercises, find the surface area and 
volume when the given curves are revolved around the 
specified axis. 

454. The shape created by revolving the region between 
y=44+x, y=3-x, x=0, and x=2 rotated 


around the y-axis. 


455. The loudspeaker created by revolving y = 1/x from 


x= 1 to x =4 around the x-axis. 


For the following exercises, consider the Karun-3 dam in 
Iran. Its shape can be approximated as an isosceles triangle 
with height 205 m and width 388 m. Assume the current 


depth of the water is 180 m. The density of water is 1000 
kg/m 


456. Find the total force on the wall of the dam. 


457. You are a crime scene investigator attempting to 
determine the time of death of a victim. It is noon and 
45°F outside and the temperature of the body is 78°F. 


You know the cooling constant is k = 0.00824°F/min. 


When did the victim die, assuming that a human’s 
temperature is 98°F ? 


For the following exercise, consider the stock market crash 
in 1929 in the United States. The table lists the Dow Jones 


industrial average per year leading up to the crash. 
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Years after 1920 Value ($) 


Source: http://stockcharts.com/ 
freecharts/historical/ 
djia19201940.html 


458. [T] The best-fit exponential curve to these data is 
given by y = 40.71 + 1.224*. Why do you think the gains 


of the market were unsustainable? Use first and second 
derivatives to help justify your answer. What would this 
model predict the Dow Jones industrial average to be in 
2014 ? 


For the following exercises, consider the catenoid, the only 
solid of revolution that has a minimal surface, or zero 
mean curvature. A catenoid in nature can be found when 
stretching soap between two rings. 


459. Find the volume of the catenoid y = cosh(x) from 


x =-—Iltox=1 that is created by rotating this curve 


around the x-axis, as shown here. 


460. Find surface area of the catenoid y = cosh(x) from 


x= -I1 to x=1 that is created by rotating this curve 
around the x -axis. 
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Figure 3.1 Careful planning of traffic signals can prevent or reduce the number of accidents at busy intersections. (credit: 
modification of work by David McKelvey, Flickr) 


3.1 Integration by Parts 
Trigonometric Integrals 
3 Trigonometric Substitution 
Partial Fractions 
Other Strategies for Integration 


6 Numerical Integration 
3.7 Improper Integrals 


In a large city, accidents occurred at an average rate of one every three months at a particularly busy intersection. After 
residents complained, changes were made to the traffic lights at the intersection. It has now been eight months since the 
changes were made and there have been no accidents. Were the changes effective or is the eight-month interval without 
an accident a result of chance? We explore this question later in this chapter and see that integration is an essential part of 
determining the answer (see Example 3.49). 


We saw in the previous chapter how important integration can be for all kinds of different topics—from calculations of 
volumes to flow rates, and from using a velocity function to determine a position to locating centers of mass. It is no 
surprise, then, that techniques for finding antiderivatives (or indefinite integrals) are important to know for everyone who 
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uses them. We have already discussed some basic integration formulas and the method of integration by substitution. In 
this chapter, we study some additional techniques, including some ways of approximating definite integrals when normal 
techniques do not work. 


3.1 | Integration by Parts 


Learning Objectives 


3.1.1 Recognize when to use integration by parts. 


3.1.2 Use the integration-by-parts formula to solve integration problems. 
3.1.3 Use the integration-by-parts formula for definite integrals. 


By now we have a fairly thorough procedure for how to evaluate many basic integrals. However, although we can integrate 
Fe xsin(x?)dx by using the substitution, u = x, something as simple looking as re xsinx dx defies us. Many students 


want to know whether there is a product rule for integration. There isn’t, but there is a technique based on the product rule 
for differentiation that allows us to exchange one integral for another. We call this technique integration by parts. 


The Integration-by-Parts Formula 
If, h(x) = f(x)g(x), then by using the product rule, we obtain h’(x) = f'(x)g(x) + g’(x) f(x). Although at first it may 
seem counterproductive, let’s now integrate both sides of this equation: ie h'(x)dx = f (g(x) f(x) + fg’ dx. 
This gives us 
hx) = fog) = [e@f'@dxt f fodg' wax. 
Now we solve for [ Sag’ (~dx : 
[fede'@dx = fe) — feof’ dx. 


By making the substitutions u = f(x) and v = g(x), which in turn make du = f’(x)dx and dv = g'(x)dx, we have the 


fudv=w- fvdu. 


more compact form 


Theorem 3.1: Integration by Parts 


Let uw = f(x) and v = g(x) be functions with continuous derivatives. Then, the integration-by-parts formula for the 


integral involving these two functions is: 
fu dv=uv— | vdu. G2) 


The advantage of using the integration-by-parts formula is that we can use it to exchange one integral for another, possibly 
easier, integral. The following example illustrates its use. 


Using Integration by Parts 


Use integration by parts with wu = x and dv = sinx dx to evaluate pe xsinx dx. 
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Solution 


By choosing u =x, we have du = ldx. Since dv = sinxdx, we get v= fsinx dx = —cosx. It is handy to 
keep track of these values as follows: 
u= x dv = sinxdx 


du = ldx v 


fsinx dx = —cosx. 
Applying the integration-by-parts formula results in 
Jxsinxdx = (x)(-cosx) — [(-cosx)(1dx) Substitute. 
= —xcosx + [osx dx Simplify. 


= —xcosx+sinx+C. Use fcosxdx = sinx+C. 


Analysis 
At this point, there are probably a few items that need clarification. First of all, you may be curious about 
what would have happened if we had chosen u=sinx and dv= x. If we had done so, then we would 


have du=cosx and vad? Thus, after applying integration by parts, we have 


[ xsinx dx =1x2sinx — [ Lx? cosx dx. Unfortunately, with the new integral, we are in no better position 


2 2 


than before. It is important to keep in mind that when we apply integration by parts, we may need to try several 
choices for u and dv before finding a choice that works. 


Second, you may wonder why, when we find v = i: sinx dx = —cosx, wedonot use v = —cosx+K. To see 


that it makes no difference, we can rework the problem using v = —cosx + K: 


f xsinxdx = (x)(—cosx + K) — | Coosx + K\(1dx) 


=-xeosx+ Kx+ f cosxdx— f Kdx 


= -—xcosx +Kx+sinx-Kx+C 
= —xcosx+ sinx + C. 


As you can see, it makes no difference in the final solution. 
Last, we can check to make sure that our antiderivative is correct by differentiating —xcosx + sinx + C: 
£(—xcosx +sinx+C) =(—l)cosx + (—x)(—sinx) + cosx 
= xsinx. 


Therefore, the antiderivative checks out. 


Watch this video (http://www.openstaxcollege.org/I/20_intbyparts1) and visit this website 
(http://www.openstaxcollege.org/|/20_intbyparts2) for examples of integration by parts. 


fe 3.1 Evaluate [ xe>* dx using the integration-by-parts formula with u = x and dv = e** dx. 


The natural question to ask at this point is: How do we know how to choose u and dv? Sometimes it is a matter of trial 
and error; however, the acronym LIATE can often help to take some of the guesswork out of our choices. This acronym 
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stands for Logarithmic Functions, Inverse Trigonometric Functions, Algebraic Functions, Trigonometric Functions, and 
Exponential Functions. This mnemonic serves as an aid in determining an appropriate choice for uw. 


The type of function in the integral that appears first in the list should be our first choice of u. For example, if an integral 
contains a logarithmic function and an algebraic function, we should choose w to be the logarithmic function, because L 
comes before A in LIATE. The integral in Example 3.1 has a trigonometric function (sinx) and an algebraic function 
(x). Because A comes before T in LIATE, we chose wu to be the algebraic function. When we have chosen u, dv is 


selected to be the remaining part of the function to be integrated, together with dx. 


Why does this mnemonic work? Remember that whatever we pick to be dv must be something we can integrate. Since we 


do not have integration formulas that allow us to integrate simple logarithmic functions and inverse trigonometric functions, 
it makes sense that they should not be chosen as values for dv. Consequently, they should be at the head of the list as 


choices for u. Thus, we put LI at the beginning of the mnemonic. (We could just as easily have started with IL, since 


these two types of functions won’t appear together in an integration-by-parts problem.) The exponential and trigonometric 
functions are at the end of our list because they are fairly easy to integrate and make good choices for dv. Thus, we have 


TE at the end of our mnemonic. (We could just as easily have used ET at the end, since when these types of functions appear 
together it usually doesn’t really matter which one is u and which one is dv.) Algebraic functions are generally easy both 


to integrate and to differentiate, and they come in the middle of the mnemonic. 


Using Integration by Parts 


Evaluate f InxXdx., 
x 


Solution 
Begin by rewriting the integral: 


[ax = [x3inxdx. 
x 


Since this integral contains the algebraic function x7 and the logarithmic function Inx, choose u = Inx, 


since L comes before A in LIATE. After we have chosen u = Inx, we must choose dv = x3 dx. 


Next, since u = Inx, wehave du = Lax. Also, v= [ xOodx= — dy. Summarizing, 
uo = Inx dv = x dx 
du = Lax v= fie dx = — 4. 


Substituting into the integration-by-parts formula (Equation 3.1) gives 


[Fax = le Inx dx = (Inxy(- 4.7) = I(- 4.) Lax) 
= _1,-2 1,=3 impli 
= Inx + f oka dx Simplify. 
a = De yt 
= — 9% Inx q +C Integrate. 
= —-—Inx -—-. + C. Rewrite with positive integers. 
2x? 4x? . 
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fe 3.2 Evaluate fe xInx dx. 


In some cases, as in the next two examples, it may be necessary to apply integration by parts more than once. 


Applying Integration by Parts More Than Once 
Evaluate [ x? e>* dx. 


Solution 


Using LIATE, choose u = x2 and dv = e**dx. Thus, du = 2xdx and v = J: e*dx = (L}e*. Therefore, 


u . dv = e*dx 
du = 2xdx vy = fe*dx =e 


ll 
x 


Substituting into Equation 3.1 produces 
3x + x2 @3* 2, 3K 
[re dx = a axe dx. 


We still cannot integrate Sxe° *dx directly, but the integral now has a lower power on x. We can evaluate this 


new integral by using integration by parts again. To do this, choose u = x and dv = Ze 3% dx. Thus, du = dx 


and v= J (Rea = (2)e*. Now we have 


u=x dv= Fe dx 


2. 3% Jy — 223% 
[2 dx 9° 


du = dx  v 


Substituting back into the previous equation yields 
3x 7 + x2 3% — (2y¢3% — 23x 
[xe dx = - (2 Xe y. 9° dx) 


After evaluating the last integral and simplifying, we obtain 


2 (3x = x7 — Sxe** 2 3x 
[re dx = 9*e + 5¥e +C. 


Example 3.4 


Applying Integration by Parts When LIATE Doesn’t Quite Work 


2 
Evaluate ve re! dt. 
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Solution 


If we use a strict interpretation of the mnemonic LIATE to make our choice of u, we end up with u = t° and 


2 2 
dv=e' dt. Unfortunately, this choice won’t work because we are unable to evaluate [ e’ dt. However, since 


2 2 
we can evaluate 7 te’ dx, wecan try choosing u = t? and dv = te! dt. With these choices we have 


Thus, we obtain 


312 eee dt 
[ve dt =i e xe 2tdt 
_ 12,17 1,572 
= ate ze +C 


Applying Integration by Parts More Than Once 


Evaluate [ sin(Inx)dx. 


Solution 
This integral appears to have only one function—namely, sin(Inx) —however, we can always use the constant 
function 1 as the other function. In this example, let’s choose u = sin(inx) and dv = Idx. (The decision to 


use uv = sin(Inx) is easy. We can’t choose dv = sin(Inx)dx because if we could integrate it, we wouldn’t be 


using integration by parts in the first place!) Consequently, du = (1/x)cos(Inx)dx and v = 7. Idx = x. After 


applying integration by parts to the integral and simplifying, we have 
f sindnx)dx = xsin(inx) — f cos(inx)dx. 


Unfortunately, this process leaves us with a new integral that is very similar to the original. However, let’s see 
what happens when we apply integration by parts again. This time let’s choose u = cos(Inx) and dv = Idx, 


making du = —(1/x)sin(Inx)dx and v= - ldx = x. Substituting, we have 
f sin(inx)dx = xsin(Inx) (xcosdnx) a sin(Inx)dx). 


After simplifying, we obtain 
J sindnx)dx = xsin(Inx) — xcos(inx) — f sin(inx)dx. 


The last integral is now the same as the original. It may seem that we have simply gone in a circle, but now we 


can actually evaluate the integral. To see how to do this more clearly, substitute / = 7 sin(inx)dx. Thus, the 
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equation becomes 
I = xsin(Inx) — xcos(Inx) — I. 
First, add J to both sides of the equation to obtain 
21 = xsin(Inx) — xcos(Inx). 
Next, divide by 2: 


ee Pere _1 
l= axsin(Inx) yr cos(Inx). 


Substituting J = fi sin(Inx)dx again, we have 


1 sin(Inx)dx = Fxsin(Inx) - 4xcos(Inx). 


From this we see that (1/2)xsin(Inx) — (1/2)xcos(Inx) is an antiderivative of sin(inx)dx. For the most general 


antiderivative, add +C: 


7} sin(inx)dx = 3¥sin(Inx) — 4xcos(Inx) +C. 
Analysis 
If this method feels a little strange at first, we can check the answer by differentiation: 
4 (Lysin(inx) - 4xcos(inx)) 
eee fee ios es — si eal 
= 9 (sin(Inx)) + cos(Inx) - + ax (4cos(inx) sin(Inx) - > 1x) 


= sin(Inx). 


fe 3.3 Evaluate i: x? sinx dx. 


Integration by Parts for Definite Integrals 


Now that we have used integration by parts successfully to evaluate indefinite integrals, we turn our attention to definite 
integrals. The integration technique is really the same, only we add a step to evaluate the integral at the upper and lower 
limits of integration. 


Theorem 3.2: Integration by Parts for Definite Integrals 


Let uw = f(x) and v = g(x) be functions with continuous derivatives on [a, b]. Then 


b b (3.2) 
i udv=wio- f vdu. 
a a 


Example 3.6 


Finding the Area of a Region 
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Find the area of the region bounded above by the graph of y = tan! x and below by the x -axis over the interval 
(0, 1]. 


Solution 
1 

This region is shown in Figure 3.2. To find the area, we must evaluate i tan~! x dx. 
0 


y 
2 


y = tan 1x) 


Figure 3.2 To find the area of the shaded region, we have to 
use integration by parts. 


1 


5 dx and v=x. After 
x“+1 


For this integral, let’s choose u = tan7!x and dv = dx, thereby making du = 


applying the integration-by-parts formula (Equation 3.2) we obtain 
1 


Area = xtan7! ag = = dx. 
oxo + 1 


Use u-substitution to obtain 


x° +1 2 0 
Thus, 
-1 : 1,,],2 : z_1 
Area = x tan {, = in| + il, a= min 2, 
At this point it might not be a bad idea to do a “reality check” on the reasonableness of our solution. Since 
q - 4in2 = 0.4388, and from Figure 3.2 we expect our area to be slightly less than 0.5, this solution appears 


to be reasonable. 
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Finding a Volume of Revolution 


Find the volume of the solid obtained by revolving the region bounded by the graph of f(x) =e *, the x-axis, 


the y-axis, and the line x = | about the y-axis. 


Solution 


The best option to solving this problem is to use the shell method. Begin by sketching the region to be revolved, 
along with a typical rectangle (see the following graph). 


Figure 3.3 We can use the shell method to find a volume of revolution. 


1 
To find the volume using shells, we must evaluate 27 [ xe *dx. To do this, let uw = x and dv=e*. These 
0 


choices lead to du = dx and v= fe = —e *. Substituting into Equation 3.2, we obtain 


1 1 


1 
2n of, xe *dx = 2a(—xe™*} + i e *dx) Use integration by parts. 
0 


Volume = 
: 0 
1 ! ; 
= —2axe~*|! — 2ne* Evaluate fe “dx = —-e™ 
. 0 
0 
0 
= 2a — _ Evaluate and simplify. 


Analysis 
Again, it is a good idea to check the reasonableness of our solution. We observe that the solid has a volume 
slightly less than that of a cylinder of radius 1 and height of 1/e added to the volume of a cone of base radius 


1 and height of 1 — = Consequently, the solid should have a volume a bit less than 


n(1)24 4 (2)07(1 ~})=%- £6 18177, 


Since 27 — = x 1.6603, we see that our calculated volume is reasonable. 


3.4 nl2 
fe Evaluate 7 xcosx dx. 
0 
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3.1 EXERCISES 


In using the technique of integration by parts, you must 2 4x 
} are 18. x“ e™dx 
carefully choose which expression is u. For each of the 
following problems, use the guidelines in this section to 
choose u. Do not evaluate the integrals. 19. fh e*sinx dx 


1. [re dx 
20. fercosxdx 


2 
2. x? In(x)dx 2 
21. J. xe* dx 


3. y? cos ydx 
/ 22. 7 xe dx 
4. fee arctan x dx 
23. f sin(In(2x))dx 
5. fe sin(2x)dx 
24. y. cos(inx)dx 


Find the integral by using the simplest method. Not all 
problems require integration by parts. 25. fi (In x)? ae 


6. vsinvdv 
/ 26. f'in(x?)dx 


Ti [ Inxdx (Hint: [ Inxdx is equivalent to 
27. x7 Inx dx 


[i -in@dx.) 
28. fsin7!xdx 


8. [xcosxdx 

29. [cos~(2x)dx 
9 fran dx 

30. ff xarctanx dx 
10 [rerax 

31. x? sinx dx 
11. f xsin(2x)dx 

32. x cosx dx 
12. [re ax 

33. x? sinx dx 
13. [xem ax 

34. [rerax 


14. J[xcos 3x dx 


35. f[xsec7!xdx 
15. [xcosx dx 


36. fxsec?xdx 
16. [xinxax 


37. J xcoshx dx 
17. finQx+ Vdx 
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Compute the definite integrals. Use a graphing utility to 
confirm your answers. 


1 
38. Inx dx 


39. ra xe~>* dx (Express the answer in exact form.) 
0 


1 


40. fe dx(letu = vx) 
0 
: 2 
41. In(x*)dx 
J r2?) 
om 
42. xcosx dx 
I, 


os 
43. a xsinx dx (Express the answer in exact form.) 
TT 


3 
44, us In(x? + 1)dx (Express the answer in exact form.) 
0 


a2 
45. [ x? sinx dx (Express the answer in exact form.) 
0 


1 
46. A x5*dx (Express the answer using five significant 
0 


digits.) 
47. Evaluate f cos xIn(sinx)dx 


Derive the following formulas using the technique of 
integration by parts. Assume that n is a positive integer. 
These formulas are called reduction formulas because the 
exponent in the x term has been reduced by one in each 
case. The second integral is simpler than the original 
integral. 


48. [xtetdx=x"e*—nfx"lerdx 
49. [x cosxdx =x" sinx — nf x" ~l sin x dx 
50. [x sinx dx = 


51. Integrate f 2x\2x — 3dx using two methods: 


a. Using parts, letting dv = V2x —3dx 
b. Substitution, letting u = 2x — 3 


State whether you would use integration by parts to 
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evaluate the integral. If so, identify u and dv. If not, 
describe the technique used to perform the integration 
without actually doing the problem. 


52. [xinx dx 
53, f In7x¢y 
54. [xe*ax 

55. [re® —3 dx 
56. x? sinx dx 


57. | x? sin(3x? + 2)dx 


Sketch the region bounded above by the curve, the x-axis, 
and x= 1, and find the area of the region. Provide the 


exact form or round answers to the number of places 
indicated. 


58. y=2xe* (Approximate answer to four decimal 


places.) 


59. y=e “sin(ax) (Approximate answer to five 


decimal places.) 


Find the volume generated by rotating the region bounded 
by the given curves about the specified line. Express the 
answers in exact form or approximate to the number of 
decimal places indicated. 


60. y=sinx, y=0, x= 22, x= 3a about the y-axis 
(Express the answer in exact form.) 


x 


61. y=e” y=0,x=-lx=0; about x=1 


(Express the answer in exact form.) 


62. A particle moving along a straight line has a velocity 
of W(t) = t°e~' after t sec. How far does it travel in the 


first 2 sec? (Assume the units are in feet and express the 
answer in exact form.) 


63. Find the area under the graph of y= sec*x from 
x =Otox=1. (Round the answer to two significant 
digits.) 

64. Find the area between y = (x —2)e” and the x-axis 


from x = 2 to x = 5. (Express the answer in exact form.) 
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65. Find the area of the region enclosed by the curve 


13x 


7 (Express 


y = xcosx and the x-axis for ie <x< 
the answer in exact form.) 


66. Find the volume of the solid generated by revolving 
the region bounded by the curve y=Inx, the x-axis, 


and the vertical line x = e? about the x-axis. (Express the 
answer in exact form.) 


67. Find the volume of the solid generated by revolving 
the region bounded by the curve y=4cosx and the 


x-axis, Sx < 32, about the x-axis. (Express the 


answer in exact form.) 


68. Find the volume of the solid generated by revolving 
the region in the first quadrant bounded by y=e* and 


the x-axis, from x=0 to x=I1n(7), about the y-axis. 


(Express the answer in exact form.) 
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3.2 | Trigonometric Integrals 


Learning Objectives 


3.2.1 Solve integration problems involving products and powers of sinx and cosx. 


3.2.2 Solve integration problems involving products and powers of tanx and secx. 


3.2.3 Use reduction formulas to solve trigonometric integrals. 


In this section we look at how to integrate a variety of products of trigonometric functions. These integrals are called 
trigonometric integrals. They are an important part of the integration technique called trigonometric substitution, which is 
featured in Trigonometric Substitution. This technique allows us to convert algebraic expressions that we may not be 
able to integrate into expressions involving trigonometric functions, which we may be able to integrate using the techniques 
described in this section. In addition, these types of integrals appear frequently when we study polar, cylindrical, and 
spherical coordinate systems later. Let’s begin our study with products of sinx and cosx. 


Integrating Products and Powers of sinx and cosx 
A key idea behind the strategy used to integrate combinations of products and powers of sinx and cosx involves rewriting 
these expressions as sums and differences of integrals of the form jf sin/ xcosx dx or f cos/ xsinx dx. After rewriting 


these integrals, we evaluate them using u-substitution. Before describing the general process in detail, let’s take a look at 
the following examples. 


Example 3.8 


Integrating I cos/ xsinx dx 


Evaluate [ cos? xsinx dx. 


Solution 


Use u-substitution and let u = cosx. In this case, du = —sinx dx. Thus, 


[cos xsinxdx = -fw du 


—_ _1/4 
= ge +C 


—~ _1,<4 
— cos x+C. 


fe 3.5 Evaluate y sin? xcosx dx. 


Example 3.9 


A Preliminary Example: Integrating [cosixsin'x dx Where k is Odd 
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Evaluate f cos? xsin? x dx. 


Solution 
To convert this integral to integrals of the form f cos/xsinxdx, rewrite sin? x = sin? xsinx and make the 


2 


substitution sin?.x = 1 — cos” x. Thus, 


[cos?xsin? x dx = fcos?x(l — cos” x)sinx dx Letu =cosx; then du = —sinx dx. 
= — fw — u\du 
= [Ww _ u?)d 


edit .1 3 

= su 3u +C 

= dens de .3 

= 5008 x 3008 x+C. 


fe 3.6 Evaluate ie cos? xsin? x dx. 


In the next example, we see the strategy that must be applied when there are only even powers of sinx and cosx. For 
integrals of this type, the identities 


rn | _ 1—cos(2x) 

sin” x = 5 7C08(2x) =e ea 
and 

cos?x = xed + Jeos(2x) = tte 


are invaluable. These identities are sometimes known as power-reducing identities and they may be derived from the 


2 - 2 2 


double-angle identity cos(2x) = cos“ x — sin“ x and the Pythagorean identity cos? x + sin? x = 1. 


Example 3.10 


Integrating an Even Power of sinx 


Evaluate iy sin? x dx. 


Solution 
To evaluate this integral, let’s use the trigonometric identity sin? x = = 3008(2x). Thus, 
Jsin?xdx = [(4-4cos(2x)\ax 
= dy — $sin(2x) +C. 
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fe 3.7 Evaluate fp cos? x dx. 


The general process for integrating products of powers of sinx and cosx is summarized in the following set of guidelines. 


Integrating I cos/ xsin‘xdx where k is Odd 


Evaluate J cos’ xsin? x dx. 


Solution 


Since the power on sinx is odd, use strategy 1. Thus, 


[cos8 xsind x dx — cos’ xsin4 xsinx dx Break off sinx. 
= cos® x(sin? x)? sinx dx Rewrite sin? x = (sin? x). 
= cos® x(1 - cos? x)” sinx dx Substitute sin?x = 1 — cos? x. 
= fib d- u2)?(—du) Let u = cosx and du = —sinx dx. 
= [(-w 04) = u!?\du Expand. 
== 30 + full = que +C Evaluate the integral. 
= —Loos9 x 4+ 2c0s!!x- 1eos!3x+C. Substitute u = cosy. 


9 11 13 
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Integrating I cos/ xsin‘xdx where k and j are Even 


Evaluate f sin* x dx. 


Solution 


Since the power on sinx is even (kK =4) and the power on cosx is even (j = 0), we must use strategy 3. 


Thus, 
fsintxax = f (sin2x) dx Rewrite sin4 x = (sin2x) 
=f[ (t- de cos(2x)) dx Substitute sin?x = 4 — Leos(2x). 
=f (1 - teos(2x) + Leos?(2x) Jax Expand(4— Leos(2s)) 
ie 


we we 


cos(2x) + dd a deos(4x) dx. 


Since cos *(2x) has an even power, substitute cos (2x) = 4 + 4cos(4x): 


= J (3 _ 400s(2x) + qcos(4x) x Simplify. 


= 3y- 4sin(2x) +35 I sin(4x) +C Evaluate the integral. 


8 


fe 3.8 Evaluate f cos? x dx. 


fe 3.9 Evaluate f cos*(3x)dx. 


In some areas of physics, such as quantum mechanics, signal processing, and the computation of Fourier series, it is often 
necessary to integrate products that include sin(ax), sin(bx), cos(ax), and cos(bx). These integrals are evaluated by 


applying trigonometric identities, as outlined in the following rule. 


Rule: Integrating Products of Sines and Cosines of Different Angles 


To integrate products involving sin(ax), sin(bx), cos(ax), and cos(bx), use the substitutions 


sin(ax)sin(bx) = Feos((a — b)x) - Joos((a + b)x) (3.3) 
sin(ax)cos(bx) = Asin(a — b)x)+ 4sin((a + b)x) (3.4) 
cos(ax)cos(bx) = 4oos((a — b)x)+ Foos((a + b)x) (3.5) 


These formulas may be derived from the sum-of-angle formulas for sine and cosine. 
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Evaluating J: sin(ax)cos(bx)dx 


Evaluate _/sin(5x)cos(3x)dx. 


Solution 
Apply the identity sin(5x)cos(3x) = 4sin(2x) 2 5008(83). Thus, 


J[sinSxicosBxydx = fAsin(2x) - Leos(8x)dx 


el a cling: 
= qcos(2x) i 6 sin(8x) +C. 


fe 3.10 Evaluate fi cos(6x)cos(5x)dx. 


Integrating Products and Powers of tanx and secx 


Before discussing the integration of products and powers of tanx and secx, it is useful to recall the integrals involving 
tanx and secx we have already learned: 


1. [sec?xdx = tanx+C 
2. fsecxtanx dx =secx+C 
3. fianx dx = Inlsecx| + C 


4. [secx dx = In|secx + tanxl+C. 


For most integrals of products and powers of tanx and secx, we rewrite the expression we wish to integrate as the sum 


or difference of integrals of the form 7. tan/xsec*x dx or ao sec/ xtanx dx. As we see in the following example, we can 


evaluate these new integrals by using u-substitution. 


Example 3.14 


Evaluating [seci xtancdx 


Evaluate sec? xtanx dx. 


Solution 


Start by rewriting sec” xtanx as sec*xsecxtanx. 
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fsec5 xtanx dx = fsec* xsecxtanx dx Letu=secx; then, du = secxtanx dx. 


= 7 us du Evaluate the integral. 
= zw +C Substitute secx = u. 
= zsec® x+C 


You can read some interesting information at this website (http://www.openstaxcollege.org/l/ 
20_intseccube) to learn about a common integral involving the secant. 


fe 3.11 Evaluate fs tan> xsec? x dx. 


We now take a look at the various strategies for integrating products and powers of secx and tanx. 


Problem-Solving Strategy: Integrating tant xsee! x dx 


To integrate ji tan‘ xsec/ x dx, use the following strategies: 


2 


ca Z , ; j—2 ‘ j—2 
1. If j isevenand j >2, rewrite sec/x = sec’ “xsec2x anduse sec x = tan2x+1 torewrite sec’ “x 


in terms of tanx. Let w =tanx and du = sec’ x. 
; . F k j k-1 j-i 2 
2. If k isoddand j>1, rewrite tan“ xsec/x = tan x sec xsecxtanx and use tan“ x = sec 
1 


2x—1 to 


rewrite tan’~!x in terms of secx. Let uw = secx and du = secxtanx dx. (Note: If j isevenand k is odd, 


then either strategy 1 or strategy 2 may be used.) 


3. If k is odd where k>3 and jJ=9, rewrite 


2 2 k-2 


tan‘ x = tan‘ ~? xtan?.x = tan*~ ? x(sec? x -)= tank ~? xsec? x — tan x. It may be necessary to 


repeat this process on the tank ~? x term. 


D 


4. If k isevenand j is odd, then use tan?x = sec7x—1 to express tan‘ x in terms of secx. Use integration 


by parts to integrate odd powers of sec. 


Integrating frantxsec! xdx when ; is Even 


Evaluate 7 tan® xsec* x dx. 
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Solution 


Since the power on secx is even, rewrite sec 


4x = sec” xsec” 


sec?x in terms of tanx. Thus, 


x anduse sec 
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2x =tan?x +1 to rewrite the first 


fian® xsec4 xdx = fian® x{tan? x + 1)sec? x dx Let uw = tanx and du = sec” x. 


Example 3.16 


= [uw + 1)du 

= [wk + udu 

= wt du’ +C 

= ftan? x+ Ztan™x + C. 


Expand. 
Evaluate the integral. 


Substitute tanx = u. 


Integrating Jtan’xsec! xdx when &k is Odd 


Evaluate f tan> xsec? x dx. 


Solution 
Since the power on tan is 


3 


tan> xsec x = 


fran? xsec? x dx a 


odd, begin by rewriting tan° xsec? 


2 


tan‘ xsec xsecxtanx. 


[(tan?.x)? sec” xsecxtanx dx 


[(sec?x — 1)? sec? xsec xtanx dx 


[Ww - 1)? u2 du 


172,54 1,3 

zu sul + 3u +C 

Wael pa Lena? gu llene3 
Sec X 53sec x + 38sec x+C. 


x = tan* xsec” xsecxtanx. Thus, 


Write tan* x = (tan? x)?. 


24-1. 


Use tan? x = sec 
Let u = secx and du = secxtanx dx. 
Expand. 

Integrate. 


Substitute sec x = u. 


Integrating J tan’ x dx 


Evaluate i tan? x dx. 


where k is Odd and k>3 
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Solution 


3 2 


Begin by rewriting tan” x = tanxtan? x = tan.x(sec? x = 1) = tanxsec* x — tanx. Thus, 


fran? xdx = [(tanxsecx — tan.x}dx 


= franxsec?x dx — franxax 


= dian? x — Inlsecxl + C. 


2 


For the first integral, use the substitution u = tanx. For the second integral, use the formula. 


Example 3.18 


Integrating [sec xdx 


Integrate pe sec? x dx. 


Solution 


This integral requires integration by parts. To begin, let u=secx and dv= sec”.x, These choices make 
du = secxtanx and v = tanx. Thus, 


[sec xdx = secxtanx — fianxsecxtanx dx 


= secxtanx — i tan? xsec.x dx Simplify. 

= 2; : Dh gp ee 2 

= secxtanx — i (sec x- 1)sec.x dx Substitute tan“ x = sec“ x — 1. 
= secxtanx + [secx dx — [sec xdx Rewrite. 


= secxtanx + Inlsecx + tanx| — J sec*>xdx. Evaluate fe sec x dx. 
We now have 
fsecx dx = secxtanx + Inlsecx + tanx| — [sec? x dx. 
Since the integral fe sec? x dx has reappeared on the right-hand side, we can solve for f sec? x dx by adding it 
to both sides. In doing so, we obtain 
2 f sec? x dx = secxtanx + Inlsecx + tanxl. 
Dividing by 2, we arrive at 


[sec?x dx = Fsec xtanx + HInlsecx + tanx| + C. 


fe 3.12 Evaluate f tan? xsec’ x dx. 
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Reduction Formulas 
Evaluating 7 sec” x dx for values of n where n is odd requires integration by parts. In addition, we must also know 
the value of f sec” ~* x dx to evaluate re sec” x dx. The evaluation of 7 tan” x dx also requires being able to integrate 


f tan” ~?xdx. To make the process easier, we can derive and apply the following power reduction formulas. These 


rules allow us to replace the integral of a power of secx or tanx with the integral of a lower power of secx or tanx. 


Rule: Reduction Formulas for /sec”xdx and fran’ xdx 


(3.6) 


[sec”xdx = 1 cee” -2 xtanx + 2= [ sec” ~? x dx 
n-1 n—-1 


fran" x dx =—L tan"! x ftan"~? xx (3-7) 
n—-1 

The first power reduction rule may be verified by applying integration by parts. The second may be verified by 
following the strategy outlined for integrating odd powers of tanx. 


Example 3.19 


Revisiting J: sec* x dx 


Apply a reduction formula to evaluate f sec? x dx. 


Solution 


By applying the first reduction formula, we obtain 


3 _1 1 
[sec xdx = dsecxtanx +4 fsecx dx 


= Fsecxtanx + Finisecx + tanxl+C. 


Example 3.20 


Using a Reduction Formula 
Evaluate if tan* x dx. 


Solution 


Applying the reduction formula for [ tan4 x dx we have 
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4 — 1.03. 2 
fian x dx = 3tan x fian x dx 


= #tan? x — (tanx — re tan? x dx) Apply the reduction formula to 1 tan? x dx. 
a) Pee re 

= 3tan x — tanx + J 1 dx Simplify. 

= qtan? x —tanx+x+C. Evaluate / 1dr. 


fe 3.13 Apply the reduction formula to 7 sec” x dx. 
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3.2 EXERCISES 


Fill in the blank to make a true statement. 
aD a 

69. sin? x+ = 1 

70. sec?x—1l= 


Use an identity to reduce the power of the trigonometric 
function to a trigonometric function raised to the first 
power. 


71. sin?x = 
72. cos*x = 
Evaluate each of the following integrals by u-substitution. 


73. Jin? xcosx dx 

74, f Vcosxsinx dx 

75. iE tan>(2x)sec2(2x)dx 
76. _f/sin?(2x)cos(2x)dx 
TT. J tan()sec” (Jax 
78. fran? xsec? x dx 


Compute the following integrals using the guidelines for 
integrating powers of trigonometric functions. Use a CAS 
to check the solutions. (Note: Some of the problems may be 
done using techniques of integration learned previously.) 


79. sin? xx 

80. cos? x dx 

81. f[sinxcos.x dx 
82. [cos> x dx 

83. Jsin® xcos? x dx 


84. sin? xcos? x dx 
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85. [\sinxcosx dx 
86. [\sinxcos? x dx 
87. fsecxtanx dx 
88. A tan(5x)dx 

89. fran? xsecx dx 
90. franxsec? xdx 


91. [scctxdx 


92. [cotx dx 

93. fescx dx 

94 tan? x 7. 
: Vsecx 


For the following exercises, find a general formula for the 
integrals. 


95. sin? axcos ax dx 


96. fsinaxcosax dx. 


Use the double-angle formulas to evaluate the following 
integrals. 


97. [sin?xdx 

98. [ sin’ dx 

99. [cos?3x dx 

100. J sin? xcos? x dx 

101. fsin?xdx + [cos?x dx 


102. J[sin?xcos (2x)dx 
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For the following exercises, evaluate the definite integrals. 
Express answers in exact form whenever possible. 


2n 
103. [ cosxsin2x dx 
0 


oa 
104. sin3xsin5x d. 
a xX X aX 
oa 
105. f cos(99x)sin(101x)dx 
0 


T 
106. f cos2(3x)dx 


1 
2n 
107. I, sin xsin(2x)sin(3x)dx 


4a 
108. f cos(x/2)sin(x/2)dx 
0 


a/3 
cos? x 


109. 
ie Vsinx 


places.) 


dx (Round this answer to three decimal 


13s. 3° == —— 
110. i Vsec? x — ldx 
—a/3 


nl2 
un. f \P=cosQx)dx 
0 


112. Find the area of the region bounded by the graphs of 


the equations y = sinx, y= sin? x, x=0, andx = om 


113. Find the area of the region bounded by the graphs 
of the equations 
x 


y= cos? x, y= sin? x, x= -“,andx= 


4 


sis 


114. A particle moves in a straight line with the velocity 


function v(t) = sin(wf)cos? (of). Find its position 
function x = f(‘) if f(O) =0. 
115. Find the average value of the function 
f@M= sin’ xcos? x over the interval [—z, x]. 
For the following exercises, solve the differential 
equations. 

dy 2 : 
116. dy 7 Sin’ x. The curve passes through point 
(0, 0). 
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17. & = sin* (20) 


118. Find the length of the curve 
= Zex<Z@ 

y = In(cscx), a< x< 7 

119. Find the length of the curve 

y = In(sinx), 5 <x< om 


120. Find the volume generated by revolving the curve 
y = cos(3x) about the x-axis, 0< x < 36° 


For the following exercises, use this information: The inner 
product of two functions f and g over [a, b] is defined 


b 
by f(x): g@)= (f, 2) =f[ f-gdx. Two distinct 


functions f and g are said 


(f,g) =0. 


to be orthogonal if 


121. Show that {sin(2x), cos(3x)} are orthogonal over 


the interval [—z, z]. 


a 


122. Evaluate [ sin(mx)cos(nx)dx. 
—T 


123. Integrate y’ = Vian xsec* x. 


For each pair of integrals, determine which one is more 
difficult to evaluate. Explain your reasoning. 


124. Jf sin? xcosx dx or Jsin? xcos? x dx 


125. fran? xsec?x dx or fran? xsecx dx 
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3.3 | Trigonometric Substitution 


Learning Objectives 


3.3.1 Solve integration problems involving the square root of a sum or difference of two squares. 


In this section, we explore integrals containing expressions of the form Va? — , Va? +x, and \Vx?—a7, where the 


values of a are positive. We have already encountered and evaluated integrals containing some expressions of this type, but 


many still remain inaccessible. The technique of trigonometric substitution comes in very handy when evaluating these 
integrals. This technique uses substitution to rewrite these integrals as trigonometric integrals. 


Integrals Involving \a?-x? 


Before developing a general strategy for integrals containing Va* —x*, consider the integral 7 \9 — x*dx. This integral 


cannot be evaluated using any of the techniques we have discussed so far. However, if we make the substitution 
x =3sin0, wehave dx = 3cos@d@. After substituting into the integral, we have 


[\9-2dx = ['\9 — Gsind)*3cosad0. 
After simplifying, we have 


[\9-xdx= [9\1- sin? Ocosodo. 
Letting 1 — sin? @ = cos”@, we now have 
[\9 ~x*dx= [9\\cos?cosodd. 


Assuming that cos? > 0, we have 
[\9-xdx= [cos 0a0. 


At this point, we can evaluate the integral using the techniques developed for integrating powers and products of 
trigonometric functions. Before completing this example, let’s take a look at the general theory behind this idea. 


To evaluate integrals involving Va” —x*, we make the substitution x = asin@ and dx =acos@. To see that this 


actually makes sense, consider the following argument: The domain of Va — x? is [-a, a]. Thus, -a<x<a. 


Consequently, —1 < * < 1. Since the range of sinx over [—(z/2), 2/2] is [—1, 1], there is a unique angle @ satisfying 
q y; a 8 


—(2/2) <0 < a/2 so that sin@ = x/a, or equivalently, so that x = asin@. If we substitute x = asin@ into Va2 — x2, 


we get 


Va2—x?2 = Va? —(asin0)? Let x = asin@ where — 5 <0< 


=\a?—asin2@ — Factor out a”. 
= Va2(1 — sin? 6) Substitute 1 — sin? x = cos? x. 


= a7 cos” Take the square root. 


= |acos 6] 
= acosé. 


Since cosx > 0 on =F <0< a and a>0O, lacos6| = acos@. We can see, from this discussion, that by making the 


substitution x = asin@, we are able to convert an integral involving a radical into an integral involving trigonometric 


functions. After we evaluate the integral, we can convert the solution back to an expression involving x. To see how to 
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do this, let’s begin by assuming that 0 < x <a. In this case, 0< 0< 5 Since sind = x, we can draw the reference 
triangle in Figure 3.4 to assist in expressing the values of cos@, tan@, and the remaining trigonometric functions in 
terms of x. It can be shown that this triangle actually produces the correct values of the trigonometric functions evaluated 


at 0 for all 0 satisfying = <6 <4 It is useful to observe that the expression Va? — x? actually appears as the length 


of one side of the triangle. Last, should @ appear by itself, we use 0 = sin7! (2). 


. x 
=-=2 x 
sing 


As [| 
a2 — x2 
Figure 3.4 A reference triangle can help express the 
trigonometric functions evaluated at 9 in terms of x. 


The essential part of this discussion is summarized in the following problem-solving strategy. 


The following example demonstrates the application of this problem-solving strategy. 


Integrating an Expression Involving \a? — x” 


Evaluate i V9 — x2 dx. 


Solution 
Begin by making the substitutions x = 3sin@ and dx = 3cos@d@. Since sind = oe we can construct the 


reference triangle shown in the following figure. 
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ing = 
sind = 3 x 
A\ a 
/9 — x2 
Figure 3.5 A reference triangle can be constructed for 
Example 3.21. 
Thus, 
[\9-xdx = [\9- Gsind)?3cosedo Substitute x = 3 sind and dx = 3cos6d0. 
= [\9(1 — sin20)3cos0d0 Simplify. 
= yp V9 cos? 63 cos 0d0 Substitute cos” @ = 1 — sin”. 
- z 3|cos 6|3 cos Od0 Take the square root. 
Simplify. Since — 2 < 6 < Z, cos@ > Oand 
= [ 9cos? odo ne 2 2 
Icos 6] = cosé. 
_ f 9( jay ee Q a) 0 Use the strategy for integrating an even power 
2 2 of cos 0. 
= 39 + $sin(26) +C Evaluate the integral. 
a 40 + $02 sin@cos@) + C Substitute sin(20) = 2sin@cos@. 


Substitute sin ~! (4) = Oand sind = 5. Use 


a ee (2) 49.2, ox +c __ the reference triangle to see that 


4 2 
cos@ = = and make this substitution. 


Simplify. 


2 


Integrating an Expression Involving \a?—x 


4] 2 
Evaluate 7, 14 =X ax, 


Solution 


First make the substitutions x = 2sin@ and dx = 2cos6d@. Since sin@ = > we can construct the reference 


triangle shown in the following figure. 
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2 
3 x 
sind = 2 x 
Pa | 
v4 — x? 
Figure 3.6 A reference triangle can be constructed for 
Example 3.22. 
Thus, 
f4sxa ay eee ; ae aun) 2cos@dé Substitute x = 2sin@ and = 2cos6dé. 
= = [2cos 8 Zeer 6 5 840 Substitute cos” @ = 1 — sin? and simplify. 
— [20 =sin* 9) 4g Substitute sin? = 1 — cos70. 
sind 


Separate the numerator, simplify, and use 
= [ (2cscd — 2sind)d0 


ee 
csc@ = sind” 
= 2Inicsc@ — cot6| + 2cos9d + C Evaluate the integral. 
2 Use thi fe tri le t ite th 
ile. V4 — x Pore se gs are iangle to rewelte e 
a x expression in terms of x and simplify. 


In the next example, we see that we sometimes have a choice of methods. 


Integrating an Expression Involving \a2 —x? Two Ways 


Evaluate He xV1—x7dx two ways: first by using the substitution u = 1 —x? and then by using a 
trigonometric substitution. 

Solution 

Method 1 


Let w= 1—x? andhence x2 =1—u. Thus, du = —2xdx. In this case, the integral becomes 
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jx Vi-x2dx = — Lf V1 — x? —2xdx) Make the substitution. 


So 4 y (1 — u)vudu Expand the expression. 

__1ff,12_ 32 : 

a5 sy (uw Uu \du Evaluate the integral. 

x . M240 _ 2 52 acd 

= 1 zu su ) +C Rewrite in terms of x. 
3/2 5/2 

= 5 2 1 2 

= —3(1-2°) + a(t =a") +C. 


Method 2 


Let x = sin@. In this case, dx = cos@d@. Using this substitution, we have 


Je Vi-x2dx = J sin? cos? 9d0 


| fo - cos” @\cos” Osindd0 Let u = cos@. Thus, du = —sin@dé. 
= (u‘ - udu 
= zu? - zw +C Substitute cos@ = u. 


Use a reference triangle to see that 


cosé = V1 — x. 


= 1eos5.9 — te0s36 + Cc 
5 3 
5/2 3/2 


=4(1 - x’) -3(1 - x’) +C. 


3 
fe a4 Rewrite the integral name using the appropriate trigonometric substitution (do not evaluate 
25 —x 


the integral). 


Integrating Expressions Involving \a?+x? 


For integrals containing \a* +x, let’s first consider the domain of this expression. Since Va? +x is defined for all 
real values of x, we restrict our choice to those trigonometric functions that have a range of all real numbers. Thus, our 
choice is restricted to selecting either x = atan@ or x =acot@. Either of these substitutions would actually work, but 
the standard substitution is x = atan@ or, equivalently, tan@ = x/a. With this substitution, we make the assumption that 


—(a/2) <0 < 2/2, so that we also have 0 = tan7! (x/a). The procedure for using this substitution is outlined in the 


following problem-solving strategy. 
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Figure 3.7 A reference triangle can be constructed to express 
the trigonometric functions evaluated at @ in terms of x. 


Example 3.24 


Integrating an Expression Involving \a? +x? 


Evaluate and check the solution by differentiating. 


re 


Solution 
Begin with the substitution x = tan@ and dx = sec” d0. Since tan = x, draw the reference triangle in the 


following figure. 


tané = 


ll 
|x 


Figure 3.8 The reference triangle for Example 3.24. 


Thus, 
i dx = f secre 040 Substitute x = tan@ and dx = sec” 6d0. This 
Vi + x2 ae substitution makes \/1 + x” = secd. Simplify. 
= f sec 0d0 Evaluate the integral. 


Use the reference triangle to express the result 
=InlsecO+tané|+C 8 P 
in terms of x. 


= In| L+a?+a]4C. 
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To check the solution, differentiate: 


“inlit +x? +4) = J | 


14x" V1 +x? 
ee ee ee 
Peete Vis 


1 


Vi+ x2, 


Since \1 +x2+x> 0 for all values of x, we could rewrite i 1x | +C= In( diceae x)+ C, if 


desired. 


Evaluating ns a Using a Different Substitution 
Vl4+x 


dx ; 
1+x? 


Use the substitution x = sinh@ to evaluate f 


Solution 


Because sinhé has a range of all real numbers, and | + sinh? @ = cosh? 6, we may also use the substitution 
x = sinhé@ to evaluate this integral. In this case, dx = cosh@d0. Consequently, 


Fi ax __coshO ag Substitute x = sinh and dx = coshédé. 


V1 +2 7 [sesh + sinh2@ Substitute 1 + sinh? @ = cosh? 6. 
=f ia Vcosh2@ = |cosh6| 
cosh? @ 


= = [coshdg coshd |cosh6| = cosh@ since coshé@ > 0 for all @. 
icoshele” 
coshé : : 
= /soshé Sach coshO” Simplify. 
= if 1dé Evaluate the integral. 
=0+C Since x = sinh@, we know 6 = sinh! x 
= sinh7!x+C. 


Analysis 
This answer looks quite different from the answer obtained using the substitution x = tan@. To see that the 


solutions are the same, set y = sinh~! x. Thus, sinh y =x. From this equation we obtain: 


e-e” 
2 


=X. 


After multiplying both sides by 2e” and rewriting, this equation becomes: 
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a de) = 10) 


Use the quadratic equation to solve for e”: 


ey = 2k V4x7 +4 


7 . 
Simplifying, we have: 


e=axt\x2 +1. 


Since x — \x2+1<0, it must be the case that e” =x+ \x2+1. Thus, 


y= In(x+ Vx 41 ) 
sinh7! x = In(x + Vx7+1 ) 


After we make the final observation that, since x + Vx7 +1 > 0, 


Last, we obtain 


In(x + Vx? + 1) = Inf aed x4, 


we see that the two different methods produced equivalent solutions. 


Example 3.26 


Finding an Arc Length 


2 


Find the length of the curve y = x* over the interval [0, 41. 


Solution 


Because ay = 2x, the arc length is given by 


1/2 1/2 
J \it@nrdx= fo Vi +4x7dx. 


To evaluate this integral, use the substitution x = Ftand and dx = Asec? 0d. We also need to change the limits 


of integration. If x =0, then 0=O0 andif x= then 9 = i Thus, 


1 
9? 
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After substitution, 
1/2 a nl4 ral 2 
A Vl+4x*dx = I, 1+ tan @ssec 6da V1 + 4x? = tan@. Substitute 

1 + tan? = sec” and simplify. 

_ l fr ae Ag We derived this integral in the 

0 previous section. 
val nl4 
= dtsec Otané + In|secé@ + tan al Evaluate and simplify. 
= da +In(v2 + 1). 


fe 3.15 Rewrite f x? Vx? + 4dx by using a substitution involving tand. 


Integrating Expressions Involving \x?-a? 


The domain of the expression Vx? — a? is (—oo, —a] U [a, +00). Thus, either x << —a or x >a. Hence, x <-l 


or x > 1. Since these intervals correspond to the range of sec@ on the set [0. 2) U (4 | it makes sense to use the 
substitution sec@ = x or, equivalently, x = asecO@, where 0<0< a or = <0O<1. The corresponding substitution 


for dx is dx = asec@tan@d@. The procedure for using this substitution is outlined in the following problem-solving 
strategy. 
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x 
secd = —,x>a 
a 


2 — 92 _f2— a2 
; x2-a : x2 —a 
sing = ——— sing = — 
x 

a a 
cosé = — cosé = — 

x x 
a ee = eee = 

a 


Figure 3.9 Use the appropriate reference triangle to express the trigonometric functions evaluated at 0 in terms of x. 


Finding the Area of a Region 


Find the area of the region between the graph of f(x) = Vx? —9 and the x-axis over the interval [3, 5]. 


Solution 


First, sketch a rough graph of the region described in the problem, as shown in the following figure. 


m 


f(x) = (x? - 9 


0) x 


Figure 3.10 Calculating the area of the shaded region requires 
evaluating an integral with a trigonometric substitution. 


5 
We can see that the area is A = i Vx? —9dx. To evaluate this definite integral, substitute x = 3sec@ and 
3 


dx = 3sec@tan@d@. We must also change the limits of integration. If x =3, then 3 =3sec@ and hence 


6=0. If x=5, then 0=sec™! (3). After making these substitutions and simplifying, we have 
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3 
Area = [ \? 94x 


sec! (5/3) 
= " 9tan? OsecOd0 

sec! (5/3) 
= 9(sec* @ — 1)secOd0 

0 

sec! (5/3) 
=e 9(sec* 6 — sec@)d0 
= (Ginjseca + tand| + SsecOtand) — YIn|sec@ + tan] 

sec! (5/3) 
= Jsec Atand — Iin|secd + tand| 
2 2 0 

~9.3.4_ 9/34 4)- (2.1.92 
=$-3-3— Zin + 3]— (G-1-0—Sinit +4) 
=10- 41n3 


fe 3.16 Evaluate 7: dX Assume that x > 2. 


sec 1 (5/3) 


0 


Use tan? @ = 1 — sec? 96. 
Expand. 
Evaluate the integral. 


Simplify. 


Evaluate. Use sec(sec 3 3 


and tan(sec™! 3) = . 


13) 5 
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3.3 EXERCISES 


Simplify the following expressions by writing each one 
using a single trigonometric function. 


126. 4-4sin70 
127. 9sec20—9 
128. a?+a*tan*0 
129. a?+a*sinh?0 
130. 16cosh?@— 16 


Use the technique of completing the square to express each 
trinomial as the square of a binomial. 


131. 4x2-4x+1 
132. 2x2—8x+3 
133: 247974 


Integrate using the method of trigonometric substitution. 
Express the final answer in terms of the variable. 


fas. — 


x“-—a 
136 [va-x 
dx. 
137 
pers: 
2 
138. PAK. 
/ 1-x? 
139. 
la, Ter 
140. dx 


(+x)? 
141. s Vx? + dx 


\] 4-2 
142, f= 254 
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3 
143. re 9" dé_ag 


144, [| —dx__ 


148. fs +x°dx 


2 
149, fad 
Vx? -1 
2 
150. { <-4% 
x +4 
dx. 
151. = 
IaB +1 
2 
152. _ xo dx_ 
V1 + x? 


1 
is, | Gi=x ax 
= 


exercises, use the substitutions 
or tanh@. Express the final answers 


In the following 
x = sinhd@, coshé, 


in terms of the variable x. 
dx. 
154. —>=— 
/ Vx? -1 
J dx. 
xV1 — x? 
156. [ie — dx 


12 
157. 7 dx = Lay 
x 
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ae) 
159. [ute 
x 


Use the technique of completing the square to evaluate the 
following integrals. 


160. —=1—ax 
x~ — 6x 


161. /—1—« 
x~+2x+1 


1 
162, {/——l ax 
las +2x+8 


163. [——ax 


1 
164, /———l_ ax 
Ip +4x— 12 


165. Evaluate the integral without using calculus: 


[% — x7 dx. 


2 


2 
166. Find the area enclosed by the ellipse a + 7 =1, 


167. Evaluate the integral if: dix using two different 


1x" 
substitutions. First, let x=cos@ and evaluate using 
trigonometric substitution. Second, let x = sin@ and use 
trigonometric substitution. Are the answers the same? 


168. Evaluate the integral iE using the 


dx 
xVx? —1 
substitution x =sec@. Next, evaluate the same integral 
using the substitution x = csc@. Show that the results are 
equivalent. 


169. Evaluate the integral f * _dx using the form 


xe 1 
f du. Next, evaluate the same integral using x = tané. 


Are the results the same? 


170. State the method of integration you would use to 


evaluate the integral ve xVx? + Idx. Why did you choose 


this method? 
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171. State the method of integration you would use to 
evaluate the integral if x? Nx? — Ldx. Why did you 


choose this method? 


1 
172. Evaluate y er 
—1x" + 


173. Find the length of the arc of the curve over the 
specified interval: y = Inx, [1, 5]. Round the answer to 


three decimal places. 


174. Find the surface area of the solid generated by 
revolving the region bounded by the graphs of 
about the 


y=x?, y=0,x=0, andx = V2 x-axis. 


(Round the answer to three decimal places). 


175. The region bounded by the graph of f(x) = : l 5 
+x 
and the x-axis between x = O and x = | is revolved about 


the x-axis. Find the volume of the solid that is generated. 


Solve the initial-value problem for y as a function of x. 


176. (x?+ 36) = 1, (6) =0 


177. (64- ye =4:3(0)=3 


178. Find the area bounded by 
2 


y = —*—, x= 0, y= 0, andx = 2. 


64 — 4x? 


179. An oil storage tank can be described as the volume 

generated by revolving the area bounded by 

= Gs x =0, y=0, x =2 about the x-axis. Find 
V64 + x? 


the volume of the tank (in cubic meters). 


180. During each cycle, the velocity v (in feet per second) 
14 


441? 
where t is time in seconds. Find the expression for the 
displacement s (in feet) as a function of t if s = 0 when 
t=0. 


of a robotic welding device is given by v = 2t — 


181. Find the length of the curve y = \16—- x between 


x =0 and x=2. 
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3.4 | Partial Fractions 


Learning Objectives 


3.4.1 Integrate a rational function using the method of partial fractions. 


3.4.2 Recognize simple linear factors in a rational function. 
3.4.3 Recognize repeated linear factors in a rational function. 
3.4.4 Recognize quadratic factors in a rational function. 


We have seen some techniques that allow us to integrate specific rational functions. For example, we know that 


du — int) + Cand [—24~— = ltan- (4) 4c. 
[4 nil + C an eee qtan™" (4) 


However, we do not yet have a technique that allows us to tackle arbitrary quotients of this type. Thus, it is not immediately 


obvious how to go about evaluating f aa However, we know from material previously developed that 
xox 


1 2 = _ 
/(A+ sk = Inlx + 1] + 2Inlx — 2) +C. 


In fact, by getting a common denominator, we see that 


Consequently, 


ae eee ( 1 2 Mi 
ome sei g=07 


In this section, we examine the method of partial fraction decomposition, which allows us to decompose rational functions 
into sums of simpler, more easily integrated rational functions. Using this method, we can rewrite an expression such as: 


2 as an expression such as — 
x~—x-2 x+1 


The key to the method of partial fraction decomposition is being able to anticipate the form that the decomposition of a 
rational function will take. As we shall see, this form is both predictable and highly dependent on the factorization of the 
denominator of the rational function. It is also extremely important to keep in mind that partial fraction decomposition 


can be applied to a rational function oe only if deg(P(x)) < deg(Q(x)). In the case when deg(P(x)) > deg(Q(x)), we 
; bocet : : P(x) . R(x) 
must first perform long division to rewrite the quotient OG) in the form A(x) + On)’ where deg(R(x)) < deg(Q(x)). 


R(x) 
Q(x)" 


decomposition, illustrates our approach to integrals of rational functions of the form 


We then do a partial fraction decomposition on The following example, although not requiring partial fraction 


PO) 
Q(x) 


dx, where 


deg(P(x)) = deg(Q(x)). 


Example 3.28 


: P(x) 
Integrating Sows where deg(P(x)) > degQ(x)) 


2 
Evaluate ri x tS tax, 
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Solution 


Since deg(x? +3x+ 5) > deg(x + 1), we perform long division to obtain 


x at) ee, ee oe 3 


x+1 x+1° 
Thus, 
2 
x243x455, _ ( 3 
i x+1 = I x+1 
= dx? + 2x4 3lnkx + 11+C. 


Visit this website (http://www.openstaxcollege.org/!/20_polylongdiv) for a review of long division of 
polynomials. 


3.17 x-3 
fe Evaluate fe rare hat 


To integrate ony ax, where deg(P(x)) < deg(Q(x)), we must begin by factoring Q(x). 


Nonrepeated Linear Factors 
If Q(x) can be factored as (a,x + b,)\a.x+b9)...(a,x+b,), where each linear factor is distinct, then it is possible to 


find constants A,, Ay,... A, satisfying 


Pa) _ Ay Ay, An 
Ox) ayxt+b, anxt+by anxt+by 


The proof that such constants exist is beyond the scope of this course. 


In this next example, we see how to use partial fractions to integrate a rational function of this type. 


Example 3.29 


Partial Fractions with Nonrepeated Linear Factors 


Evaluate j yt 
x~ —2x 


Solution 


3x+2 


5) . We can see 
x? —x* —2x 


Since deg(3x + 2) < deg(x? aye 2x), we begin by factoring the denominator of 


that x? —x?-2x = x(x — 2)(x+ 1). Thus, there are constants A, B, and C satisfying 


Set 2 A BC 
xax—Datl *' x-2 x41 
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We must now find these constants. To do so, we begin by getting a common denominator on the right. Thus, 


3x+2 — Ax —2)xt+ 1) + Bx(xt 1) + Cx(x — 2) 
x(x — 2)(x + 1) — x(x — 2)(x + 1) . 


Now, we set the numerators equal to each other, obtaining 


3x +2 = A(x — 2)(x+ 1) + Bxxt 1) 4+ Cx(x - 2). (3.8) 


There are two different strategies for finding the coefficients A, B, and C. We refer to these as the method of 


equating coefficients and the method of strategic substitution. 


Rule: Method of Equating Coefficients 


Rewrite Equation 3.8 in the form 
3x+2=(A+B+ Cx? + (-A+B-20)x+(—2A). 


Equating coefficients produces the system of equations 


A+B+C = 0 
—-A+B—2C = 3 
=A = 2, 
To solve this system, we first observe that —2A = 2 > A =-—1. Substituting this value into the first two 
equations gives us the system 
B+C = 1 
Bowe = 2%, 


Multiplying the second equation by —1 and adding the resulting equation to the first produces 


-—3C = 1, 
which in turn implies that C = — = Substituting this value into the equation B+ C=1 yields B= = 
Thus, solving these equations yields A=—1, B= + and C= — = 


It is important to note that the system produced by this method is consistent if and only if we have set up the 
decomposition correctly. If the system is inconsistent, there is an error in our decomposition. 


Rule: Method of Strategic Substitution 

The method of strategic substitution is based on the assumption that we have set up the decomposition 
correctly. If the decomposition is set up correctly, then there must be values of A, B, and C that satisfy 
Equation 3.8 for all values of x. That is, this equation must be true for any value of x we care to substitute 
into it. Therefore, by choosing values of x carefully and substituting them into the equation, we may find 
A, B, and C easily. For example, if we substitute x= 0, the equation reduces to 2 = A(—2)(1). 
Solving for A yields A =—1. Next, by substituting x=2, the equation reduces to 8 = B(2)(3), 
or equivalently B= 4/3. Last, we substitute x =—-—1 into the equation and obtain —1 = C(—1)(—3). 


Solving, we have C = — 


co) 


It is important to keep in mind that if we attempt to use this method with a decomposition that has not been 
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set up correctly, we are still able to find values for the constants, but these constants are meaningless. If we 
do opt to use the method of strategic substitution, then it is a good idea to check the result by recombining 
the terms algebraically. 


Now that we have the values of A, B, and C, we rewrite the original integral: 
3x+2 1,4 1 ~1, #1 
 poaeare abbas || x+3°G@-2 3° @+) 


Evaluating the integral gives us 


f ty aks = -Inlxl + Sint — 2) - Linke + 14, 


x7 =x —2. 


In the next example, we integrate a rational function in which the degree of the numerator is not less than the degree of the 
denominator. 


Example 3.30 


Dividing before Applying Partial Fractions 
2 

Evaluate feet lan, 
x“ -4 


Solution 


Since degree(x” +3x+le degree(x” — 4), we must perform long division of polynomials. This results in 


x7 + 3x41 = 143x453, 
x’-4 x74 


3X 3x+5 
oa = G4 DG—2) We have 


3x+5 _A_ 4 B 
(x — 2)(x + 2) on 22 


Next, we perform partial fraction decomposition on 


Thus, 
3x+5 = A(x + 2)+ Bx - 2). 


Solving for A and B using either method, we obtain A = 11/4 and B= 1/4. 


rtd rea} 


Rewriting the original integral, we have 


frptlire fie 


Evaluating the integral produces 


2 
[8st las = x + Hn — 214 np t 2) 4 €. 
x“ -4 5 4 
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As we see in the next example, it may be possible to apply the technique of partial fraction decomposition to a nonrational 
function. The trick is to convert the nonrational function to a rational function through a substitution. 


Applying Partial Fractions after a Substitution 


Evaluate i: — 0s" dy. 
sin x — sinx 
Solution 
Let’s begin by letting uw = sinx. Consequently, du = cosxdx. After making these substitutions, we have 


COSX gy — du_ _ du__ 
/ 2 “ ae laos 


sin* x — sinx 


Applying partial fraction decomposition to 1/u(u — 1) gives re D : = = 1 
Thus, 
[—p%—ax = —Inlu| + Inlu— 11+C 
sin* x — sinx 


= —In|sinx| + In|sinx — 1|+C. 


my 3.18 x+1 
ox. 
Ei Brahe | iG ye 


Repeated Linear Factors 


For some applications, we need to integrate rational expressions that have denominators with repeated linear factors—that 
is, rational functions with at least one factor of the form (ax +b)”, where n isa positive integer greater than or equal to 


2. If the denominator contains the repeated linear factor (ax + b)”, then the decomposition must contain 


Ay Ag An 
We Gea Be * + Get b™ 


As we see in our next example, the basic technique used for solving for the coefficients is the same, but it requires more 
algebra to determine the numerators of the partial fractions. 


Partial Fractions with Repeated Linear Factors 


Evaluate [/——*=2 dy 
is -1)°(x-1) 


Solution 


We have degree(x — 2) < degree((2x — 1)2(x- 1)), so we can proceed with the decomposition. Since 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 303 


A B 
+ 
2x-1  (x-1)? 


(2x — 1)? is a repeated linear factor, include in the decomposition. Thus, 


x-2 __A 


B ic 
> +—#— + : 
(2x-1)4x-1) 2*-1 Qx-1)? *-1 


After getting a common denominator and equating the numerators, we have 
x—2 = A(2x — 1)(x — 1) + Bx — 1) + CQ2x- 1)”. (3.9) 
We then use the method of equating coefficients to find the values of A, B, and C. 
x—2=(2A +4C)x? + (-34 + B-4C)x+ (A—-B+C). 


Equating coefficients yields 2A +4C =0, -3A+B-—4C=1, and A—~B+C=-2. Solving this system 
yields A=2, B=3, and C=-1. 

Alternatively, we can use the method of strategic substitution. In this case, substituting x = 1 and x = 1/2 into 
Equation 3.9 easily produces the values B = 3 and C = —1. At this point, it may seem that we have run out 
of good choices for x, however, since we already have values for B and C, we can substitute in these values 
and choose any value for x not previously used. The value x = 0 is a good option. In this case, we obtain the 
equation —2 = A(—1)(—1) + 3(-1) + (-1)-1)* or, equivalently, A = 2. 


Now that we have the values for A, B, and C, we rewrite the original integral and evaluate it: 


$29, 9 3d 
omy Itai i} 


= _4p-—_3 
= Inox - N= x55 


—Inix-— 114+ C. 


fe 3.19 Sort up the partial fraction decomposition for f aaa (Do not solve for the coefficients 
x+ x- 


or complete the integration.) 


The General Method 


Now that we are beginning to get the idea of how the technique of partial fraction decomposition works, let’s outline the 
basic method in the following problem-solving strategy. 
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then it is possible to find constants A,, Ap, ...Ay satisfying 
2) ee mag eee pa ae 
O(x) ayxt+b,  agxt+by anxt+by 
b. If Q(x) contains the repeated linear factor (ax +b)”, then the decomposition must contain 


Ay Ag An 
aa (ee x4 by 


c. For each irreducible quadratic factor ax? +bx+c that Q(x) contains, the decomposition must 
include 
Ax+B 
ax’ +bx+c 


n 
d. For each repeated irreducible quadratic factor (ax? +bx+ c) , the decomposition must include 
EISELE So AV 
ax-+bxtec (ax*+bx+c)" (ax* + bx +0)" 
e. After the appropriate decomposition is determined, solve for the constants. 


f. Last, rewrite the integral in its decomposed form and evaluate it using previously developed techniques 
or integration formulas. 


Simple Quadratic Factors 


Now let’s look at integrating a rational expression in which the denominator contains an irreducible quadratic factor. Recall 


that the quadratic ax? +bx +c is irreducible if ax” + bx + c = 0 has no real zeros—that is, if b” — 4ac < 0. 


Rational Expressions with an Irreducible Quadratic Factor 


Evaluate f 2x —3 qx, 
3 
xX> +x 


Solution 


Since deg(2x — 3) < deg(x? +x), factor the denominator and proceed with partial fraction decomposition. 


Ax+B 


x7+1 


Since x7 +x = x(x? +1) contains the irreducible quadratic factor x* +1, include as part of the 


C 


decomposition, along with = for the linear term x. Thus, the decomposition has the form 


Qx-3 _Ax+B,C 
x(x7+1) x2+1 * 


After getting a common denominator and equating the numerators, we obtain the equation 


2x —3 = (Ax + B)x + C(x? + 1). 
Solving for A, B, and C, weget A=3, B=2, and C=-3. 


Thus, 
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Substituting back into the integral, we obtain 


f2=3ax = { (22-3) 


HEX ad 
- a) 5 dx + 2 [lax - 3 [hax Split up the integral. 
pase a | eo 
- 31nfx? + 1| + 2tan7! x —3Inial + C. Evaluate each integral. 


Note: We may rewrite In|x? + 1| = In(x2 +1), if we wish to do so, since x7+1>0. 


Example 3.34 


Partial Fractions with an Irreducible Quadratic Factor 


dx 
Evaluate f 3 
Po 
Solution 
We can start by factoring -8= (x - 2)(x? +2x+4). We see that the quadratic factor x7 4+2x+4 is 
irreducible since 27 — 4(1)(4) = -12 < 0. Using the decomposition described in the problem-solving strategy, 
we get 
— A BKC 
2 =o 0 Ta . 
(x—2)(a°+2x+4) * x°+2x+4 


After obtaining a common denominator and equating the numerators, this becomes 


1 = A(x? + 2x + 4)+ (Bx + Cw 2). 


ee a ee Eyee | 
Applying either method, we get A = 17” B= 17 and C 3" 


Rewriting I dx_ we have 
8 


dx __ 1 a eee ce os a 
oar or ae) 7 eaeeew 


We can see that 


} : 1 zdx =Inlx -—2|/+C, but iy —x+4 ay requires a bit more effort. Let’s begin by completing the 


x2 +2x+4 


square on x? + 2x +4 to obtain 


x2 42x44 = (x41)? 43. 
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By letting wu =x+1 andconsequently du = dx, we see that 


| rarer x+4 = {—*+4 4 x+4 Complete the square on the 
Oe Dap Fas (+ Gees 13 denominator. 
= [Sau Substituteu = x+1,x=u-1, 
and du = dx. 
= {5 dut+ Split the numerator apart. 
ur +3 ur * ari 
= tin wes a +C Evaluate each integral. 
je |+ 5 & 
= Lin|x? ed 4 jedan (att +4 1) LC Rewrite in terms of x and 
2 3 simplify. 


Substituting back into the original integral and simplifying gives 


_ dx _ d 1fx+1 
— 7am 2) - tan +2x+4 Bran (ett xe 
ag — Ie ia 3 


Here again, we can drop the absolute value if we wish to do so, since x°4+2x+4>0 forall x. 


Finding a Volume 


Find the volume of the solid of revolution obtained by revolving the region enclosed by the graph of 


2 
fM= a and the x-axis over the interval [0, 1] about the y-axis. 
(x? +1) 


Solution 


Let’s begin by sketching the region to be revolved (see Figure 3.11). From the sketch, we see that the shell 
method is a good choice for solving this problem. 


3. of 
2.5+ 
2.0+ 
1.54 
1.0+ 
0.5+ 


-10-05 % o5 10 15 2.0% 
~0.5+ 


Figure 3.11 We can use the shell method to find the volume 
of revolution obtained by revolving the region shown about the 
y-axis. 
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The volume is given by 


: x 
va2ef x eae 2a fat 


2 
Since deal (0? + 1) )- 4>3= deg(x°), we can proceed with partial fraction decomposition. Note that 


(x? + 1} is a repeated irreducible quadratic. Using the decomposition described in the problem-solving strategy, 
we get 


x =Ax+B,_Cx+D_ 
= x +1 "ete 


Finding a common denominator and equating the numerators gives 


x? = (Ax + B)(x* +1)+Cx+D. 


Solving, we obtain A=1, B=0, C=-1, and D=0. Substituting back into the integral, we have 


1 
3 
V =22 | —*— dx 
@? +1) 


=2 

dies 241 2 maarid 
1 

= 2e( Lina? + 1) +4) ) 


+1)\o 
= r(In2 = 4) 


fe oe) a up the partial fraction decomposition for / x? + 3x + ! 5d. 
(x + 2)(x - 3)? (x? +4) 
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3.4 EXERCISES 


Express the rational function as a sum or difference of two 
simpler rational expressions. 


1 
182. GHG 
2 
x~+1 
ee x(x + 1)\(x + 2) 
1 
184. 
x? =X 
185, 3x+1 
Xx 
2 
186. 3x (Hint: Use long division first.) 
x“ +1 
4 
187, —2%— 
x~ —2x 
188. ——_!_._. 
(x — I(x? +1) 
189. —_ 
x(x — 1) 
190. 7 
x4 
191. 1 
x(x — 1)(x — 2)(x — 3) 
1 1 
192. = 
x?-1 0 (w+ Ie D(x? +1) 
2 
193, —34 —— 
PH-1) (x-DO24+x4+) 
194, —2%__ 
(x + 2) 


195, 3x. +22 + 20x? + 3x +431 
; 2 
(«+ D(x? + 4) 


Use the method of partial fractions to evaluate each of the 
following integrals. 


d. 
196. 7 Ge NG —y 


a eae rer: 


+2x-8 
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198. oe 
xX xX 

199. [fax 
x“ -4 


d 
200. 1= DG Dea) 


x2 +2x+10 
dx 
ae 


203. [A= Xax 


xr 4x 
204. mrs 
aia a ee Fone ae or 
— le merierey +9 


Evaluate the following integrals, which have irreducible 
quadratic factors. 


2 
207. = 5) dx 


x +2x +6) 


, ee 


210. A x xdx 
(«= I(x? + 2x + 2) 


Use the method of partial fractions to evaluate the 
following integrals. 


3x+4 
211. ie " 4)3 7 a 


[— dx 
(x + 2)*(2 — x) 
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{= a (Hint: Use the rational root 


4° = 9% 
theorem.) 
Use substitution to convert the integrals to integrals of 


rational functions. Then use partial fractions to evaluate the 
integrals. 


1 


e* 
214. 7 ea (Give the exact answer and the 
0 36 —- 
decimal aia: Round to five decimal places.) 
x 
| re 
ex — e* 


716. f sinxdx 


1 —cos? x 


217. [f——2t@ ax 
cos“ x + cosx —6 


aig. /i=Xax 


14x 
219. aap 
220. [itSax 
221, eLearn 
a0, te 


__COSX_ 1 
oes ) aaa — sinx) ? 


224. Fa at 


225. [ —1__gy 
1x74 — x? 


1 


227. I; porte 


Use the given substitution to convert the integral to an 
integral of a rational function, then evaluate. 
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228. J L dtt = x? 
t— Vt 


229. fun: x=u° 
+ Vx 


230. Graph the curve y = over the interval [0, 5]. 


x 
1+x 
Then, find the area of the region bounded by the curve, the 
x-axis, and the line x = 4. 


1 


1 2 3 4 5%* 


231. Find the volume of the solid generated when the 
region bounded by y= I/\x(3-x), y=0, x=1, 


and x = 2 is revolved about the x-axis. 


232. The velocity of a particle moving along a line is a 


2 
function of time given by v(t) = a Find the distance 
t 


that the particle has traveled after t = 5 sec. 


Solve the initial-value problem for x as a function of t. 


233. (1? -7¢-+ 12 a = 1, (t> 4, x(5) = 0) 


234. (t +5) =x?41,1>—-5, x(1) = tanl 


235. (21° - 217 +4- 1)4 = 3, x(2) = 


236. Find the x-coordinate of the centroid of the area 
bounded by y(x7-9)=1, y=0,x=4, andx=S. 


(Round the answer to two decimal places.) 


237. Find the volume generated by revolving the area 


1 x=1,x=7, andy=0 


bounded by y = ———~=——_. 
x + 7x? + 6x 


about the y-axis. 

238. Find the area bounded by y= 2. 
x* — 8x — 20 

y=0,x=2, andx=4. (Round the answer to the 

nearest hundredth.) 
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239. Evaluate the integral ai, 
xe +1 


For the following problems, use the substitutions 


tan(%) =t, dx= —2 at, sinx = —2! 5 and 
2 l+t l+t 
2 
cosx = 1-t 5: 
l+t 
dx 
ai j 3 — 5sinx 
241. Find the area under the curve y = ——|__ between 
1+sinx 


x =0 and x =a. (Assume the dimensions are in inches.) 


242. Given tan() = t, derive the formulas 


2 
7 


dx =—2 dt, sinx =—24,, and cosx =1£4 


tae ea 44 


3 
243. Evaluate He Ve= 8 ay, 
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3.5 | Other Strategies for Integration 


Learning Objectives 


3.5.1 Use a table of integrals to solve integration problems. 
3.5.2 Use a computer algebra system (CAS) to solve integration problems. 


In addition to the techniques of integration we have already seen, several other tools are widely available to assist with the 
process of integration. Among these tools are integration tables, which are readily available in many books, including the 
appendices to this one. Also widely available are computer algebra systems (CAS), which are found on calculators and in 
many campus computer labs, and are free online. 


Tables of Integrals 


Integration tables, if used in the right manner, can be a handy way either to evaluate or check an integral quickly. Keep in 
mind that when using a table to check an answer, it is possible for two completely correct solutions to look very different. 
For example, in Trigonometric Substitution, we found that, by using the substitution x = tan0@, we can arrive at 


ea In(x + Vx?-+1)+C. 


However, using x = sinh@, we obtained a different solution—namely, 


j= dx — sinh! 4. ¢. 
1+x? 


We later showed algebraically that the two solutions are equivalent. That is, we showed that sinh7! x = In(x $e ) 


In this case, the two antiderivatives that we found were actually equal. This need not be the case. However, as long as the 
difference in the two antiderivatives is a constant, they are equivalent. 


Example 3.36 


Using a Formula from a Table to Evaluate an Integral 


Use the table formula 


a] 2 2 af 2 2 
a“ -—u — _Na* =u" _ og -lu 
freee = 7 sin GtC 


\f 2. 
to evaluate 7 6 Sear. 


Solution 


If we look at integration tables, we see that several formulas contain expressions of the form Va? —u?. This 


expression is actually similar to \16 — e**, where a=4 and u=e*. Keep in mind that we must also have 


du = e*. Multiplying the numerator and the denominator of the given integral by e* should help to put this 
integral in a useful form. Thus, we now have 


\ 2. \/ 2. 
i 1652 ax = f. Ts me 
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4 2 2 
Substituting uw = e* and du = e* produces re “4 du. From the integration table (#88 in Appendix A), 
u 
2 2 2 2 
[Ae 5 du = - Lee - sin 4. 

u 

Thus, 
Ay 2x 2x 
[ues ran = [iese eras Substitute uw = e* and du = e* dx. 
ae ; 
= f anne alee Apply the formula using a = 4. 


+C Substitute u = e*. 


Computer Algebra Systems 


If available, a CAS is a faster alternative to a table for solving an integration problem. Many such systems are widely 
available and are, in general, quite easy to use. 


Using a Computer Algebra System to Evaluate an Integral 


dx 
yo 
we might have obtained if we had used trigonometric substitution. 


+C, aresult 


Vx? = 4, x 
2 


2 


Use a computer algebra system to evaluate Compare this result with In 


Solution 
Using Wolfram Alpha, we obtain 


J. dx ; = In]\ix? - 4 + x| +C. 


x? - 


Notice that 


In +C=In 


Nara x 


2 


Vx? -44x 
2 


+C=Inilx?-442]-In2+C. 


Since these two antiderivatives differ by only a constant, the solutions are equivalent. We could have also 
demonstrated that each of these antiderivatives is correct by differentiating them. 


(>) You can access an integral calculator (http://www.openstaxcollege.org/|/20_intcalc) for more examples. 
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Example 3.38 


Using a CAS to Evaluate an Integral 


Evaluate f sin? xdx using a CAS. Compare the result to #008 x —cosx+C, the result we might have 


obtained using the technique for integrating odd powers of sinx discussed earlier in this chapter. 


Solution 
Using Wolfram Alpha, we obtain 


sin? xdx = G5(cos(3x) — 9cosx) + C. 


This looks quite different from 008° x —cosx+C. To see that these antiderivatives are equivalent, we can 


make use of a few trigonometric identities: 


ae _ ac). - 
17 (cos) 9cosx) = 17 (Cos + 2x) — 9cosx) 


q5(cos(x)cos(2x) — sin(x)sin(2x) — 9cosx) 


Fx(cosa(2 cos?.x — 1) — sinx(2sinxcos x) — 9cos x) 


= q5(2cos x — cosx — 2cosx(1 — cos” x) — 9cos x) 


als = 
1740s x — 12cosx) 


= 00s xX — COS X. 


Thus, the two antiderivatives are identical. 


We may also use a CAS to compare the graphs of the two functions, as shown in the following figure. 


Figure 3.12 The graphs of y = 008° x —cosx and 


y= 5(cos(3x) — 9cosx) are identical. 


fe 3.21 Use a CAS to evaluate f dx 


Vara 
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3.5 EXERCISES 


Use a table of integrals to evaluate the following integrals. also be used to verify the answers. 
4 dw 
261. [T] —__ 
x 
244. Fiesria 1 + sec(¥) 
dw 
245. [ate 262. [1 Ij — cos(7w) 
t 
3 2 _ dt 
246. [x V1 + 2x? dx ape o4cost + 3sint 
1 a) 
247. Vion 264. (T] [1 =2ax 
x~ + 6x 3x 
x dx 
2 
249. [x-2* dx 266. [T dx 
| ty IF 85 
1 
eet eres 267. [T]_fx>sinxdx 
ot. ( 268. (T] fxVx4—9dx 
4- iF 
4 269. [T] [ 2s 
252. fin (2x)cos(2x)dx l+en7% 
253. f csc(2w)cot(2w)dw 270. [T] re B= 2kdx 
x 
254. [29d 271. [T dx 
[ray ir) fa 
i! 
255. i, 3xdx_ 272. [T] [e*cos”(edx 
0x72 48 


4 Use a calculator or CAS to evaluate the following integrals. 


256. [ sec?(ax)tan(ax)dx mn 
-1/4 a 

273. (T] f cos(2x)dx 
0 


n/l2 


ip I, tan? (S)ax 


258. [cos xdx 


1 2 
274. [T] Lee dx 
0 


8 
2, 
ms Om Se 


259. fran? (3x)dx 
23 
a) 3 1 
260. d 276. [T] —_+—~dx 
fsin ycos~ ydy a t150 


Use a CAS to evaluate the following integrals. Tables can 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 


aU besareer 


278. IT] Irom + sinx 


Use tables to evaluate the integrals. You may need to 
complete the square or change variables to put the integral 
into a form given in the table. 


279. 
comer aa i 


280. [—*— 
281, af ot 


282. [28st —ax 
sin? x + 2sinx 


283. (es 
Xx 


284. | eee dnbrigee stl) 7 


Use tables to perform the integration. 


285. f dix 


Vx? + 16 


28 


dx. 
287. f T costa) 


dx 
288. SS 
V4x + 1 
289. Find the area bounded by 


y(4 + 25x?) = 5, x =0, y =0, andx = 4. Usea table of 


integrals or a CAS. 


290. The region bounded between the curve 
1 ae 
= ———, 0.3<x< 1.1, and the x-axis is 

z V1 + cosx 


revolved about the x-axis to generate a solid. Use a table of 
integrals to find the volume of the solid generated. (Round 
the answer to two decimal places.) 


315 


291. Use substitution and a table of integrals to find the 
area of the surface generated by revolving the curve 
y=e*,0<.x <3, about the x-axis. (Round the answer 


to two decimal places.) 


292. [T] Use an integral table and a calculator to find 
the area of the surface generated by revolving the curve 


2 
= 9s 0<x<1, about the x-axis. (Round the answer 


to two decimal places.) 


293. [T] Usea CAS or tables to find the area of the surface 


generated by revolving the curve y=cosx,0<x< oe 
about the x-axis. (Round the answer to two decimal 


places.) 


2 
294. Find the length of the curve y = a over [0, 8]. 


295. Find the length of the curve y = e* over [0, In(2)]. 


296. Find the area of the surface formed by revolving 
the graph of y = 2vx over the interval [0, 9] about the 


X-axis. 
297. Find the average value of the function 
fwm= over the interval [—3, 3]. 
x“ +1 
298. Approximate the arc length of the curve y = tan(zx) 


+] (Round the answer to three 


over the interval [o. A 


decimal places.) 
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3.6 | Numerical Integration 


Learning Objectives 


3.6.1 Approximate the value of a definite integral by using the midpoint and trapezoidal rules. 
3.6.2 Determine the absolute and relative error in using a numerical integration technique. 


3.6.3 Estimate the absolute and relative error using an error-bound formula. 


3.6.4 Recognize when the midpoint and trapezoidal rules over- or underestimate the true value 
of an integral. 


3.6.5 Use Simpson’s rule to approximate the value of a definite integral to a given accuracy. 


The antiderivatives of many functions either cannot be expressed or cannot be expressed easily in closed form (that is, 
in terms of known functions). Consequently, rather than evaluate definite integrals of these functions directly, we resort 
to various techniques of numerical integration to approximate their values. In this section we explore several of these 
techniques. In addition, we examine the process of estimating the error in using these techniques. 


The Midpoint Rule 


Earlier in this text we defined the definite integral of a function over an interval as the limit of Riemann sums. In general, 
any Riemann sum of a function f(x) over an interval [a, b] may be viewed as an estimate of i ° f(x)dx. Recall that a 
Riemann sum of a function f(x) over an interval [a, b] is obtained by selecting a partition 

P= {Xo, X41, X75... Xn}, wWherea =xXq <x, <XQ7< + <Xn=d 


and a set 


Sate x8 yi ak | wherex;_ 7 <2? <2; forall. 


n 
The Riemann sum corresponding to the partition P and the set S is given by > Sf (x¥ )Ax;, where Ax; =x;—X;_1, 
i=1 
the length of the ith subinterval. 


The midpoint rule for estimating a definite integral uses a Riemann sum with subintervals of equal width and the midpoints, 


m,, of each subinterval in place of x . Formally, we state a theorem regarding the convergence of the midpoint rule as 


follows. 


Theorem 3.3: The Midpoint Rule 


Assume that f(x) is continuous on [a, b]. Let n be a positive integer and Ax = — If [a, b] is divided into n 


subintervals, each of length Ax, and m; is the midpoint of the ith subinterval, set 


n 3.10 
Mn= >, fmpax. oe 


i=1 


b 
Then ,lim,Mn =f fexddx. 


n 


As we can see in Figure 3.13, if f(x) >0 over [a, b], then > f(m,)Ax corresponds to the sum of the areas of 
i=l 


rectangles approximating the area between the graph of f(x) and the x-axis over [a, b]. The graph shows the rectangles 


corresponding to M, for a nonnegative function over a closed interval [a, b]. 
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x 
@=X M, X,; M X Mz Xz, M, D=xX, 


Figure 3.13 The midpoint rule approximates the area between 
the graph of f(x) and the x-axis by summing the areas of 


rectangles with midpoints that are points on f(x). 


Example 3.39 


Using the Midpoint Rule with mM, 


1 
Use the midpoint rule to estimate f x? dx using four subintervals. Compare the result with the actual value of 
0 


this integral. 


Solution 


1-0 


Each subinterval has length Ax = ~~~ = —. Therefore, the subintervals consist of 


iat 
HEE SHER 3} ool. 1] 


The midpoints of these subintervals are {b, 
all) a Jos) lea) de) a DO 128g I 212 
My = 4(3)+4/(8)+ 4/3) + 78) 4°64°4 644 6414 64 64 


Since 


1 
ee er ee | 
fi dx =4ana}4 21) — 1 ~ 0.0052, 


we see that the midpoint rule produces an estimate that is somewhat close to the actual value of the definite 
integral. 


Example 3.40 


Using the Midpoint Rule with M, 


Use Mg to estimate the length of the curve y = 4? on [1, 4]. 
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Solution 


The length of y = 4x? on [1, 4] is 


4 | P 2 
ey 
), ! +(2) dx. 
4 
Since ay =x, this integral becomes [ V1 + x dx. 
1 


If [1, 4] is divided into six subintervals, then each subinterval has length Ax = 4-121 and the midpoints 


6 2 
of the subintervals are (5, f, 2, i B 13. If we set f(x) = V1 +x, 


Me = 3I(a)+a0G)+ aa) + Ca) + NG) + a2) 
~ 11.6008 + 2.0156 + 2.4622 + 2.9262 + 3.4004 + 3.8810) = 8.1431. 


3.22 2 1 
Use the midpoint rule with n = 2 to estimate 7 xdx. 
1 


The Trapezoidal Rule 


We can also approximate the value of a definite integral by using trapezoids rather than rectangles. In Figure 3.14, the area 
beneath the curve is approximated by trapezoids rather than by rectangles. 


Ya 


b + + + 

a=Xp xX; Xo X3 b=x, 
Figure 3.14 Trapezoids may be used to approximate the area 
under a curve, hence approximating the definite integral. 


x 


The trapezoidal rule for estimating definite integrals uses trapezoids rather than rectangles to approximate the area under 
a curve. To gain insight into the final form of the rule, consider the trapezoids shown in Figure 3.14. We assume that the 
length of each subinterval is given by Ax. First, recall that the area of a trapezoid with a height of h and bases of length 


b, and bp» is given by Area = sh(b 1 +55). We see that the first trapezoid has a height Ax and parallel bases of length 


(xp) and f(x). Thus, the area of the first trapezoid in Figure 3.14 is 


FAx(fl%9) + (2D): 


The areas of the remaining three trapezoids are 
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FAX) + f°), FAAf&2) + fs), and LAr fxs) + flea). 
Consequently, 
b 
J feaddxs Lax f(g) + fy) + Fax fey) + rp) + FAX C2) + fg) + FAs) + a): 


al. 


After taking out a common factor of 5) 


Ax and combining like terms, we have 


b 
J, fled = SAx(Fleg) + 2f(01) + 2&2) + 2x3) + fOr4)} 


Generalizing, we formally state the following rule. 


Theorem 3.4: The Trapezoidal Rule 


Assume that f(x) is continuous over [a, b]. Let n be a positive integer and Ax = b 7 4’ Let [a, b] be divided into 


n subintervals, each of length Ax, with endpoints at P = {xg, x}, X7..., Xn}. Set 


Ty = Ax fxg) + 2f (ey) + 2fle) + + 2fl,—) + fln)} ore 


b 
Then, , dim Tn = i f(x)dx. 


Before continuing, let’s make a few observations about the trapezoidal rule. First of all, it is useful to note that 
n n 
i AL, +R,,) where Ly, = 2 f(x; _ Ax and R,, = » fxpAx. 
t= it 


That is, L, and Ry, approximate the integral using the left-hand and right-hand endpoints of each subinterval, respectively. 


In addition, a careful examination of Figure 3.15 leads us to make the following observations about using the trapezoidal 


rules and midpoint rules to estimate the definite integral of a nonnegative function. The trapezoidal rule tends to 


overestimate the value of a definite integral systematically over intervals where the function is concave up and to 


underestimate the value of a definite integral systematically over intervals where the function is concave down. On the other 


hand, the midpoint rule tends to average out these errors somewhat by partially overestimating and partially underestimating 
the value of the definite integral over these same types of intervals. This leads us to hypothesize that, in general, the 
midpoint rule tends to be more accurate than the trapezoidal rule. 


i: s 


f(x) 


x x 
a=Xp xX, X> X3 b=x, @a=X, M, X, My X. Mz Xz M D=X, 


Figure 3.15 The trapezoidal rule tends to be less accurate than the midpoint rule. 
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Example 3.41 


Using the Trapezoidal Rule 


1 
Use the trapezoidal rule to estimate [ x dx using four subintervals. 
0 


Solution 
The endpoints of the subintervals consist of elements of the set P = {o, 


Thus, 


star ~F-H(r0)+ 294) +28) +2/(8) +0) 
= 10 +2. i +2-142- 2 +1) 


ei 
32° 


3.23 2 
fe Use the trapezoidal rule with n = 2 to estimate day. 
1 


Absolute and Relative Error 


An important aspect of using these numerical approximation rules consists of calculating the error in using them for 
estimating the value of a definite integral. We first need to define absolute error and relative error. 


Definition 
If B is our estimate of some quantity having an actual value of A, then the absolute error is given by |A — B|. The 


relative error is the error as a percentage of the absolute value and is given by 4A=4| = 4=4| - 100%. 


Example 3.42 


Calculating Error in the Midpoint Rule 


1 
Calculate the absolute and relative error in the estimate of y x dx using the midpoint rule, found in Example 
0 


3.39. 
Solution 


1 
The calculated value is ve x2 dx = + and our estimate from the example is M4 = Thus, the absolute error 
0 


21 
64" 


is given by (4) = (24) = 75 = 0.0052. The relative error is 
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1/192_ 1 7 wy 
3 64 0.015625 = 1.6%. 


Example 3.43 


Calculating Error in the Trapezoidal Rule 


1 
Calculate the absolute and relative error in the estimate of [ x? dx using the trapezoidal rule, found in 
0 


Example 3.41. 
Solution 


1 
The calculated value is [ xdx= ; and our estimate from the example is T4 = oo Thus, the absolute error 
0 


is given by = ~Hj= 


eee ; or 
3 ~ 39] = 96 ~ 0.0104. The relative error is given by 


1/96 _ fy 
13> 0.03125 = 3.1%. 


3.24 2 
fe In an earlier checkpoint, we estimated f Lax to be % using T>. The actual value of this integral is 
1 


In2. Using 3 = 0.6857 and In2 ~ 0.6931, calculate the absolute error and the relative error. 


In the two previous examples, we were able to compare our estimate of an integral with the actual value of the integral; 
however, we do not typically have this luxury. In general, if we are approximating an integral, we are doing so because we 
cannot compute the exact value of the integral itself easily. Therefore, it is often helpful to be able to determine an upper 
bound for the error in an approximation of an integral. The following theorem provides error bounds for the midpoint and 
trapezoidal rules. The theorem is stated without proof. 


Theorem 3.5: Error Bounds for the Midpoint and Trapezoidal Rules 
Let f(x) be a continuous function over [a, b| having a second derivative f”(x) over this interval. If M is the 


maximum value of |f”(x)| over [a, b], then the upper bounds for the error in using M, and 7, to estimate 


b 
i Ff (x)dx are 


fie Saiz) 
Error in M,, < Maw ( ) 
24n 
and 
M(b—a)? (3.13) 


Error in7T, < 
i 12n? 
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We can use these bounds to determine the value of 1 necessary to guarantee that the error in an estimate is less than a 
specified value. 


Example 3.44 


Determining the Number of Intervals to Use 


1 
2 
What value of n should be used to guarantee that an estimate of 7 e* dx is accurate to within 0.01 if we use 
0 


the midpoint rule? 


Solution 
2 
We begin by determining the value of M, the maximum value of |f”(x)| over [0, 1] for f(x) =e” . Since 
, x2 
f' (&) = 2xe" , wehave 
” 2 2 

f C= te" +4772". 

Thus, 
2 
If"(@)| = 2e* (1+ 2x?) < 2-e-3 = 66. 


From the error-bound Equation 3.12, we have 


M(b—a)* — 6e(1 0)? __6¢ 


Error inM,, < : 
7 24n2 24n? 24n2 


Now we solve the following inequality for n: 


02 < 0.01. 
24n 


Thus, n> ae = 8.24. Since n must be an integer satisfying this inequality, a choice of n =9 would 


3 
guarantee that (Rg dx — M,| < 0.01. 


Analysis 
We might have been tempted to round 8.24 down and choose n = 8, but this would be incorrect because we 
must have an integer greater than or equal to 8.24. We need to keep in mind that the error estimates provide an 


upper bound only for the error. The actual estimate may, in fact, be a much better approximation than is indicated 
by the error bound. 


3.25 1 
fe Use Equation 3.13 to find an upper bound for the error in using M4 to estimate I, x* dx. 


Simpson’s Rule 


With the midpoint rule, we estimated areas of regions under curves by using rectangles. In a sense, we approximated the 
curve with piecewise constant functions. With the trapezoidal rule, we approximated the curve by using piecewise linear 
functions. What if we were, instead, to approximate a curve using piecewise quadratic functions? With Simpson’s rule, 
we do just this. We partition the interval into an even number of subintervals, each of equal width. Over the first pair 
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a) x9 
of subintervals we approximate [ S(x)dx with 7. P(x)dx, where p(x) = Ax? + Bx + C is the quadratic function 
XQ) x0 
passing through (x9, f(x), (x1, f(xy)), and (x9, f(x2)) (Figure 3.16). Over the next pair of subintervals we 
*4 
approximate [ f(x)dx with the integral of another quadratic function passing through (x5, f(x2)), (x3, f(%3)), and 
x2 


(x4, f(x4)). This process is continued with each successive pair of subintervals. 


y Ys 


f(x) 


x 
Xo xX, Xp Xo xX, Xo X3 X4 


Figure 3.16 With Simpson’s rule, we approximate a definite integral by integrating a piecewise quadratic function. 


To understand the formula that we obtain for Simpson’s rule, we begin by deriving a formula for this approximation over 
the first two subintervals. As we go through the derivation, we need to keep in mind the following relationships: 


f(x) = p(xo) = Axp* + Bxp + C 
f(x} = p(x) = Ax, 7+ Bx, +C 
(xo) = p(x7) = Ax aes Bxy+C 


Xy—Xg = 2Ax, where Ax is the length of a subinterval. 


(x9 + xo) 


Xo +X = 2x1, sincex; = 5) 


Thus, 
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) “2 


if f@dx & J Ponds 


*2 
= 7 (Ax? + Bx + C)dx 
x0 
*2 
= A,3 + BY? + Cx Find the antiderivative. 
3 2 x0 
= Mx. Pi Xo ,) + Bx, a Xo *) + C(x — XQ) Evaluate the antiderivative. 


= 4x) = xoxo 7 + xyx9+X0 ] 
+ B(xy — xg)(xq + Xp) + Clg — x9) 
= = *0(2A(x, 2 + x5 x9 +p :) + 3B(x_ + Xo) + 6C) Factor out 20. 
= AX(Ax? + Bry + C)+ (Ax? + Bxy + C) 

+A(x5 Lee ee =) + 2B(Xx7 + Xo) + 4C) 

= A flay) + f (xq) + A(xy + py + 2B(xy +X) + 4c) Rearrange the terms. 


Factor and substitute. 
ff (Xo) = Axg ie Bxp + C and 
(Xo) = Axg A Bxy + C. 
= AX flay) + f(%o) + A(2x4)? + 2B(2x))+ 4c) Substitute x5 + x9 = 2x). 
= AX(f(y) + 4 f(r) + fo) 


Expand and substitute 
f(xy) = Ax, 7+ Bx, +. 


X4 
If we approximate i. f(x)dx using the same method, we see that we have 
x2 


x4 
[fords Sora) + 4fla3) + fo) 
Combining these two approximations, we get 
*4 
J foods = SHG) + 4 flo) + 2/0) + A/C) + Sl} 


The pattern continues as we add pairs of subintervals to our approximation. The general rule may be stated as follows. 


Theorem 3.6: Simpson’s Rule 


Assume that f(x) is continuous over [a, b]. Let n be a positive even integer and Ax = b 7 4 Let [a, b] be divided 


into n subintervals, each of length Ax, with endpoints at P = {xg, x), X7,..., Xn}. Set 


Sn = AA F(x9) + 4f (ep) + 2flxa) + 4flas) + 2flag + + 2G t4 Fn D+ fGo), 14) 


Then, 


b 
nS ip f@de. 
Just as the trapezoidal rule is the average of the left-hand and right-hand rules for estimating definite integrals, Simpson’s 
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rule may be obtained from the midpoint and trapezoidal rules by using a weighted average. It can be shown that 
= 2\M ( 
Son = (2)Mnt (4)r. 
It is also possible to put a bound on the error when using Simpson’s rule to approximate a definite integral. The bound in 
the error is given by the following rule: 
Rule: Error Bound for Simpson’s Rule 


Let f(x) be a continuous function over [a, b] having a fourth derivative, f May, over this interval. If M is the 


b 
maximum value of | Wf co| over [a, b], then the upper bound for the error in using S$, to estimate i Sf (x)dx is 
a 


given by 
M(b — a)? (3.15) 


Error in Sy, < Z 
180n 


Example 3.45 


Applying Simpson’s Rule 1 
1 
Use S> to approximate I, x? dx. Estimate a bound for the error in S 2 


Solution 


Since [0, 1] is divided into two intervals, each subinterval has length Ax = 158 = 4. The endpoints of these 


subintervals are (0, 4, i}. If we set f(x) = x, then 


Sq= 1.17) + 4(4)+ £0) = 1(o +424 1) =4. since f 0) =0 and consequently M=0, we 


see that 


0d)? _ 


Error in S, < = 
a Gis oe 


This bound indicates that the value obtained through Simpson’s rule is exact. A quick check will verify that, in 


1 
fact, i. xodx = 1. 


Example 3.46 


Applying Simpson’s Rule 2 


Use S¢ to estimate the length of the curve y = 4, over [1, 4]. 


Solution 
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4 
The length of y= 4, over [1, 4] is 7 V1+x7dx. If we divide [1, 4] into six subintervals, then each 
1 


subinterval has length Ax = 4-le 


1 35337 
6 > and the endpoints of the subintervals are {I > 2, > 3, 7 al. 


Setting f(x) = ee x’, 
Se= 4.Hfq) 4 4f(3) +2f(2)+ 4f(3) Pay Fe ye 4f(Z) " f(4)), 
After substituting, we have 


Sp = H(1.4142 +4-1.80278 + 2 - 2.23607 + 4- 2.69258 + 2- 3.16228 + 4- 3.64005 + 4.12311) 
= 8.14594. 


3.26 a 
Use Sy to estimate A xx. 
1 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 


3.6 EXERCISES 


Approximate the following integrals using either the 
midpoint rule, trapezoidal rule, or Simpson’s rule as 
indicated. (Round answers to three decimal places.) 


x? 


2 
299. ip dx. trapezoidal rule; n = 5 
1 
en 
300. y V4 4x3 dx; trapezoidal rule; n = 6 
0 


ae 
301. a \4 + x? dx; Simpson’s rule; n = 3 
0 


12 
302. re x? dx; midpoint rule; n = 6 
0 


1 
303. [ sin? (ax)dx; midpoint rule; n = 3 
0 


304. Use the midpoint rule with eight subdivisions to 
4 

estimate i x* dx. 
2 


305. Use the trapezoidal rule with four subdivisions to 
4 

estimate [ x? dx. 
2 


4 
306. Find the exact value of iE x2dx. Find the error 
2 


of approximation between the exact value and the value 
calculated using the trapezoidal rule with four subdivisions. 
Draw a graph to illustrate. 


Approximate the integral to three decimal places using the 
indicated rule. 


1 
307. [ sin? (ax)dx; trapezoidal rule; n = 6 
0 


3 
308. [ 1 dx; trapezoidal rule; n = 6 
014+x3 


3 
309. jf —l ax. Simpson’s rule; 1 = 3 
01+x3 


0.8 
Ae 
310. 7 e* dx; trapezoidal rule; n = 4 
0 


0.8 
2 
311. A e * dx; Simpson’s rule; n = 4 
0 


327 


0.4 
312. [ sin(x?)dx; trapezoidal rule; n = 4 
0 


0.4 
313. 7 sin(x?)dx; Simpson’s rule; n = 4 
0 


0.5 
314, I, £OSXdx; trapezoidal rule; n = 4 


0.5 
315. Fe £08*X7Jx; Simpson’s rule; n = 4 
0.1 


1 
316. Evaluate dx ; 
Ol+x 


is 2/4. Then, find the approximate value of the integral 


exactly and show that the result 


using the trapezoidal rule with n = 4 subdivisions. Use the 
result to approximate the value of z. 


4 
317. Approximate if wha using the midpoint rule 
2 


with four subdivisions to four decimal places. 


4 
: 1 . 2 

318. Approximate [ F Thx* using the trapezoidal rule 

with eight subdivisions to four decimal places. 


319. Use the trapezoidal rule with four subdivisions to 
0.8 

estimate f x3 dx to four decimal places. 
0 


320. Use the trapezoidal rule with four subdivisions to 
0.8 

estimate i x dx, Compare this value with the exact 
0 


value and find the error estimate. 


321. Using Simpson’s rule with four subdivisions, find 
a2 


[ cos(x)dx. 
0 


1 

322. Show that the exact value of A xe *dx=1—- 2 
0 

Find the absolute error if you approximate the integral 


using the midpoint rule with 16 subdivisions. 


1 


323. Given A xe*dx =1-2 
0 


@ use the trapezoidal 


rule with 16 subdivisions to approximate the integral and 
find the absolute error. 


328 


324, Find an upper bound for the error in estimating 
3 

if (5x +4)dx using the trapezoidal rule with six steps. 
0 


325. Find an upper bound for the error in estimating 
5 

i —1 ax using the trapezoidal rule with seven 
4(x-1) 


subdivisions. 

326. Find an upper bound for the error in estimating 
3 

if (6x7 — 1)dx using Simpson’s rule with m = 10 steps. 
0 

327. Find an upper bound for the error in estimating 


5 
il P ! rhea using Simpson’s rule with n = 10 steps. 
5 = 


328. Find an upper bound for the error in estimating 


a 
i 2xcos(x)dx using Simpson’s rule with four steps. 
0 


329. Estimate the minimum number of subintervals 
4 

needed to approximate the integral [ (5x* + 8)dx with 
1 


an error magnitude of less than 0.0001 using the trapezoidal 
rule. 


330. Determine a value of n such that the trapezoidal rule 
will approximate I Vi 4 x2dx with an error of no more 
than 0.01. 

331. Estimate the minimum number of subintervals 
needed to approximate the integral [ "ex + 4x)dx with 


an error of magnitude less than 0.0001 using the trapezoidal 
rule. 


332. Estimate the minimum number of subintervals 


4 
needed to approximate the integral [ ao with an 
3(x- 


error magnitude of less than 0.0001 using the trapezoidal 
rule. 


333. Use Simpson’s rule with four subdivisions to 
approximate the area under the probability density function 


1 _-x2/2 
= ——e from x =0 to x= 0.4. 
2 V2 
334. Use Simpson’s rule with n = 14 to approximate (to 


three decimal places) the area of the region bounded by the 
graphs of y=0, x=0, and x=2/2. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 


335. The length of one arch of the curve y = 3sin(2x) is 


m/2 
— 
iven by L= s+ 36cos?(2x) dx. Estimate L usin 
8 y 6 8 


the trapezoidal rule with n = 6. 


336. The length of the 
x =acos(t), y=bsin(),O<t<2z is 


m/2 [—>= 
L= 4a \V1- e*cos(t)dt, where e is the 
0 


ellipse 
given by 


eccentricity of the ellipse. Use Simpson’s rule with n = 6 


subdivisions to estimate the length of the ellipse when 
a=2 and e=1/3. 


337. Estimate the area of the surface generated by 
revolving the curve y =cos(2x),0<x< a about the 


x-axis. Use the trapezoidal rule with six subdivisions. 


338. Estimate the area of the surface generated by 


revolving the curve y= 2x7, O<x<3 about the 


x-axis. Use Simpson’s rule with n = 6. 


339. The growth rate of a certain tree (in feet) is given by 
ae: ag" f2 
YF ee 
growth of the tree through the end of the second year by 
using Simpson’s rule, using two subintervals. (Round the 


answer to the nearest hundredth.) 


, where tis time in years. Estimate the 


1 
340. [T] Use a calculator to approximate oe sin(sx)dx 
0 


using the midpoint rule with 25 subdivisions. Compute the 
relative error of approximation. 
5) 
341. [T] Given A Be - 2x)dx = 100, approximate 
1 


the value of this integral using the midpoint rule with 16 
subdivisions and determine the absolute error. 


342. Given that we know the Fundamental Theorem of 
Calculus, why would we want to develop numerical 
methods for definite integrals? 
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343. The table represents the coordinates (x, y) that give 


the boundary of a lot. The units of measurement are meters. 
Use the trapezoidal rule to estimate the number of square 
meters of land that is in this lot. 


344. Choose the correct answer. When Simpson’s rule is 
used to approximate the definite integral, it is necessary that 
the number of partitions be____ 

a. an even number 

b. odd number 

c. either an even or an odd number 

d. amultiple of 4 


345. The “Simpson” sum is based on the area under a 


346. The error formula for Simpson’s rule depends 


a. f(x) 
b. f'@) 
f° 


d. the number of steps 


329 
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3.7 | Improper Integrals 


Learning Objectives 


3.7.1 Evaluate an integral over an infinite interval. 


3.7.2 Evaluate an integral over a closed interval with an infinite discontinuity within the interval. 
3.7.3 Use the comparison theorem to determine whether a definite integral is convergent. 


1 


Is the area between the graph of f(x) = = and the x-axis over the interval [1, +00) finite or infinite? If this same region 


is revolved about the x-axis, is the volume finite or infinite? Surprisingly, the area of the region described is infinite, but the 
volume of the solid obtained by revolving this region about the x-axis is finite. 


In this section, we define integrals over an infinite interval as well as integrals of functions containing a discontinuity on 
the interval. Integrals of these types are called improper integrals. We examine several techniques for evaluating improper 
integrals, all of which involve taking limits. 


Integrating over an Infinite Interval 


+00 t 
How should we go about defining an integral of the type i. f(x)dx? We can integrate - f(x)dx for any value of 
a a 


t, so it is reasonable to look at the behavior of this integral as we substitute larger values of t. Figure 3.17 shows that 


t 
[ f(x)dx may be interpreted as area for various values of f. In other words, we may define an improper integral as a 
a 


limit, taken as one of the limits of integration increases or decreases without bound. 
y y y 


f(x) f(x) f(x) 


a t * a t cS a t x 
Figure 3.17 To integrate a function over an infinite interval, we consider the limit of the integral as the upper limit increases 
without bound. 


Definition 


1. Let f(x) be continuous over an interval of the form [a, +co). Then 


ie 2 i ie “A (3.16) 
, odes, lim fj foodx, 
provided this limit exists. 
2. Let f(x) be continuous over an interval of the form (—oo, b]. Then 
(3.17) 


b b 
J feds = lim, [ fldx, 


provided this limit exists. 
In each case, if the limit exists, then the improper integral is said to converge. If the limit does not exist, then 
the improper integral is said to diverge. 


3. Let f(x) be continuous over (—co, +00). Then 
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+00 0 +00 (3.18) 
J feddx= [ faddx+ f fodds. 


0 +00 
provided that ip f(x)dx and i r f(x)dx both converge. If either of these two integrals diverge, then 
—oo 


+00 +00 a +00 
i f(x)dx diverges. (It can be shown that, in fact, i f(x)dx = ye f(x)dx + yp f(x)dx for any 
=O — i) =O) a 


value of a.) 


In our first example, we return to the question we posed at the start of this section: Is the area between the graph of 


fmM= tT and the x -axis over the interval [1, +00) finite or infinite? 


Example 3.47 


Finding an Area 


Determine whether the area between the graph of f(x) = 1 and the x-axis over the interval [1, +00) is finite or 
infinite. 
Solution 


We first do a quick sketch of the region in question, as shown in the following graph. 


a 


Figure 3.18 We can find the area between the curve 
f(x) = 1/x and the x-axis on an infinite interval. 


co 
We can see that the area of this region is given by A = [ Jax. Then we have 
1 
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| 
A= [ xdx 
1 
t 
= lim [ Lax Rewrite the improper integral as a limit. 
t— +00/ 1 
t 
= lim Ini Find the antiderivative. 
t > +00 1 


, lim (nif|—In1) Evaluate the antiderivative. 
= +00 


= +00. Evaluate the limit. 


Since the improper integral diverges to +00, the area of the region is infinite. 


Example 3.48 
Finding a Volume 


1 


Find the volume of the solid obtained by revolving the region bounded by the graph of f(x) = = and the x-axis 


over the interval [1, +00) about the x -axis. 


Solution 


The solid is shown in Figure 3.19. Using the disk method, we see that the volume V is 


V= nf hax 


y. 
2 


Figure 3.19 The solid of revolution can be generated by rotating an infinite area about the 
x-axis. 


Then we have 
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=a lim tay, Rewrite as a limit. 


t 
=z lim -= Find the antiderivative. 
1 


=a lim (- 1 + 1) Evaluate the antiderivative. 


The improper integral converges to z. Therefore, the volume of the solid of revolution is z. 


In conclusion, although the area of the region between the x-axis and the graph of f(x) = 1/x over the interval [1, +00) 


is infinite, the volume of the solid generated by revolving this region about the x-axis is finite. The solid generated is known 
as Gabriel’s Horn. 


(>) Visit this website (http://www.openstaxcollege.org/|/20_GabrielsHorn) to read more about Gabriel’s 
Horn. 


Example 3.49 


Chapter Opener: Traffic Accidents in a City 


Figure 3.20 (credit: modification of work by David 
McKelvey, Flickr) 


In the chapter opener, we stated the following problem: Suppose that at a busy intersection, traffic accidents occur 
at an average rate of one every three months. After residents complained, changes were made to the traffic lights 
at the intersection. It has now been eight months since the changes were made and there have been no accidents. 
Were the changes effective or is the 8-month interval without an accident a result of chance? 


Probability theory tells us that if the average time between events is k, the probability that X, the time between 
events, is between a and b is given by 
Plasx<b)= f fladdewhere f(s) { — 
a<x = x)dx where f(x) = , 
aaa a ke“ ifx > 0 
Thus, if accidents are occurring at a rate of one every 3 months, then the probability that X, the time between 


accidents, is between a and D is given by 
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Vifx <0 
Pla<x<b)j= dx wh = . 
(asx<b)= fi f(xdxwhere f(x) ete ; 


+00 
To answer the question, we must compute P(X > 8) = re 3e~>* dx and decide whether it is likely that 8 


months could have passed without an accident if there had been no improvement in the traffic situation. 


Solution 
We need to calculate the probability as an improper integral: 


+00 
P(X>8) = a 3073" dx 


= lim 3e7>* dx 
t— +0 

= lim -e*'| 
t— +00 

= lim (-e7* +e) 
t — +00 

~ 3.8x 107}! 


The value 3.8 x 107!! represents the probability of no accidents in 8 months under the initial conditions. Since 
this value is very, very small, it is reasonable to conclude the changes were effective. 


Example 3.50 


Evaluating an Improper Integral over an Infinite Interval 


0 
Evaluate [ —liax. State whether the improper integral converges or diverges. 


ox +4 
Solution 
0 
Begin by rewriting yf a Fi as a limit using Equation 3.17 from the definition. Thus, 
00x 
0 0 
lax = lim lax Rewrite as a limit. 
ex +4 Fo Toot x +4 
0 
= lim tan! Find the antiderivative. 
t > —0o 2\t 
= lim (tan~/0—tan7!£ Evaluate the antiderivative. 
t— —oo 2 
= 5 Evaluate the limit and simplify. 
The improper integral converges to om 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 335 


Evaluating an Improper Integral on (—co, +00) 


+00 


Evaluate f xe* dx. State whether the improper integral converges or diverges. 
—wo 


Solution 
Start by splitting up the integral: 
+00 0 


f _xe*ax= f[ 


—o —0o 


+00 
xe* dx + [ xe* dx. 
0 


0 +00 +00 
If either [ xe*dx or f xe*dx diverges, then 7 xe* dx diverges. Compute each integral separately. 
a) 0 —co 
For the first integral, 
0 0 
- xe*dx lim xe* dx Rewrite as a limit. 
—oo t—> —ood ¢ 


. eal" Use integration by parts to find he 
= , jim, Ge —& y, 


antiderivative. (Here u = x and dv = e*.) 


= lim (-1—te’+e') Evaluate the antiderivative. 
t—- -7w 
Evaluate the limit. Note: lim te’ is 
t—- -—© 


indeterminate of the form 0- oo. Thus, 


lim te'= lim = lim a lim —e'=Oby 
t—> —-0oo t> —We t> —%e t——-o 


L’H6pital’s Rule. 


The first improper integral converges. For the second integral, 


+00 t 
f xe*dx = lim xe* dx Rewrite as a limit. 
0 t> +o 9 
t 
= lim (xe*—e*) Find the antiderivative. 
t— +00 


lim_(te’—e'+1) Evaluate the antiderivative. 
t > +00 


lim ((¢ —Deh+ 1) Rewrite. (te’ — e' is indeterminate.) 
t — +00 
= +00. Evaluate the limit. 


+00 +0 
Thus, a xe* dx diverges. Since this integral diverges, [ xe* dx diverges as well. 
—oo 


3.27 Pr ae . F 
Evaluate i. , e “dx. State whether the improper integral converges or diverges. 


Integrating a Discontinuous Integrand 


Now let’s examine integrals of functions containing an infinite discontinuity in the interval over which the integration 
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b 
occurs. Consider an integral of the form f f(x)dx, where f(x) is continuous over [a, b) and discontinuous at b. Since 
a 
t 
the function f(x) is continuous over [a, t] for all values of ¢ satisfying a<t<b, the integral [ f(x)dx is defined 
a 
t 
for all such values of f. Thus, it makes sense to consider the values of j f(x)dx as t approaches b for a <t <b. That 
a 


b t t 

is, we define i f(x)dx = lim_ [ f(x)dx, provided this limit exists. Figure 3.21 illustrates 4 f(x)dx as areas of 
a t>b a a 

regions for values of t approaching b. 


y Ya 


f(x) f(x) 


& pu ccweweeweawne 
& faeeewwweeonnns 


a 


! 
al 


Figure 3.21 As t approaches b from the left, the value of the area from a to t approaches the area from a to b. 


b 
We use a Similar approach to define [ f(x)dx, where f(x) is continuous over (a, b] and discontinuous at a. We now 
a 


proceed with a formal definition. 


Definition 
1. Let f(x) be continuous over [a, b). Then, 


b fi 3.19 
iL fod = lim i fonds. oe 


2. Let f(x) be continuous over (a, b]. Then, 
ie 4 : ie 3 (3.20) 
ric? caren ; f(x)dx. 


In each case, if the limit exists, then the improper integral is said to converge. If the limit does not exist, then 
the improper integral is said to diverge. 


3. If f(x) is continuous over [a, b] except at a point c in (a, b), then 


i "F (x)dx = IE : f(x)dx + i : f(odx, (3.21) 


c b b 
provided both i Ff(x)dx and [ Ff(x)dx converge. If either of these integrals diverges, then yp f(x)dx 
a G a 


diverges. 


The following examples demonstrate the application of this definition. 
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Integrating a Discontinuous Integrand 


4 
Evaluate vA ; wot if possible. State whether the integral converges or diverges. 
—-x 


Solution 
The function f(x) = TS is continuous over [0, 4) and discontinuous at 4. Using Equation 3.19 from the 
definition, rewrite [ ; 1 ay asa limit: 
. 0V4—-x 
re = ; : 1 . a 
ae =, lim_ ae Rewrite as a limit. 
=. lim_ (—2\/4 — x) ‘ Find the antiderivative. 
= Jim (-2V4-—1+4) Evaluate the antiderivative. 


4. Evaluate the limit. 


The improper integral converges. 


Integrating a Discontinuous Integrand 


2 
Evaluate 7. xInxdx. State whether the integral converges or diverges. 
0 


Solution 
Since f(x) = xInx is continuous over (0, 2] and is discontinuous at zero, we can rewrite the integral in limit 


form using Equation 3.20: 


2 2 
a xInxdx = lim ii xInxdx Rewrite as a limit. 
0 toor’t 
v . . . 
= lim, ( 1 hag 7 x?) Evaluate [ xInxdx using integration by parts 
t>0 : with u = Inx and dv = x. 


lim (2 In2—1—14? Int + 4,7) Evaluate the antiderivative. 
oot 2 4 


Evaluate the limit. lim f?Intis indeterminate. 
t-0 


To evaluate it, rewrite as a quotient and apply 


21n2-1. 
L H6pital’s rule. 


The improper integral converges. 
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Example 3.54 


Integrating a Discontinuous Integrand 
1 

Evaluate i Lax. State whether the improper integral converges or diverges. 
-lx 


Solution 


Since f(x) = 1/x? is discontinuous at zero, using Equation 3.21, we can write 
1 0 1 
tax= tax+ | Lax. 
Ip Is i a 
0 
If either of the two integrals diverges, then the original integral diverges. Begin with nf ade : 
-1x 


0 t 


7 Lay = lm, Lax Rewrite as a limit. 
-1 3 to 0 =| 3 
t 
= lim, (- 35] Find the antiderivative. 
t-0 2x -1 
= lim, (- + 1) Evaluate the antiderivative. 
t->0 t 2 
= +00. Evaluate the limit. 
0 0 1 
Therefore, f aes diverges. Since ye “pats diverges, [ “ads diverges. 


3.28 2 
fe Evaluate ip Lax. State whether the integral converges or diverges. 


A Comparison Theorem 


It is not always easy or even possible to evaluate an improper integral directly; however, by comparing it with another 
carefully chosen integral, it may be possible to determine its convergence or divergence. To see this, consider two 
continuous functions f(x) and g(x) satisfying 0 < f(x) < g(x) for x >a (Figure 3.22). In this case, we may view 


integrals of these functions over intervals of the form [a, t] as areas, so we have the relationship 


t t 
0< [ f(x)dx < 7 g(x)dx for t > a. 
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Figure 3.22 If 0 < f(x) < g(x) for x >a, then for 


t t 
roa, f faddx< f gxdx. 


Thus, if 
+00 t 
I foodx = lim | J fora = +00, 


then 
+0 


I, 


over [a, +00) is infinite, then the area of the region between the graph of g(x) and the x-axis over [a, +oo) is infinite 


t 
g(x)dx = ; lim ] g(x)dx = +00 as well. That is, if the area of the region between the graph of f(x) and the x-axis 
> +rOY4 gq 


too. 


On the other hand, if 


+00 t 
I g(x)dx = , Jim I g(x)dx = L for some real number L, then 


t t 
F lim 7: f(x)dx must converge to some value less than or equal to L, since q J (x)dx increases as t 
> tov q a 


+00 
| fea 
a 
t 
increases and 7 f@dx < L forall t>a. 
a 
If the area of the region between the graph of g(x) and the x-axis over [a, +oo) is finite, then the area of the region 


between the graph of f(x) and the x-axis over [a, +00) is also finite. 


These conclusions are summarized in the following theorem. 


Theorem 3.7: A Comparison Theorem 
Let f(x) and g(x) be continuous over [a, +oo). Assume that 0 < f(x) < g(x) for x >a. 


+00 


+00 t t 
i. If If fxdx =, lim i fQodx = +00, then i goddx = lim | iE g(x)dx = +00. 


+00 


ii. If I 


+00 t 
i f(xdx =. lim yr f(x)dx = M for some real number M < L. 
a t > +004 q 


t 
g(x)dx = , jim, IE boos = iL, where L is a real number, then 
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Applying the Comparison Theorem 


+00 
Use a comparison to show that f iad converges. 
1 x 


Solution 


We can see that 


+00 


+00 t 


[ e ‘dx = lim e*dx 
1 


] 
5 
os 
4 

oO 


Il 
— 
5 
| 
ic 
| 
~ 
+ 
% 
am 
— 


+00 +00 
Since [ e *dx converges, so does 7 — dx. 
i 1 x 


+00 
e “dx converges, then so does [ dx. To evaluate [ e “dx, first rewrite it as a limit: 
1 xe 1 


Example 3.56 


Applying the Comparison Theorem 
+00 

Use the comparison theorem to show that f sLdx diverges for all p < 1. 
1 x 


Solution 


+00 
For p<1, 1/x < 1/(x?) over [1, +00). In Example 3.47, we showed that [ lax = +00. Therefore, 
1 


+00 
[ sbdx diverges for all p < 1. 
1 x 


3.29 T9 
fe Use a comparison to show that I Inxqy diverges. 
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Student 


Laplace Transforms 


In the last few chapters, we have looked at several ways to use integration for solving real-world problems. For this 
next project, we are going to explore a more advanced application of integration: integral transforms. Specifically, we 
describe the Laplace transform and some of its properties. The Laplace transform is used in engineering and physics to 
simplify the computations needed to solve some problems. It takes functions expressed in terms of time and transforms 
them to functions expressed in terms of frequency. It turns out that, in many cases, the computations needed to solve 
problems in the frequency domain are much simpler than those required in the time domain. 


The Laplace transform is defined in terms of an integral as 
est 
LfO;y = Fs) = ee” fdt. 
fol=FO)= fe" FO 


Note that the input to a Laplace transform is a function of time, f(t), and the output is a function of frequency, F(s). 


Although many real-world examples require the use of complex numbers (involving the imaginary number i = \—1), 
in this project we limit ourselves to functions of real numbers. 


Let’s start with a simple example. Here we calculate the Laplace transform of f(t) = t. We have 


(oe) 
Lt) =f teat. 
0 
This is an improper integral, so we express it in terms of a limit, which gives 
co & 
Lt) =f te dt = tim, f teat. 
0 Cece X0 


Now we use integration by parts to evaluate the integral. Note that we are integrating with respect to t, so we treat the 
variable s as a constant. We have 


du = dt _— —Le- 


Then we obtain 


slim Jorestae = tim [feo Eo 


= B= Lip. 
= stim | € se -ale a] 
= lim -=4- tim. | = |+ lim 
Z— Oo se Z—7> 0 5 en > 00 2 
1 
=0-0+— 
2 
paeel 
2 


1. Calculate the Laplace transform of f(t) = 1. 
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2. Calculate the Laplace transform of f(t)=e ~. 
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3t 


3. Calculate the Laplace transform of f(t) = fe (Note, you will have to integrate by parts twice.) 


Laplace transforms are often used to solve differential equations. Differential equations are not covered in 
detail until later in this book; but, for now, let’s look at the relationship between the Laplace transform of a 
function and the Laplace transform of its derivative. 

Let’s start with the definition of the Laplace transform. We have 


00 Zz 
Lif@}= I, e- f(Qdt = lim, iE en f(Hdt. 
Use integration by parts to evaluate _lim, ip 2 —' f(ijde (Let w= f@ and dv=e “dt) 
After integrating by parts and evaluating the limit, you should see that 
ufo} => + duro. 


Then, 
Lif} = sL{f(O} — FO). 


Thus, differentiation in the time domain simplifies to multiplication by s in the frequency domain. 
The final thing we look at in this project is how the Laplace transforms of f(t) and its antiderivative are 


t 
related. Let o(t) = [/ f(u)du. Then, 
0 
co z 
= st _— | st 
Lie()} = ip e- g(fdt = lim, ie 7 o(t)dt. 
& 

Use integration by parts to evaluate lim, iL e~ 9(t)dt. (Let u = g(t) and dv =e “dt. Note, by the way, 

= 0 


that we have defined g(t), du = f(t)dt.) 
As you might expect, you should see that 


Lig} = +. LF@)}. 


Integration in the time domain simplifies to division by s in the frequency domain. 
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3./ EXERCISES 


Evaluate the following integrals. If the integral is not 
convergent, answer “divergent.” 


4 
dx 
347. 


348, iy, 1 dx 


1 
349. dx 
i V4 — x? 
1 
350. ig XInxe* 


351. I xe* dx 
1 


352 ae xX __qyx 
-cox72 4 J 


one Without integrating, determine whether the integral 


“lax converges or diverges by comparing the 


1 Vx341 


function f(x) = = 


1 : 
with g(x) = —=. 
eel Vx? 


354. Without integrating, determine whether the integral 
(oe) 


dx converges or diverges. 


is) 


Determine whether the improper integrals converge or 
diverge. If possible, determine the value of the integrals that 
converge. 


[oe] 


355. e “cosxdx 
i 

[oe} 
356. Inxq, 
857, [ Inxjy 

0 


358. iy Inxdx 
0 


359, a 1 ay 


343 


dx 

360. 

/ vx — 1 

dx 

361. —= 

/ -2(1 +x)? 

[oe] 

362. e “dx 

i 


363. 7 sinxdx 
0 


00. x 
364. [ e dx 
365, dx 
366. dx 


367. dx 


dx 
368. 
if V1 — x? 


3 
369. lay 
Qox- 1 
[oe} 
370. Zdx 
1 x? 


n [ou (x - 4. 


Determine the convergence of each of the following 
integrals by comparison with the given integral. If the 
integral converges, find the number to which it converges. 


a7 a sf 
1 x*+4x 


co 
; compare with f aa 
1 x 


ce [oe 
dx_. : dx 
373. I FEET? compare with I WE 


Evaluate the integrals. If the integral diverges, answer 
“diverges.” 


344 
[oe} 
374. dx 
LX. 
“a 
375. a 
0 x” 
a 
376. dK — 
i Vl—x 
seal 
Xx 
377. ee 
0 
378. he a 
ox + ] 
1 
379. 


1 
| 
380. i Xd x 
I 
381. In(x)dx 
é (x) 


382. i xe *dx 
0 


383. —_*_dx 
y “(24 1) 
384. fre dx 


Evaluate the improper integrals. Each of these integrals 
has an infinite discontinuity either at an endpoint or at an 
interior point of the interval. 


9 
dx 
385 
ie 9-x 
[4 
386 a 
27,23 
3 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 3 | Techniques of Integration 


4 
389. A xIn(4x)dx 


3 


390. Xx 
0 V9 — x? 


t 


391. Evaluate J ax __ (Be careful!) (Express your 
SY] — x? 


answer using three decimal places.) 


4 
392. Evaluate [ dx. (Express the answer in exact 


1 ¥x2-1 
form.) 


[oe] 


393. Evaluate [ —_dx__ 
2 pe 


394. Find the area of the region in the first quadrant 


6 


between the curve y =e and the x-axis. 


395. Find the area of the region bounded by the curve 


y= , the x-axis, and on the left by x = 1. 


x 


396. Find the area under the curve y= —_1_.. 
(x +1) 


bounded on the left by x = 3. 


5 
1l+x 


in the first 


397. Find the area under y= 5 


quadrant. 


398. Find the volume of the solid generated by revolving 


about the x-axis the region under the curve y= 7 from 


x=1tox=o. 


399. Find the volume of the solid generated by revolving 
about the y-axis the region under the curve y = 6e “2% in 


the first quadrant. 


400. Find the volume of the solid generated by revolving 
about the x-axis the area under the curve y = 3e~ in the 


first quadrant. 


The Laplace transform of a continuous function over the 
[oe 

interval [0, oo) is defined by F(s) = i, e* f(x)dx 
0 


(see the Student Project). This definition is used to solve 
some important initial-value problems in differential 
equations, as discussed later. The domain of F is the set 
of all real numbers s such that the improper integral 
converges. Find the Laplace transform F of each of the 
following functions and give the domain of F. 


Chapter 3 | Techniques of Integration 


401. f(x) =1 
402. f(x)=x 
403. f(x) = cos(2x) 
404. f(x) =e@ 


405. Use the formula for arc length to show that the 
circumference of the circle x7 + y" =1 is 22. 


A function is a probability density function if it satisfies 
(oe) 

the following definition: rf f(@dt = 1. The probability 
—ce 


that a random variable x lies between a and b is given by 


b 
Pasx<by=f fdr. 


Oifx < 0 
406. Show that f(x) ={ a is a probability 


Te~ifx > 0 
density function. 
407. Find the probability that x is between 0 and 0.3. (Use 


the function defined in the preceding problem.) Use four- 
place decimal accuracy. 
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CHAPTER 3 REVIEW 


KEY TERMS 


absolute error if B is an estimate of some quantity having an actual value of A, then the absolute error is given by 
|A — Bl 
computer algebra system (CAS) technology used to perform many mathematical tasks, including integration 


improper integral an integral over an infinite interval or an integral of a function containing an infinite discontinuity on 
the interval; an improper integral is defined in terms of a limit. The improper integral converges if this limit is a finite 
real number; otherwise, the improper integral diverges 


integration by parts a technique of integration that allows the exchange of one integral for another using the formula 
fudv=u— [vdu 


integration table a table that lists integration formulas 
midpoint rule 


nh 
a rule that uses a Riemann sum of the form M,, = p32 f(m)Ax, where m; is the midpoint of the ith 
i=1 


b 
subinterval to approximate [ Sf (x)dx 
a 


numerical integration the variety of numerical methods used to estimate the value of a definite integral, including the 
midpoint rule, trapezoidal rule, and Simpson’s rule 


partial fraction decomposition a technique used to break down a rational function into the sum of simple rational 
functions 


power reduction formula a rule that allows an integral of a power of a trigonometric function to be exchanged for an 
integral involving a lower power 


relative error oor as a percentage of the absolute value, given by A524 = As 4I - 100% 


Simpson’s rule b 
a rule that approximates [ f(x)dx using the integrals of a piecewise quadratic function. The 
a 


(70 FAFA) +2 (XQ) + Af (%3) + 2F(%q) + ) 


b 
approximation S,, to J fdas is given by S, = 3 ee ee ec 
n- n- nN. 


b 
trapezoidal rule a rule that approximates y f(x)dx using trapezoids 
a 


trigonometric integral an integral involving powers and products of trigonometric functions 


trigonometric substitution an integration technique that converts an algebraic integral containing expressions of the 
2 


form Va? — x F Va2 +x, or Vx?—a? intoa trigonometric integral 


KEY EQUATIONS 
¢ Integration by parts formula 


fudv=w- f[vdu 


¢ Integration by parts for definite integrals 
b 


fo udv=wib— fvdu 


To integrate products involving sin(ax), sin(bx), cos(ax), and cos(bx), use the substitutions. 
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¢ Sine Products 


sin(ax)sin(bx) = Aeos((a — b)x)- Zcos((a + b)x) 


¢ Sine and Cosine Products 


sin(ax)cos(bx) = Fsin((a — b)x)+ Fsin((a + b)x) 


¢ Cosine Products 


cos(ax)cos(bx) = Feos((a —b)x)+ Foos((a + b)x) 


¢ Power Reduction Formula 
fsec"xdx = 1 sec"~!742=2 [soc"-2 x dx 
n-1 n—-1 


¢ Power Reduction Formula 
fran" xdx = —l tan” aoe fian"~ 2x dx 


¢ Midpoint rule 


Mn = Y fm)Ax 


i=1 
¢ Trapezoidal rule 


Tn = SAx(f(%o) + 2f (ep) + 2Fl%Q) + + + 2F Kn — 1) + AW) 


¢ Simpson’s rule 
Sn = SY f(%9) + 4&1) + 2fl2) + 4fC%3) + ZF lea) + 4f C5) + oo + 2S Cp —2) + 4FEn— + Fn) 


¢ Error bound for midpoint rule 
3 
Error inM, < A 
24n 


¢ Error bound for trapezoidal rule 
M(b-a)? 


Error inT, < 
7 12n? 


¢ Error bound for Simpson’s rule 


M(b-a)? 


Error inS, < 
"~~ 180n4 


¢ Improper integrals 


J ponae = im, f foes 
J vf (dx = lim | i ” pad 
J peoax = [_pooas + J reoas 


KEY CONCEPTS 


3.1 Integration by Parts 


¢ The integration-by-parts formula allows the exchange of one integral for another, possibly easier, integral. 


¢ Integration by parts applies to both definite and indefinite integrals. 
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3.2 Trigonometric Integrals 


¢ Integrals of trigonometric functions can be evaluated by the use of various strategies. These strategies include 
1. Applying trigonometric identities to rewrite the integral so that it may be evaluated by u-substitution 
2. Using integration by parts 


3. Applying trigonometric identities to rewrite products of sines and cosines with different arguments as the 
sum of individual sine and cosine functions 


4. Applying reduction formulas 
3.3 Trigonometric Substitution 


¢ For integrals involving Va* —x*, use the substitution x = asin@ and dx = acos6d0. 


¢ For integrals involving Va> + x, use the substitution x = atan@ and dx = asec” 6d0. 


¢ For integrals involving \x? —a?, substitute x = asecO and dx = asecOtan6d0. 


3.4 Partial Fractions 
¢ Partial fraction decomposition is a technique used to break down a rational function into a sum of simple rational 
functions that can be integrated using previously learned techniques. 


¢ When applying partial fraction decomposition, we must make sure that the degree of the numerator is less 
than the degree of the denominator. If not, we need to perform long division before attempting partial fraction 
decomposition. 


¢ The form the decomposition takes depends on the type of factors in the denominator. The types of factors 
include nonrepeated linear factors, repeated linear factors, nonrepeated irreducible quadratic factors, and repeated 
irreducible quadratic factors. 


3.5 Other Strategies for Integration 


¢ An integration table may be used to evaluate indefinite integrals. 
¢ A CAS (or computer algebra system) may be used to evaluate indefinite integrals. 


¢ Itmay require some effort to reconcile equivalent solutions obtained using different methods. 


3.6 Numerical Integration 
e We can use numerical integration to estimate the values of definite integrals when a closed form of the integral is 
difficult to find or when an approximate value only of the definite integral is needed. 


¢ The most commonly used techniques for numerical integration are the midpoint rule, trapezoidal rule, and 
Simpson’s rule. 


¢ The midpoint rule approximates the definite integral using rectangular regions whereas the trapezoidal rule 
approximates the definite integral using trapezoidal approximations. 


¢ Simpson’s rule approximates the definite integral by first approximating the original function using piecewise 
quadratic functions. 


3.7 Improper Integrals 


¢ Integrals of functions over infinite intervals are defined in terms of limits. 


¢ Integrals of functions over an interval for which the function has a discontinuity at an endpoint may be defined in 
terms of limits. 
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e The convergence or divergence of an improper integral may be determined by comparing it with the value of an 
improper integral for which the convergence or divergence is known. 


CHAPTER 3 REVIEW EXERCISES 


For the following exercises, determine whether the 
statement is true or false. Justify your answer with a proof 
or a counterexample. 


408. f e* sin(x)dx cannot be integrated by parts. 


dx cannot be integrated using partial 


fractions. 


410. In numerical integration, increasing the number of 
points decreases the error. 


411. Integration by parts can always yield the integral. 


For the following exercises, evaluate the integral using the 
specified method. 


412. x” sin(4x)dx using integration by parts 


413. Fe tt 


dx using trigonometric substitution 
x? \x? + 16 


414. [ vxIn(x)dx using integration by parts 


415. I= tx using partial fractions 
x> 42x" —5x—6 


dx using trigonometric substitution 


416. fe —— 


(4x? + 4) 


417. {Ses , \4 == (x) 


sin? (x) 


os(x)dx using a table of integrals or 


a CAS 


For the following exercises, 
method you choose. 


integrate using whatever 


418. fi sin?(x)cos?(x)dx 


419. fe Vx? + 2dx 


3x7 41 
Bag Dag 
420. Ia ay ae 


4 
f% + 16x dx 
x 


For the following exercises, approximate the integrals 
using the midpoint rule, trapezoidal rule, and Simpson’s 
rule using four subintervals, rounding to three decimals. 


423. [T] [ Vx + Qdx 
Vr. 2 

424. [T] i gg 
0 


as. [T] ey, “ns) 4, 


For the following exercises, 
possible. 


evaluate the integrals, if 


[oe] 
426. [ tax, for what values of n does this integral 
1x 


converge or diverge? 


427. y = 


For the following exercises, consider the gamma function 


co 
given by I'(a) = ip ey dy. 
0 


428. Show that ['(a) = (a— DI(a— I). 
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429. Extend to show that (a) = (a—1)!, assuming a 
is a positive integer. 


The fastest car in the world, the Bugati Veyron, can reach a 
top speed of 408 km/h. The graph represents its velocity. 


420 
370 
320 
270 


220 


km/h 


170 
120 
70 


02:00 02:40 03:20 04:00 
mm:ss 


430. [T] Use the graph to estimate the velocity every 
20 sec and fit to a graph of the form 


v(t) = aexp?* sin(cx) +d. (Hint: Consider the time 


units.) 


431. [T] Using your function from the previous problem, 
find exactly how far the Bugati Veyron traveled in the 1 min 
40 sec included in the graph. 
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Figure 4.1 The white-tailed deer (Odocoileus virginianus) of the eastern United States. Differential equations can be used to 
study animal populations. (credit: modification of work by Rachel Kramer, Flickr) 


_ Basics of Differential Equations 
Direction Fields and Numerical Methods 
Separable Equations 
The Logistic Equation 


First-order Linear Equations 


Many real-world phenomena can be modeled mathematically by using differential equations. Population growth, 


radioactive decay, predator-prey models, and spring-mass systems are four examples of such phenomena. In this chapter we 
study some of these applications. 


Suppose we wish to study a population of deer over time and determine the total number of animals in a given area. We 
can first observe the population over a period of time, estimate the total number of deer, and then use various assumptions 
to derive a mathematical model for different scenarios. Some factors that are often considered are environmental impact, 
threshold population values, and predators. In this chapter we see how differential equations can be used to predict 
populations over time (see Example 4.14). 


Another goal of this chapter is to develop solution techniques for different types of differential equations. As the equations 
become more complicated, the solution techniques also become more complicated, and in fact an entire course could 
be dedicated to the study of these equations. In this chapter we study several types of differential equations and their 
corresponding methods of solution. 
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Learning Objectives 


4.1.1 Identify the order of a differential equation. 
4.1.2 Explain what is meant by a solution to a differential equation. 


4.1.3 Distinguish between the general solution and a particular solution of a differential equation. 
4.1.4 Identify an initial-value problem. 


4.1.5 Identify whether a given function is a solution to a differential equation or an initial-value 
problem. 


Calculus is the mathematics of change, and rates of change are expressed by derivatives. Thus, one of the most common 
ways to use calculus is to set up an equation containing an unknown function y = f(x) and its derivative, known as 


a differential equation. Solving such equations often provides information about how quantities change and frequently 
provides insight into how and why the changes occur. 


Techniques for solving differential equations can take many different forms, including direct solution, use of graphs, or 
computer calculations. We introduce the main ideas in this chapter and describe them in a little more detail later in the 
course. In this section we study what differential equations are, how to verify their solutions, some methods that are used 
for solving them, and some examples of common and useful equations. 


General Differential Equations 


Consider the equation y’ = 3x*, whichis an example of a differential equation because it includes a derivative. There is a 
relationship between the variables x and y: y is an unknown function of x. Furthermore, the left-hand side of the equation 


is the derivative of y. Therefore we can interpret this equation as follows: Start with some function y = f(x) and take its 


derivative. The answer must be equal to 3x7. What function has a derivative that is equal to 3x7? One such function is 


y= x°, so this function is considered a solution to a differential equation. 


Definition 
A differential equation is an equation involving an unknown function y = f(x) and one or more of its derivatives. 


A solution to a differential equation is a function y = f(x) that satisfies the differential equation when f and its 


derivatives are substituted into the equation. 


(>) Go to this website (http://www.openstaxcollege.org/|/20_Differential) to explore more on this topic. 


Some examples of differential equations and their solutions appear in Table 4.1. 
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y” —3y’ + 2y = 240e7>* y = 3e* —4e** + 267>* 


Table 4.1 Examples of Differential Equations and Their 
Solutions 


Note that a solution to a differential equation is not necessarily unique, primarily because the derivative of a constant is 
zero. For example, y = x* +4 is also a solution to the first differential equation in Table 4.1. We will return to this idea a 


little bit later in this section. For now, let’s focus on what it means for a function to be a solution to a differential equation. 


Example 4.1 


Verifying Solutions of Differential Equations 
Verify that the function y = e~>* + 2x +3 is a solution to the differential equation y’+ 3y = 6x + 11. 


Solution 


—3x 


To verify the solution, we first calculate y’ using the chain rule for derivatives. This gives y’ = —3e ~" +2. 


Next we substitute y and y’ into the left-hand side of the differential equation: 
(-3e7** + 2) + 3(e77* + 2x + 3). 
The resulting expression can be simplified by first distributing to eliminate the parentheses, giving 
—3e77* 424307 + 6x49. 
Combining like terms leads to the expression 6x+ 11, which is equal to the right-hand side of the differential 


equation. This result verifies that y = e~>* + 2x 43 is a solution of the differential equation. 


fe 4.1 Verify that y = 2e** — 2x —2 isa solution to the differential equation y’ — 3y = 6x +4. 


It is convenient to define characteristics of differential equations that make it easier to talk about them and categorize them. 
The most basic characteristic of a differential equation is its order. 


Definition 


The order of a differential equation is the highest order of any derivative of the unknown function that appears in the 
equation. 
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Example 4.2 


Identifying the Order of a Differential Equation 


What is the order of each of the following differential equations? 


a. y/ —4y =x?-3x44 


b. ay” — 3xy" + xy’ — 3y = sinx 


c. 4, = Oy" + 12, =x? 3x7 442-12 
x x 
Solution 


a. The highest derivative in the equation is y’, so the order is 1. 
b. The highest derivative in the equation is y”, so the order is 3. 


c. The highest derivative in the equation is y, so the order is 4. 


4.2 What is the order of the following differential equation? 


(x* - 3x}y) — (Gx + Ly’ + 3y = sinxcosx 


General and Particular Solutions 


We already noted that the differential equation y’ = 2x has at least two solutions: y = x? and y= x* +4. The only 
difference between these two solutions is the last term, which is a constant. What if the last term is a different constant? 
Will this expression still be a solution to the differential equation? In fact, any function of the form y = x? +C, where C 
represents any constant, is a solution as well. The reason is that the derivative of x7 +C is 2x, regardless of the value of 


C. It can be shown that any solution of this differential equation must be of the form y = x* + C. This is an example of a 


general solution to a differential equation. A graph of some of these solutions is given in Figure 4.2. (Note: in this graph 
we used even integer values for C ranging between —4 and 4. In fact, there is no restriction on the value of C; it can be 


an integer or not.) 


Figure 4.2 Family of solutions to the differential equation 
y = 2x. 
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In this example, we are free to choose any solution we wish; for example, y = x? —3 is amember of the family of solutions 


to this differential equation. This is called a particular solution to the differential equation. A particular solution can often 
be uniquely identified if we are given additional information about the problem. 


Example 4.3 


Finding a Particular Solution 
Find the particular solution to the differential equation y’ = 2x passing through the point (2, 7). 


Solution 


Any function of the form y = x* + isa solution to this differential equation. To determine the value of C, 


we substitute the values x = 2 and y = 7 into this equation and solve for C: 


y=x7+C 
7 =27+C=44C 
C=3. 


Therefore the particular solution passing through the point (2, 7) is y= x 


AI 4.3 Find the particular solution to the differential equation 
y =4x4+3 


passing through the point (1, 7), given that y= 2x7 +3x+C isa general solution to the differential 


equation. 


Initial-Value Problems 


Usually a given differential equation has an infinite number of solutions, so it is natural to ask which one we want to use. 
To choose one solution, more information is needed. Some specific information that can be useful is an initial value, which 
is an ordered pair that is used to find a particular solution. 


A differential equation together with one or more initial values is called an initial-value problem. The general rule is 
that the number of initial values needed for an initial-value problem is equal to the order of the differential equation. For 
example, if we have the differential equation y’ = 2x, then y(3) =7 is an initial value, and when taken together, these 


equations form an initial-value problem. The differential equation y” — 3y’ + 2y = 4e~ is second order, so we need two 


initial values. With initial-value problems of order greater than one, the same value should be used for the independent 
variable. An example of initial values for this second-order equation would be y(O) = 2 and y’(O) = —1. These two initial 


values together with the differential equation form an initial-value problem. These problems are so named because often the 
independent variable in the unknown function is t, which represents time. Thus, a value of t = 0 represents the beginning 


of the problem. 


Example 4.4 


Verifying a Solution to an Initial-Value Problem 
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Verify that the function y = 2e ~2t 4 @! is a solution to the initial-value problem 
y'+2y=3e', (0) =3. 


Solution 


For a function to satisfy an initial-value problem, it must satisfy both the differential equation and the initial 
condition. To show that y satisfies the differential equation, we start by calculating y’. This gives 


y= —4e~~' +e! Next we substitute both y and y’ into the left-hand side of the differential equation and 
simplify: 
yt2y = (—4e7*! + e') + 2(2e~7 + e') 
= he 4 eh phe 420! 
=3e. 
This is equal to the right-hand side of the differential equation, so y = 2e ~2t +e! solves the differential equation. 
Next we calculate y(0): 


yO) =2e77 4 20 


=2+1 
= 3. 


This result verifies the initial value. Therefore the given function satisfies the initial-value problem. 


fe 4.4 Verify that y = 3e*’ + 4sint isa solution to the initial-value problem 


y’—2y=4cost—8sint, y(0) =3. 


In Example 4.4, the initial-value problem consisted of two parts. The first part was the differential equation 
y’ + 2y = 3e*, and the second part was the initial value y(0) = 3. These two equations together formed the initial-value 


problem. 


The same is true in general. An initial-value problem will consists of two parts: the differential equation and the initial 
condition. The differential equation has a family of solutions, and the initial condition determines the value of C. The 


family of solutions to the differential equation in Example 4.4 is given by y = 2e-** +. Ce’. This family of solutions is 


shown in Figure 4.3, with the particular solution y = 2e~7! + e! labeled. 
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2-2-4 6 16° 
y = 2e-2t — 0.2et 


Figure 4.3 A family of solutions to the differential equation 
y’ + 2y = 3e!. The particular solution y = Qe +e! is 
labeled. 


Example 4.5 


Solving an Initial-value Problem 


Solve the following initial-value problem: 


y =3e%4+x7-4, yO) =5. 


Solution 


The first step in solving this initial-value problem is to find a general family of solutions. To do this, we find an 
antiderivative of both sides of the differential equation 


fy'ax = [Ge +x7— 4)dx, 


namely, 


y+ Cy =3e*+ 4x? —4x + Cp, 


(4.1) 


We are able to integrate both sides because the y term appears by itself. Notice that there are two integration 
constants: C, and C,. Solving Equation 4.1 for y gives 


y = 3e% + 42° —4x+Cy—-Cy. 


Because C, and C, are both constants, C, — C, is also a constant. We can therefore define C = Cy — Cy, 
which leads to the equation 


y= 3e% +42? Ax +C. 


Next we determine the value of C. To do this, we substitute x = 0 and y = 5 into Equation 4.1 and solve for 
C: 


5 = 3e° +40? -4(0) + C 


3+C 
C = 2. 


n 
Il 
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Now we substitute the value C=2 into Equation 4.1. The solution to the initial-value problem is 


y= 3e% + ax? — 4x42. 


Analysis 

The difference between a general solution and a particular solution is that a general solution involves a family of 
functions, either explicitly or implicitly defined, of the independent variable. The initial value or values determine 
which particular solution in the family of solutions satisfies the desired conditions. 


fe 4.5 Solve the initial-value problem 
y =x?-4x4+3-6e*, y(0)=8. 


In physics and engineering applications, we often consider the forces acting upon an object, and use this information to 
understand the resulting motion that may occur. For example, if we start with an object at Earth’s surface, the primary force 
acting upon that object is gravity. Physicists and engineers can use this information, along with Newton’s second law of 
motion (in equation form F = ma, where F represents force, m represents mass, and a represents acceleration), to 


derive an equation that can be solved. 


g = —9.8 m/sec? 


Figure 4.4 Fora baseball falling in air, the only force acting 
on it is gravity (neglecting air resistance). 


In Figure 4.4 we assume that the only force acting on a baseball is the force of gravity. This assumption ignores air 
resistance. (The force due to air resistance is considered in a later discussion.) The acceleration due to gravity at Earth’s 


surface, g, is approximately 9.8 m/s”. We introduce a frame of reference, where Earth’s surface is at a height of 0 meters. 
Let v(t) represent the velocity of the object in meters per second. If v(t) > 0, the ball is rising, and if v(t) < 0, the ball 
is falling (Figure 4.5). 


v(t) > 0 


v(t) <0 


Figure 4.5 Possible velocities for the rising/falling baseball. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 4 | Introduction to Differential Equations 359 


Our goal is to solve for the velocity v(t) at any time t. To do this, we set up an initial-value problem. Suppose the mass 
of the ball is m, where m is measured in kilograms. We use Newton’s second law, which states that the force acting on 
an object is equal to its mass times its acceleration (F = ma). Acceleration is the derivative of velocity, so a(t) = v'(#). 
Therefore the force acting on the baseball is given by F = mv’(t). However, this force must be equal to the force of gravity 
acting on the object, which (again using Newton’s second law) is given by Fy = —mg, since this force acts in a downward 
direction. Therefore we obtain the equation F = F, which becomes m v'(t) = —mg. Dividing both sides of the equation 
by m gives the equation 
v'(t) = -8. 
Notice that this differential equation remains the same regardless of the mass of the object. 


We now need an initial value. Because we are solving for velocity, it makes sense in the context of the problem to assume 
that we know the initial velocity, or the velocity at time t = 0. This is denoted by v(O) = vo. 


Example 4.6 


Velocity of a Moving Baseball 
A baseball is thrown upward from a height of 3 meters above Earth’s surface with an initial velocity of 10 m/s, 
and the only force acting on it is gravity. The ball has a mass of 0.15 kg at Earth’s surface. 

a. Find the velocity v(t) of the baseball at time f. 

b. What is its velocity after 2 seconds? 


Solution 


a. From the preceding discussion, the differential equation that applies in this situation is 


vO) =-8, 


where g = 9.8 m/s”. The initial condition is v(0) = vo, where vp = 10 m/s. Therefore the initial- 


value problem is v/(t) = —9.8 m/s, v(0) = 10 m/s. 
The first step in solving this initial-value problem is to take the antiderivative of both sides of the 


differential equation. This gives 
[veda = [-98at 


v(t) = —9.8f+C. 


The next step is to solve for C. To do this, substitute t= 0 and v(O) = 10: 


v(t) = —9.8t+C 
v0) = —9.8(0)+C 
10 = C. 


Therefore C = 10 and the velocity function is given by v(t) = —9.8f + 10. 


b. To find the velocity after 2 seconds, substitute tf = 2 into v(?). 
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v(t) = —9.8t+ 10 
v2) = —9.8(2) + 10 
v2) = —9.6. 


The units of velocity are meters per second. Since the answer is negative, the object is falling at a speed 
of 9.6 m/s. 


4.6 Suppose a rock falls from rest from a height of 100 meters and the only force acting on it is gravity. Find 
an equation for the velocity v(t) as a function of time, measured in meters per second. 


A natural question to ask after solving this type of problem is how high the object will be above Earth’s surface at a given 
point in time. Let s(t) denote the height above Earth’s surface of the object, measured in meters. Because velocity is the 


derivative of position (in this case height), this assumption gives the equation s’ (¢) = v(t). An initial value is necessary; 
in this case the initial height of the object works well. Let the initial height be given by the equation s(0) = sp. Together 
these assumptions give the initial-value problem 


ssQ=vt), s(0) = So. 


If the velocity function is known, then it is possible to solve for the position function as well. 


Example 4.7 


Height of a Moving Baseball 


A baseball is thrown upward from a height of 3 meters above Earth’s surface with an initial velocity of 10 m/s, 
and the only force acting on it is gravity. The ball has a mass of 0.15 kilogram at Earth’s surface. 


a. Find the position s(t) of the baseball at time f. 


b. What is its height after 2 seconds? 


Solution 
a. We already know the velocity function for this problem is v(t) = —9.8t+ 10. The initial height of the 
baseball is 3 meters, so sg = 3. Therefore the initial-value problem for this example is 


To solve the initial-value problem, we first find the antiderivatives: 
fs @a = [-9.81+ 10dr 
s(t) —~4.917 + 10f + C. 


Next we substitute t = 0 and solve for C: 


s(t) = —4.912+10f+C 
s(0) = —4.9(0)?+10(0)+C 
3=C. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 4 | Introduction to Differential Equations 


Therefore the position function is s(t) = —4.917 + 10+ 3. 
b. The height of the baseball after 2s is given by s(2): 
s(2) = —4,9(2)" + 10(2) +3 


= —4.9(4) +23 
= 3.4. 


Therefore the baseball is 3.4 meters above Earth’s surface after 2 seconds. It is worth noting that the 
mass of the ball cancelled out completely in the process of solving the problem. 
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4.1 EXERCISES 


Determine the order of the following differential equations. 
1 yWt+y= By? 
1r\2 ey 
2. (yo =y' +2y 
m 1 es 2 
3. y"+y"y’ = 3x 


4, y'=y" +32? 


dy 
5. ae 
dy dy _4A4 
6 Ay + a = 3x 
dy > ody 


Verify that the following functions are solutions to the 
given differential equation. 


8 y= a solves y’ = x* 


9. y=2e*+x-—1 solves y =x-y 


x 
10. y=e*— = solves y’ = 3y+e* 
ee | aan? 
11. y= T= solves y’ = y 
x2/2 ; 
12. y=e solves y’ = xy 


13. y=4+Inx solves xy’ = 1 
14. y=3-—x+xInx solves y’ = Inx 
15. y=2e*—x-—1 solves yy =y+x 


16. yse™+ sinx _ Ccosx 


7) 7 solves y’ =cosx+y 


17 —COSX 


y=ae solves y’ = ysinx 


Verify the following general solutions and find the 
particular solution. 
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18. Find the particular solution to the differential equation 
y’ = 4x? that passes through (—3, —30), given that 


3 
y=C+ 4c is a general solution. 


19. Find the particular solution to the differential equation 
y’ =3x° that passes through (1, 4.75), 


=C aes 1 soluti 
y= + 4 1s a general so ution. 


given that 


20. Find the particular solution to the differential equation 
y= 3x? y that passes through (0, 12), given that 


x 


y= Ce” isa general solution. 


21. Find the particular solution to the differential equation 


y' =2xy that passes through (0, 4) given that 


x 


y= Ce” isa general solution. 


22. Find the particular solution to the differential equation 
y’ =(2xy)’ that passes through (1, -1) given that 
3 


C4423 


is a general solution. 


23. Find the particular solution to the differential equation 
yx? =y that passes through (1, 2), given that 


-1/x 


y= Ce is a general solution. 


24. Find the particular solution to the differential equation 


gt = —2cos(2t) — cos(4f) that passes through (z, z), 


given that x =C— gsin(2/) - a5sin(40) is a general 


solution. 


25. Find the particular solution to the differential equation 


du 
dt 


u=sin! (e€ % “) is a general solution. 


=tanu that passes through (1. x) given that 


26. Find the particular solution to the differential equation 


& =e"*” that passes through (1,0), given that 
y = —In(C — e’) isa general solution. 


27. Find the particular solution to the differential equation 
yd- x’) = 1+ that passes through (0, —2), given 


that y = cixtt — 1 is a general solution. 
—x 
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For the following problems, find the general solution to the 
differential equation. 


28. y’ =3x+e* 
29. y’ =Inx+tanx 
30. y’ = sinxe°°S* 

31. y'=4* 

32. y’ =sin7! (2x) 

33, y= 2rVr2 +16 

34. x’ =cothr + Int + 37 

35. x’ =tV4+t 

36. y=y 

37, y= 

Solve the following initial-value problems starting from 


y(t = 0) = 1 and y(t = 0) = —1. Draw both solutions on 
the same graph. 


38. o = 2t 
39. oe =-t 
40. a = 2y 
Al. & =-y 
42. o =2 


Solve the following initial-value problems starting from 
Yo = 10. At what time does y increase to 100 or drop to 


1? 


dy _ 

43. ae At 
dy _ 

45 dy = —2y 


363 


dy a 
46. Ap e 

dy _ ,-4t 
A dt : 


Recall that a family of solutions includes solutions to a 
differential equation that differ by a constant. For the 
following problems, use your calculator to graph a family 
of solutions to the given differential equation. Use initial 
conditions from y(t=0)=-10 to yt=0)=10 


increasing by 2. Is there some critical point where the 
behavior of the solution begins to change? 


48. [T] y’ = yx) 


49. [T] xy =y 
Po 8 
50. [T] y'=1 


51. [T] y=x+y (Hint: y=Ce*-—x-1 is the 


general solution) 


52. [T] y’ =xlnx+sinx 


53. Find the general solution to describe the velocity of a 
ball of mass 1 Ib that is thrown upward at arate a ft/sec. 


54. In the preceding problem, if the initial velocity of the 
ball thrown into the air is a = 25 ft/s, write the particular 


solution to the velocity of the ball. Solve to find the time 
when the ball hits the ground. 

55. You throw two objects with differing masses m, and 
my upward into the air with the same initial velocity a ft/ 


s. What is the difference in their velocity after 1 second? 


56. [T] You throw a ball of mass 1 kilogram upward 
with a velocity of a = 25 m/s on Mars, where the force 
of gravity is g=—3.711 m/s*. Use your calculator to 


approximate how much longer the ball is in the air on 
Mars. 


57. [T] For the previous problem, use your calculator to 
approximate how much higher the ball went on Mars. 


58. [T] A car on the freeway accelerates according to 
a= 15cos(at), where ¢ is measured in hours. Set up 


and solve the differential equation to determine the velocity 
of the car if it has an initial speed of 51 mph. After 40 


minutes of driving, what is the driver’s velocity? 
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59. [T] For the car in the preceding problem, find the 
expression for the distance the car has traveled in time ¢, 


assuming an initial distance of 0. How long does it take 
the car to travel 100 miles? Round your answer to hours 
and minutes. 


60. [T] For the previous problem, find the total distance 
traveled in the first hour. 


61. Substitute y = Be*" into y-y= 8e~’ to find a 
particular solution. 
62. Substitute y = acos(2t) + bsin(22) into 


y’ +y = 4sin(2r) to find a particular solution. 


63. Substitute y=a+bt+ ct? into yt+ty=lt+ t? to 


find a particular solution. 


64. Substitute y = ae‘ cost + be‘ sint into 


y’ = 2e' cost to find a particular solution. 


Kt With the initial condition y(0) = 0 


65. Solve y’ =e 
and solve y’=1 with the same initial condition. As k 


approaches 0, what do you notice? 
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4.2 | Direction Fields and Numerical Methods 


Learning Objectives 


4.2.1 Draw the direction field for a given first-order differential equation. 


4.2.2. Use a direction field to draw a solution curve of a first-order differential equation. 
4.2.3 Use Euler’s Method to approximate the solution to a first-order differential equation. 


For the rest of this chapter we will focus on various methods for solving differential equations and analyzing the behavior 
of the solutions. In some cases it is possible to predict properties of a solution to a differential equation without knowing 
the actual solution. We will also study numerical methods for solving differential equations, which can be programmed by 
using various computer languages or even by using a spreadsheet program, such as Microsoft Excel. 


Creating Direction Fields 


Direction fields (also called slope fields) are useful for investigating first-order differential equations. In particular, we 
consider a first-order differential equation of the form 


y’ =f, y). 


An applied example of this type of differential equation appears in Newton’s law of cooling, which we will solve explicitly 
later in this chapter. First, though, let us create a direction field for the differential equation 


T’ (t) = -0.4(T - 72). 


Here T(t) represents the temperature (in degrees Fahrenheit) of an object at time ¢, and the ambient temperature is 72°F. 
Figure 4.6 shows the direction field for this equation. 
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Figure 4.6 Direction field for the differential equation 

T’ (t) = —0.4(T — 72). Two solutions are plotted: one with 
initial temperature less than 72°F and the other with initial 
temperature greater than 72°F. 


The idea behind a direction field is the fact that the derivative of a function evaluated at a given point is the slope of the 
tangent line to the graph of that function at the same point. Other examples of differential equations for which we can create 
a direction field include 
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y =3x+2y—4 


y =x7-y? 
, 2x +4 
y pao 


To create a direction field, we start with the first equation: y’ = 3x + 2y — 4. We let (xg, yg) be any ordered pair, and we 
substitute these numbers into the right-hand side of the differential equation. For example, if we choose x = | and y = 2, 
substituting into the right-hand side of the differential equation yields 
y =3x+2y-4 
= 3(1) + 202) -4=3. 

This tells us that if a solution to the differential equation y’ = 3x-+2y—4 passes through the point (1, 2), then the 
slope of the solution at that point must equal 3. To start creating the direction field, we put a short line segment at the 
point (1, 2) having slope 3. We can do this for any point in the domain of the function f(x, y) = 3x+2y—4, which 
consists of all ordered pairs (x, y) in R?. Therefore any point in the Cartesian plane has a slope associated with it, 


assuming that a solution to the differential equation passes through that point. The direction field for the differential equation 
y’ = 3x + 2y —4 is shown in Figure 4.7. 
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Figure 4.7 Direction field for the differential equation 
y =3x+2y—4. 


We can generate a direction field of this type for any differential equation of the form y’ = f(x, y). 


Definition 


A direction field (slope field) is a mathematical object used to graphically represent solutions to a first-order 
differential equation. At each point in a direction field, a line segment appears whose slope is equal to the slope of a 
solution to the differential equation passing through that point. 


Using Direction Fields 


We can use a direction field to predict the behavior of solutions to a differential equation without knowing the actual 
solution. For example, the direction field in Figure 4.7 serves as a guide to the behavior of solutions to the differential 
equation y’ = 3x+2y—4. 
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To use a direction field, we start by choosing any point in the field. The line segment at that point serves as a signpost 
telling us what direction to go from there. For example, if a solution to the differential equation passes through the point 
(0, 1), then the slope of the solution passing through that point is given by y’ = 3(0)+2(1) —4 = —2. Now let x 


increase slightly, say to x = 0.1. Using the method of linear approximations gives a formula for the approximate value of 
y for x = 0.1. In particular, 


L(x) =yot f' Xo) — Xo) 
= 1—2(x9—0) 
=l|- 2X: 


Substituting x9 =0.1 into L(x) gives an approximate y value of 0.8. 


At this point the slope of the solution changes (again according to the differential equation). We can keep progressing, 
recalculating the slope of the solution as we take small steps to the right, and watching the behavior of the solution. Figure 
4.8 shows a graph of the solution passing through the point (0, 1). 
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Figure 4.8 Direction field for the differential equation 
y’ = 3x+2y—4 with the solution passing through the point 


(0, 1). 


The curve is the graph of the solution to the initial-value problem 


y =3x+2y-4, yO=1. 
This curve is called a solution curve passing through the point (0, 1). The exact solution to this initial-value problem is 


=. Seed l 
y= | 4° > 


and the graph of this solution is identical to the curve in Figure 4.8. 


4.7 Create a direction field for the differential equation y’ = Y= y? and sketch a solution curve passing 


through the point (—1, 2). 


Go to this Java applet (http:/www.openstaxcollege.org/I/20_DifferEq) and this website 
(http:/)www.openstaxcollege.org/|/20_SlopeFields) to see more about slope fields. 
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Now consider the direction field for the differential equation y’ = (x — 3)(y> — 4), shown in Figure 4.9. This direction 
field has several interesting properties. First of all, at y = —2 and y= 2, horizontal dashes appear all the way across the 
graph. This means that if y= —2, then y’ =O. Substituting this expression into the right-hand side of the differential 


equation gives 


(x- 3)y7-4) =@-3)(-7-4) 


= (x — 3)(0) 
=0 
= y’ . 
Therefore y = —2 is asolution to the differential equation. Similarly, y = 2 is a solution to the differential equation. These 


are the only constant-valued solutions to the differential equation, as we can see from the following argument. Suppose 
y =k is a constant solution to the differential equation. Then y’ = 0. Substituting this expression into the differential 


equation yields 0 = (x -— 3)(k? = 4), This equation must be true for all values of x, so the second factor must equal zero. 


This result yields the equation k? —4 =0. The solutions to this equation are k = —2 and k= 2, which are the constant 


solutions already mentioned. These are called the equilibrium solutions to the differential equation. 
y 
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Figure 4.9 Direction field for the differential equation 
y=(x- 3)\(y? — 4) showing two solutions. These solutions 


are very close together, but one is barely above the equilibrium 
solution x = —2 and the other is barely below the same 


equilibrium solution. 


Definition 
Consider the differential equation y’ = f(x, y). An equilibrium solution is any solution to the differential equation 


of the form y=c, where c isa constant. 


To determine the equilibrium solutions to the differential equation y’ = f(x, y), set the right-hand side equal to zero. An 
equilibrium solution of the differential equation is any function of the form y =k such that f(x, k) = 0 for all values of 


x inthe domain of f. 


An important characteristic of equilibrium solutions concerns whether or not they approach the line y = k as an asymptote 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 4 | Introduction to Differential Equations 369 


for large values of x. 


Definition 
Consider the differential equation y’ = f(x, y), and assume that all solutions to this differential equation are defined 


for x > xp. Let y=k bean equilibrium solution to the differential equation. 


1. y=k is an asymptotically stable solution to the differential equation if there exists « > 0 such that for any 


value c € (k—e, k + €) the solution to the initial-value problem 


y =f, y), yao) =e 


approaches k as x approaches infinity. 
2. y=k is an asymptotically unstable solution to the differential equation if there exists ¢ > 0 such that for 


any value c € (k — €, k + €) the solution to the initial-value problem 


y =f@, y), yao) =e 


never approaches k as x approaches infinity. 


3. y=k is an asymptotically semi-stable solution to the differential equation if it is neither asymptotically 


stable nor asymptotically unstable. 


Now we return to the differential equation y’ = (x — 3)(y? — 4), with the initial condition y(0) = 0.5. The direction field 
for this initial-value problem, along with the corresponding solution, is shown in Figure 4.10. 
y 
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Figure 4.10 Direction field for the initial-value problem 
y= («-3)07 — 4), y(0) = 05. 


The values of the solution to this initial-value problem stay between y= —2 and y=2, which are the equilibrium 
solutions to the differential equation. Furthermore, as x approaches infinity, y approaches 2. The behavior of solutions 
is similar if the initial value is higher than 2, for example, y(0) = 2.3. In this case, the solutions decrease and approach 


y =2 as x approaches infinity. Therefore y = 2 is an asymptotically stable solution to the differential equation. 


370 Chapter 4 | Introduction to Differential Equations 


What happens when the initial value is below y = —2? This scenario is illustrated in Figure 4.11, with the initial value 
y(0) = -3. 


Figure 4.11 Direction field for the initial-value problem 
y'=(«-3)07-4), (0) = -3. 


The solution decreases rapidly toward negative infinity as x approaches infinity. Furthermore, if the initial value is slightly 
higher than —2, then the solution approaches 2, which is the other equilibrium solution. Therefore in neither case does 
the solution approach y = —2, so y = —2 is called an asymptotically unstable, or unstable, equilibrium solution. 


Example 4.8 


Stability of an Equilibrium Solution 


Create a direction field for the differential equation y’ = (y— 3)*(y? +y-—2) and identify any equilibrium 


solutions. Classify each of the equilibrium solutions as stable, unstable, or semi-stable. 


Solution 
The direction field is shown in Figure 4.12. 
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Figure 4.12 Direction field for the differential equation 


y’ =(y—3)°7 + y—2). 


The equilibrium solutions are y= —2, y=1, and y=3. To classify each of the solutions, look at an arrow 
directly above or below each of these values. For example, at y = —2 the arrows directly below this solution 
point up, and the arrows directly above the solution point down. Therefore all initial conditions close to y = —2 
approach y= —2, and the solution is stable. For the solution y= 1, all initial conditions above and below 
y = 1 are repelled (pushed away) from y = 1, so this solution is unstable. The solution y = 3 is semi-stable, 
because for initial conditions slightly greater than 3, the solution approaches infinity, and for initial conditions 
slightly less than 3, the solution approaches y = 1. 


Analysis 
It is possible to find the equilibrium solutions to the differential equation by setting the right-hand side equal to 
zero and solving for y. This approach gives the same equilibrium solutions as those we saw in the direction field. 


4.8 Create a direction field for the differential equation y’ = (x + 5)(y + Ny? —4y +4) and identify any 


equilibrium solutions. Classify each of the equilibrium solutions as stable, unstable, or semi-stable. 


Euler’s Method 
Consider the initial-value problem 


y =2x-3, y(0)=3. 


Integrating both sides of the differential equation gives y = x*—3x+C, and solving for C yields the particular solution 


y= x* —3x +3. The solution for this initial-value problem appears as the parabola in Figure 4.13. 
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Figure 4.13 Euler’s Method for the initial-value problem 
y'=2x-3, yO0)=3. 


The red graph consists of line segments that approximate the solution to the initial-value problem. The graph starts at 
the same initial value of (0, 3). Then the slope of the solution at any point is determined by the right-hand side of the 


differential equation, and the length of the line segment is determined by increasing the x value by 0.5 each time (the step 
size). This approach is the basis of Euler’s Method. 


Before we state Euler’s Method as a theorem, let’s consider another initial-value problem: 

ysx-y*, y(-1) =2. 
The idea behind direction fields can also be applied to this problem to study the behavior of its solution. For example, at 
the point (—1, 2), the slope of the solution is given by y’ = (-1)? =37 = —3, so the slope of the tangent line to the 
solution at that point is also equal to —3. Now we define x9 = —1 and yg = 2. Since the slope of the solution at this 


point is equal to —3, we can use the method of linear approximation to approximate y near (—1, 2). 
L(x) = yo + fo) — Xo). 
Here x9 = —1, yp = 2, and f’ (x9) = —3, so the linear approximation becomes 


L(x) =2—3(x—-(-)) 
=2-—3x-3 
=—-3x-1. 
Now we choose a step size. The step size is a small value, typically 0.1 or less, that serves as an increment for x; it is 


represented by the variable h. In our example, let h = 0.1. Incrementing xg by / gives our next x value: 


x, =Xpth=—-1+0.1 =—-0.9. 


We can substitute x; = —0.9 into the linear approximation to calculate yj. 
yy =L(x)) 
= —3(-0.9) — 1 
= 1.7. 
Therefore the approximate y value for the solution when x = —0.9 is y= 1.7. We can then repeat the process, using 


x,=—0.9 and y,; =1.7 to calculate xy and yy. The new slope is given by y’ = (-0.9)? - (7 = —2.08. First, 
XxX. =x,+h=-0.9+0.1 = —0.8. Using linear approximation gives 
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L(x) =yy +f Apa x4) 
= 1.7 — 2.08(x — (—0.9)) 
= 1.7 — 2.08x — 1.872 


= —2.08x — 0.172. 
Finally, we substitute x, = —0.8 into the linear approximation to calculate y>. 
yg =LQ) 
= —2.08x, — 0.172 
= —2.08(—0.8) — 0.172 
= 1.492. 
Therefore the approximate value of the solution to the differential equation is y = 1.492 when x = —0.8. 


What we have just shown is the idea behind Euler’s Method. Repeating these steps gives a list of values for the solution. 
These values are shown in Table 4.2, rounded off to four decimal places. 


1.492 1.3334 1.2046 1.0955 


Jn 1.0004 1.9164 1.8414 1.7746 1.7156 


Table 4.2 Using Euler’s Method to Approximate Solutions to a Differential 
Equation 


Theorem 4.1: Euler’s Method 

Consider the initial-value problem 

y= f(x, y), yo) = Yo. 

To approximate a solution to this problem using Euler’s method, define 
Xn =Xq+nh (4.2) 
Yn =Yn-1thfOn—1 Vn—1)- 


Here h > O represents the step size and n is an integer, starting with 1. The number of steps taken is counted by the 
variable n. 


Typically h is asmall value, say 0.1 or 0.05. The smaller the value of h, the more calculations are needed. The higher 
the value of h, the fewer calculations are needed. However, the tradeoff results in a lower degree of accuracy for larger 


step size, as illustrated in Figure 4.14. 
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(a) (b) 
Figure 4.14 Euler’s method for the initial-value problem y’ = 2x — 3, y(O) =3 with (a) a step size of 


h = 0.5; and (b) a step size of h = 0.25. 


Example 4.9 


Using Euler’s Method 


Consider the initial-value problem 
y =3x7-y4+1, yO) =2. 


Use Euler’s method with a step size of 0.1 to generate a table of values for the solution for values of x between 
0 and 1. 


Solution 
We are given h =0.1 and f(x, y)= a y? +1. Furthermore, the initial condition y(0) = 2 gives xq = 0 
and yy = 2. Using Equation 4.2 with n =0, we can generate Table 4.3. 
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V1 =Yot+hf(xo, Yo) = 1.7 


yo =yyp thf, yy) = 1.514 


3 =Yothf(xa, yz) = 1.3968 


ya = 3+ hf(X3, y3) = 1.3287 


Y5 =Yathf(x4, y4) = 1.3001 


Yo =V5thf(xs, ys) = 1.3061 


¥7 =Yo thf (xo Yo) = 1.3435 


yg = y7thf(x7, y7) = 1.4100 


Yo =Yethf(xg, yg) = 1.5032 


Y10 =Yo + Af(Xo, Yo) = 1.6202 


Table 4.3 
Using Euler’s Method to Approximate Solutions to a 
Differential Equation 


With ten calculations, we are able to approximate the values of the solution to the initial-value problem for values 
of x between O and 1. 


Go to this website (http://www.openstaxcollege.org/|/20_EulersMethod) for more information on Euler’s 
method. 
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fe 4.9 Consider the initial-value problem 
y= x Le yA) = -2. 


Using a step size of 0.1, generate a table with approximate values for the solution to the initial-value problem 


for values of x between | and 2. 


Visit this website (http://www.openstaxcollege.org/|/20_EulerMethod2) for a practical application of the 
material in this section. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 4 | Introduction to Differential Equations 


4.2 EXERCISES 


For the following problems, use the direction field below 
from the differential equation y’ = —2y. Sketch the graph 


of the solution for the given initial conditions. 


66. y(0)=1 
67. y(0)=0 
68. y(0)=—-1 


69. Are there any equilibria? What are their stabilities? 


For the following problems, use the direction field below 
from the differential equation y’ = y? —2y. Sketch the 


graph of the solution for the given initial conditions. 


70. (0) = 
72. y(0)=-1 


73. Are there any equilibria? What are their stabilities? 


377 


Draw the direction field for the following differential 
equations, then solve the differential equation. Draw your 
solution on top of the direction field. Does your solution 
follow along the arrows on your direction field? 


74. y=r 

75. y'=et 

76. Ls = x? CcOSX 
dx 
dy _ st 

77. ae te 


dx — 
78. a cosh(t) 


Draw the directional field for the following differential 
equations. What can you say about the behavior of the 
solution? Are there equilibria? What stability do these 
equilibria have? 

79. y= 7 -1 

80. y=y-x 


81. y=1 = oa 
82. y= a siny 


83. y = 3y+xy 


Match the direction field with the given differential 
equations. Explain your selections. 


y 


(a) 
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Match the direction field with the given differential 
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\ 
\ 
\ 
\ 
f 
f 
f 
f 


89. y’ =tsiny 


90. y’ =-tcosy 


91. y’ =ttany 
92, y= sin? y 
93. y= yr 
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Estimate the following solutions using Euler’s method with 
n=5 steps over the interval t = [0, 1]. If you are able 


to solve the initial-value problem exactly, compare your 
solution with the exact solution. If you are unable to solve 
the initial-value problem, the exact solution will be 
provided for you to compare with Euler’s method. How 


accurate is Euler’s method? 


94. y'=-3y, y(O)=1 


95. y=r? 


96. y =3t-y, yO) = 1. 


y=3t+4e%-3 


97. y'=yt27, y(0) = 3. 


y =5e'-2-17-21 


98. y’ =2t, (0) =0 


99. [T] y =e"*”, yo) = 


y=—In(e+1-e*) 


Exact solution is 


Exact solution is 


—1l. Exact solution is 
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100. y= y7 Ine + 1), yO) = 1. Exact solution is 


fe 1 
y @+ Ddn(x+D—-)D 


101. y’ = 2*, yO) =0, Exact solution is y = ano 


x 


102. y’'=y, yO) =—1. Exact solution is y = —e”. 


103. y =—St, WO) = -2. solution is 


= —3;2_ 
y= at 2 


Exact 


Differential equations can be used to model disease 
epidemics. In the next set of problems, we examine the 
change of size of two sub-populations of people living in 
a city: individuals who are infected and individuals who 
are susceptible to infection. S represents the size of the 
susceptible population, and J represents the size of the 
infected population. We assume that if a susceptible person 
interacts with an infected person, there is a probability 
c that the susceptible person will become infected. Each 
infected person recovers from the infection at a rate r 
and becomes susceptible again. We consider the case of 
influenza, where we assume that no one dies from the 
disease, so we assume that the total population size of 
the two sub-populations is a constant number, N. The 


differential equations that model these population sizes are 
S'=rI—cSI and 
I’ =cSI—-rI. 
Here c represents the contact rate and r is the recovery 
rate. 


104. Show that, by our assumption that the total 
population size is constant (S+7=N), you can reduce 


the system to a differential 


i =AN-DI-ri. 


single equation in 


105. Assuming the parameters are c=0.5, N=5, and 


r=0.5, draw the resulting directional field. 


106. [T] Use computational software or a calculator to 
compute the solution to the initial-value problem 
y' =ty, yO) =2 using Euler’s Method with the given 
step size h. Find the solution at t= 1. For a hint, here 


is “pseudo-code” for how to write a computer program 
to perform Euler’s Method for y’ = f(t, y), y(O) = 2: 


Create function SG y) Define parameters 
y1)=yo, 1t(0)=0, step size h, and total number 
of steps, N Write a for loop: for k=I1toN 


fn = f(t(k), y(k)) 
t(k+1) = t(k) +h 


y(k+1) = y(k) + h*fn 
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107. Solve the initial-value problem for the exact 
solution. 


108. Draw the directional field 


109. h=1 

110. [T] h= 10 
111. [T] h= 100 
112. [T] 4 = 1000 


113. [T] Evaluate the exact solution at t= 1. Make a 


table of errors for the relative error between the Euler’s 
method solution and the exact solution. How much does the 
error change? Can you explain? 


Consider the initial-value problem y’ = —2y, (0) = 2. 


114. Show that y=2e~7* solves this initial-value 


problem. 


115. Draw the directional field of this differential 
equation. 


116. [T] By hand or by calculator or computer, 
approximate the solution using Euler’s Method at ¢ = 10 


using h=5. 


117. [T] By calculator or computer, approximate the 
solution using Euler’s Method at ¢t = 10 using h = 100. 


118. [T] Plot exact answer and each Euler approximation 
(for h=5 and h=100) at each A on the directional 


field. What do you notice? 
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4.3 | Separable Equations 


Learning Objectives 


4.3.1 Use separation of variables to solve a differential equation. 
4.3.2 Solve applications using separation of variables. 


We now examine a solution technique for finding exact solutions to a class of differential equations known as separable 
differential equations. These equations are common in a wide variety of disciplines, including physics, chemistry, and 
engineering. We illustrate a few applications at the end of the section. 


Separation of Variables 


We start with a definition and some examples. 


Definition 
A separable differential equation is any equation that can be written in the form 


y = fg). (4.3) 


The term ‘separable’ refers to the fact that the right-hand side of the equation can be separated into a function of x times a 
function of y. Examples of separable differential equations include 


y= (x? - 4)3y +2) 
y= 6x7 + 4x 

y’ =secy + tany 

y =xy+3x-2y-6. 


The second equation is separable with f(x) = 6x? + 4x and g(y) = 1, the third equation is separable with f(x) = 1 and 
g(y) = secy+tany, and the right-hand side of the fourth equation can be factored as (x +3)(y— 2), so it is separable 


as well. The third equation is also called an autonomous differential equation because the right-hand side of the equation 
is a function of y alone. If a differential equation is separable, then it is possible to solve the equation using the method of 


separation of variables. 
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Example 4.10 


Using Separation of Variables 


Find a general solution to the differential equation y’ = je = 4)3y +2) using the method of separation of 


variables. 


Solution 
Follow the five-step method of separation of variables. 


1. In this example, f(x) = x’—4 and g(y) = 3y+2. Setting g(y)=0 gives y= _ as a constant 


solution. 
2. Rewrite the differential equation in the form 


dy _ 
B3y+2— 


(x2 — 4)dx. 


3. Integrate both sides of the equation: 


d 
lx 7: 5= (x? - 4)dx. 


Let u=3y+2. Then du = 3Dar, so the equation becomes 


4 [dau = 13-44 


z 
Hint = aa ~4x+C 
#In)3y +2| = ae ~4x+C. 


4. To solve this equation for y, first multiply both sides of the equation by 3. 
In]By + 2| = x — 12x +3C 


Now we use some logic in dealing with the constant C. Since C represents an arbitrary constant, 3C 
also represents an arbitrary constant. If we call the second arbitrary constant C,, the equation becomes 


In[3y + 2| = x? — 12x + C). 
Now exponentiate both sides of the equation (i.e., make each side of the equation the exponent for the 
base e). 
In|3y + 2| x3 —12x+C} 
e =e 


ic 3. 
I3y+2| ele - 


Cc 
Again define a new constant C = e ! (note that Cy > 0): 


3 
By +2] = Cye* ~ 1, 
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3 3 
This corresponds to two separate equations: 3y +2 = C,e* ~!?* and 3y+2=—Cye* ~!*, 
Pp q 2 y 2 


8 
=? + C> e* = 12x 
3 ‘ 
Since Cy > 0, it does not matter whether we use plus or minus, so the constant can actually have either 


The solution to either equation can be written in the form y = 


sign. Furthermore, the subscript on the constant C is entirely arbitrary, and can be dropped. Therefore 
the solution can be written as 


—2+ Ce* eee 
an 


5. No initial condition is imposed, so we are finished. 


4.10 Use the method of separation of variables to find a general solution to the differential equation 
y' =2xy + 3y— 4x -6. 


Example 4.11 


Solving an Initial-Value Problem 


Using the method of separation of variables, solve the initial-value problem 


y =(2x+3)Q7-4), yO) =-3. 


Solution 


Follow the five-step method of separation of variables. 


i, 


In this example, f(x) =2x+3 and g(y)= a —4. Setting g(y)=0 gives y= +2 as constant 
solutions. 
Divide both sides of the equation by — 4 and multiply by dx. This gives the equation 

dy 


y’-4 


= (2x + 3)dx. 


Next integrate both sides: 
(4.4) 


l_egy = [(2x+43)dx. 
Jn y 7K ) 


To evaluate the left-hand side, use the method of partial fraction decomposition. This leads to the identity 


Then Equation 4.4 becomes 
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foxt 3)dx 


AiR 
— 
_——s~ 
i 

| |e 
N 

I 
<< 
+)}e 

Nw 
— 

=< 
Il 


dinly — 2| — Inly + 21) = x7 4+3x4+C. 


Multiplying both sides of this equation by 4 and replacing 4C with C, gives 


Ai Ye eC, 
Ax? $122 +C). 


In|y — 2| — Inly + 2] 
153] 
y+2 


In 


4. It is possible to solve this equation for y. First exponentiate both sides of the equation and define 
Cc 
Cy =e ! 7 
2 
| | — Cre™ + 12x 
Next we can remove the absolute value and let C> be either positive or negative. Then multiply both 


sides by y+ 2. 


2 
y-2=Cylyt+2Je* + 12x 


2 ° 2 - 
y-2=Cyye™ i Cg * + 12x 


Now collect all terms involving y on one side of the equation, and solve for y: 


2 2 
yo Cove + 12x — 24-000" + 12x 


2 2 
y( = Coe + my = 9) =e 20,2" + 12x 


2 
' _ 2306 + 12x 
= 3 : 
1- Coe + 12x 
5. To determine the value of C5, substitute x =0 and y=-—l1 into the general solution. Alternatively, 


: . : : = 2: 2 aa 
we can put the same values into an earlier equation, namely the equation : saa Cy et +12 This is 


much easier to solve for C,: 


y-2 _ Ax? + 12x 
y+2 Ope 

2 
Lig _- 4(0)* + 12(0) 
Sian = ©2° 


Therefore the solution to the initial-value problem is 


2 
pa oeoe + 12x 


5) 2 
1+ 3e4* + 12x 
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A graph of this solution appears in Figure 4.15. 


Figure 4.15 Graph of the solution to the initial-value problem 
y’ =(2x+3\(y?- 4}, yO) = -3. 


fe 4.11 Find the solution to the initial-value problem 
6y’ = (2x + L(y? 2y-8), (0) = -3 


using the method of separation of variables. 


Applications of Separation of Variables 


Many interesting problems can be described by separable equations. We illustrate two types of problems: solution 
concentrations and Newton’s law of cooling. 


Solution concentrations 


Consider a tank being filled with a salt solution. We would like to determine the amount of salt present in the tank as a 
function of time. We can apply the process of separation of variables to solve this problem and similar problems involving 
solution concentrations. 


Example 4.12 


Determining Salt Concentration over Time 


A tank containing 100L of a brine solution initially has 4 kg of salt dissolved in the solution. At time tf = 0, 

another brine solution flows into the tank at a rate of 2 L/min. This brine solution contains a concentration of 
0.5 kg/L of salt. At the same time, a stopcock is opened at the bottom of the tank, allowing the combined solution 
to flow out at arate of 2 L/min, so that the level of liquid in the tank remains constant (Figure 4.16). Find the 


amount of salt in the tank as a function of time (measured in minutes), and find the limiting amount of salt in the 
tank, assuming that the solution in the tank is well mixed at all times. 
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0.5 kg salt/liter 


2 liters/minute 100 liter tank 


initially contains 2 liters/minute 

4 kg of salt 
Figure 4.16 A brine tank with an initial amount of salt 
solution accepts an input flow and delivers an output flow. How 
does the amount of salt change with time? 


Solution 


First we define a function u(t) that represents the amount of salt in kilograms in the tank as a function of time. 


Then a represents the rate at which the amount of salt in the tank changes as a function of time. Also, u(0) 


represents the amount of salt in the tank at ttme t= 0, whichis 4 kilograms. 
The general setup for the differential equation we will solve is of the form 


tu = INFLOW RATE — OUTFLOW RATE. (4.5) 


INFLOW RATE represents the rate at which salt enters the tank, and OUTFLOW RATE represents the rate at 
which salt leaves the tank. Because solution enters the tank at a rate of 2 L/min, and each liter of solution 


contains 0.5 kilogram of salt, every minute 2(0.5) = 1 kilogram of salt enters the tank. Therefore INFLOW 
RATE = 1. 


To calculate the rate at which salt leaves the tank, we need the concentration of salt in the tank at any point in 
time. Since the actual amount of salt varies over time, so does the concentration of salt. However, the volume of 
the solution remains fixed at 100 liters. The number of kilograms of salt in the tank at time ¢ is equal to u(t). 


Thus, the concentration of salt is ae kg/L, and the solution leaves the tank at a rate of 2 L/min. Therefore 


salt leaves the tank at a rate of ee 2= a kg/min, and OUTFLOW RATE is equal to ae Therefore the 


differential equation becomes du — | —~L, and the initial condition is u(O) = 4. The initial-value problem to 


dt 50’ 
be solved is 


du, = 
7 1 ay u(0) = 4. 


The differential equation is a separable equation, so we can apply the five-step strategy for solution. 


Step 1. Setting 1-4 =0 gives u = 50 asa constant solution. Since the initial amount of salt in the tank is 4 


50 
kilograms, this solution does not apply. 


Step 2. Rewrite the equation as 
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Then multiply both sides by dt and divide both sides by 50 — u: 


du_ _ dt 
50-u 50° 
Step 3. Integrate both sides: 
f sO i. I$ 
—In|50—u| = a5 +C. 
Step 4. Solve for u(t): 
In[50 — ul = ea C 
eiiso —ul = e 0) -C 
|50-ul = Cye/?. 


Eliminate the absolute value by allowing the constant to be either positive or negative: 
50 -u=C,e#, 
Finally, solve for u(t): 
u(t) = 50—Cye7"9, 
Step 5. Solve for C,: 


u(0) = 50-Cye™° 
4 = 50-C, 


The solution to the initial value problem is u(t) = 50 — 46e 50 To find the limiting amount of salt in the tank, 


take the limit as ¢ approaches infinity: 
lim u(t) = 50 —46e~%/9 
to 
= 50 — 46(0) 
= 50. 


Note that this was the constant solution to the differential equation. If the initial amount of salt in the tank is 50 


kilograms, then it remains constant. If it starts at less than 50 kilograms, then it approaches 50 kilograms over 
time. 


4.12 A tank contains 3 kilograms of salt dissolved in 75 liters of water. A salt solution of 0.4 kg salt/L is 


pumped into the tank at a rate of 6 L/min and is drained at the same rate. Solve for the salt concentration at 


time ¢. Assume the tank is well mixed at all times. 


Newton’s law of cooling 


Newton’s law of cooling states that the rate of change of an object’s temperature is proportional to the difference between 
its own temperature and the ambient temperature (i.e., the temperature of its surroundings). If we let T(t) represent 


the temperature of an object as a function of time, then dT represents the rate at which that temperature changes. The 


dt 
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temperature of the object’s surroundings can be represented by 7. Then Newton’s law of cooling can be written in the 


form 
aT _ ~ 
af’ = KIT) - 7) 
or simply 
dT _ ype (4.6) 
i k(T —T,). 


The temperature of the object at the beginning of any experiment is the initial value for the initial-value problem. We call 
this temperature 7. Therefore the initial-value problem that needs to be solved takes the form 


ar =k(T-Ts), T(O)=Top, oe 


where k is a constant that needs to be either given or determined in the context of the problem. We use these equations in 
Example 4.13. 


Example 4.13 


Waiting for a Pizza to Cool 


A pizza is removed from the oven after baking thoroughly, and the temperature of the oven is 350°F. The 
temperature of the kitchen is 75°F, and after 5 minutes the temperature of the pizza is 340°F. We would like 
to wait until the temperature of the pizza reaches 300°F before cutting and serving it (Figure 4.17). How much 
longer will we have to wait? 


Room temperature 
is 75 degrees 


Pizza temperature 
is 350 degrees 
Figure 4.17 From Newton’s law of cooling, if the pizza cools 
10°F in 5 minutes, how long before it cools to 300°F? 


Solution 
The ambient temperature (surrounding temperature) is 75°F, so 7, = 75. The temperature of the pizza when 
it comes out of the oven is 350°F, which is the initial temperature (i.e., initial value), so Tq = 350. Therefore 


Equation 4.4 becomes 


a =k(T—75), T(0) = 350. 


To solve the differential equation, we use the five-step technique for solving separable equations. 


1. Setting the right-hand side equal to zero gives JT = 75 as a constant solution. Since the pizza starts at 
350°F, this is not the solution we are seeking. 
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2. Rewrite the differential equation by multiplying both sides by dt and dividing both sides by T — 75: 
dT _ 
T7577 kdt. 


3. Integrate both sides: 


bras = Seat 

In|JT —75| = kt+C. 
4. Solve for T by first exponentiating both sides: 
Po -7T3| okt +C 

IT-75| = Ce 

T=75 = Cye" 
T(t) = 75+C,e. 

5. Solve for Cy by using the initial condition T(0) = 350: 


T(t) = 75+C,e" 


T0) = 75+C,e 
350 = 75+C, 
C, = 275. 


Therefore the solution to the initial-value problem is 


T(t) = 75 + 275e™. 


To determine the value of k, we need to use the fact that after 5 minutes the temperature of the pizza 
is 340°F. Therefore 7(5) = 340. Substituting this information into the solution to the initial-value 
problem, we have 

T(t) = 75+275e" 

T(5) = 340=75+4275e% 


265 = 275e* 
ene 
55 
Ine* = in(33) 
5k = n(33) 
k = 4in(33) x — 0.007408. 


So now we have T(t) = 75 + 275e~0-007048"_ When is the temperature 300°F? Solving for t, we find 
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300 = 75 +275¢7 00070481 


e70.007048r _ 9 
il 
Ine70-007048" jp 9 
il 
—0.007048t = Ine 


= 1 _— 
0.007048" Ti 


Therefore we need to wait an additional 23.5 minutes (after the temperature of the pizza reached 
340°F). That should be just enough time to finish this calculation. 


4.13. A cake is removed from the oven after baking thoroughly, and the temperature of the oven is 450°F. 
The temperature of the kitchen is 70°F, and after 10 minutes the temperature of the cake is 430°F. 


a. Write the appropriate initial-value problem to describe this situation. 


b. Solve the initial-value problem for 7(?). 


c. How long will it take until the temperature of the cake is within 5°F of room temperature? 
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4.3 EXERCISES 


Solve the following initial-value problems with the initial 
condition yg = 0 and graph the solution. 


119 Bayt) 
120. B® ay-1 
121, Bayt! 
122. B® a-y-1 


Find the general solution to the differential equation. 
123. xy! =(x+ Dy 
124. y' =tan(y)x 


125. y= 2xy? 


dy _ 
126. a ycos(3t + 2) 


127, 2x4 = y? 
128. y' =e) x? 
129. (1+ ny’ =(x+2)(y—-1) 


130. a = 317(x7+ 4) 


131, o =\1-y? 
132. y’ =e*e” 


Find the solution to the initial-value problem. 


133. y'=e *, y(0) =0 


134. w= yrxt 1), yO) =2 


dy _ 3 x2 _ 
135. aoe es y(0) = 1 
136. ay = y7e*sin(3x), y(0) = 1 
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137. y=—* 


= (0) = 0 
sech* y 


138. y’ = 2xy(1 + 2y), yO) = -1 
139, a = In(t)V1 — x2, x(0) = 0 


140. y’ = 3x*(y* +4), y(0) =0 
141. y’ =e5*, y(0) = In(in(5)) 
142. y’ = —2xtan(y), y(0) = a 


For the following problems, use a software program or your 
calculator to generate the directional fields. Solve explicitly 
and draw solution curves for several initial conditions. Are 
there some critical initial conditions that change the 
behavior of the solution? 


143. [T] y’ =1-2y 
144. [T] y =y?x° 
145. [T] y’ =y*e* 
146. [T] y’ =e” 
147. [T] y’ = yln@) 


148. Most drugs in the bloodstream decay according to 
the equation y’=cy, where y is the concentration of 


the drug in the bloodstream. If the half-life of a drug is 
2 hours, what fraction of the initial dose remains after 6 
hours? 


149. A drug is administered intravenously to a patient 
at a rate r mg/h and is cleared from the body at a rate 


proportional to the amount of drug still present in the body, 
d Set up and solve the differential equation, assuming 


there is no drug initially present in the body. 


150. [T] How often should a drug be taken if its dose is 
3 mg, it is cleared at arate c=0.1 mg/h, and | mg is 


required to be in the bloodstream at all times? 


151. A tank contains 1 kilogram of salt dissolved in 100 
liters of water. A salt solution of 0.1 kg salt/L is pumped 
into the tank at arate of 2 L/min and is drained at the same 
rate. Solve for the salt concentration at time tf. Assume the 
tank is well mixed. 
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152. A tank containing 10 kilograms of salt dissolved 
in 1000 liters of water has two salt solutions pumped in. 
The first solution of 0.2 kg salt/L is pumped in at a rate 
of 20 L/min and the second solution of 0.05 kg salt/L is 
pumped in at a rate of 5 L/min. The tank drains at 25 


L/min. Assume the tank is well mixed. Solve for the salt 
concentration at time f. 


153. [T] For the preceding problem, find how much salt is 
in the tank | hour after the process begins. 


154. Torricelli’s law states that for a water tank with a 
hole in the bottom that has a cross-section of A and with 


a height of water h above the bottom of the tank, the 


rate of change of volume of water flowing from the tank 
is proportional to the square root of the height of water, 


according to ae = —A\2gh, where g is the acceleration 
due to gravity. Note that ao = Adi. Solve the resulting 


initial-value problem for the height of the water, assuming 
a tank with a hole of radius 2 ft. The initial height of water 


is 100 ft. 


155. For the preceding problem, determine how long it 
takes the tank to drain. 


For the following problems, use Newton’s law of cooling. 


156. The liquid base of an ice cream has an initial 
temperature of 200°F before it is placed in a freezer with 


1 hour, the 
temperature of the ice-cream base has decreased to 140°F. 


a constant temperature of O°F. After 


Formulate and solve the initial-value problem to determine 
the temperature of the ice cream. 


157. [T] The liquid base of an ice cream has an initial 
temperature of 210°F before it is placed in a freezer with 


a constant temperature of 20°F. After 2 hours, the 
temperature of the ice-cream base has decreased to 170°F. 


At what time will the ice cream be ready to eat? (Assume 
30°F is the optimal eating temperature.) 


158. [T] You are organizing an ice cream social. The 
outside temperature is 80°F and the ice cream is at 10°F. 


After 10 minutes, the ice cream temperature has risen by 
10°F. How much longer can you wait before the ice cream 
melts at 40°F? 


159. You have a cup of coffee at temperature 70°C and 
the ambient temperature in the room is 20°C. Assuming 
a cooling rate kof 0.125, write and solve the differential 


equation to describe the temperature of the coffee with 
respect to time. 
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160. [T] You have a cup of coffee at temperature 70°C 


that you put outside, where the ambient temperature is 
0°C. After 5 minutes, how much colder is the coffee? 


161. You have a cup of coffee at temperature 70°C and 
you immediately pour in 1 part milk to 5 parts coffee. 
The milk is initially at temperature 1°C. Write and solve 


the differential equation that governs the temperature of 
this coffee. 


162. You have a cup of coffee at temperature 70°C, 
which you let cool 10 minutes before you pour in the same 
amount of milk at 1°C as in the preceding problem. How 
does the temperature compare to the previous cup after 10 
minutes? 


163. Solve the generic problem y’ = ay+b with initial 


condition y(0) =c. 


164. Prove the basic continual compounded interest 
equation. Assuming an initial deposit of Po and an interest 


rate of r, set up and solve an equation for continually 


compounded interest. 


165. Assume an initial nutrient amount of J kilograms 
in a tank with L liters. Assume a concentration of c kg/ 
L being pumped in at a rate of r L/min. The tank is well 
mixed and is drained at a rate of r L/min. Find the equation 
describing the amount of nutrient in the tank. 


166. Leaves accumulate on the forest floor at a rate of 
2 g/cm*/yr and also decompose at a rate of 90% per 
year. Write a differential equation governing the number of 
grams of leaf litter per square centimeter of forest floor, 
assuming at time O there is no leaf litter on the ground. 
Does this amount approach a steady value? What is that 
value? 


167. Leaves accumulate on the forest floor at a rate of 4 
g/cm*/yr. These leaves decompose at a rate of 10% per 
year. Write a differential equation governing the number of 
grams of leaf litter per square centimeter of forest floor. 
Does this amount approach a steady value? What is that 
value? 
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4.4 | The Logistic Equation 


Learning Objectives 


4.4.1 Describe the concept of environmental carrying capacity in the logistic model of population 


growth. 
4.4.2 Draw a direction field for a logistic equation and interpret the solution curves. 
4.4.3 Solve a logistic equation and interpret the results. 


Differential equations can be used to represent the size of a population as it varies over time. We saw this in an earlier 
chapter in the section on exponential growth and decay, which is the simplest model. A more realistic model includes other 
factors that affect the growth of the population. In this section, we study the logistic differential equation and see how it 
applies to the study of population dynamics in the context of biology. 


Population Growth and Carrying Capacity 


To model population growth using a differential equation, we first need to introduce some variables and relevant terms. The 
variable t. will represent time. The units of time can be hours, days, weeks, months, or even years. Any given problem 
must specify the units used in that particular problem. The variable P will represent population. Since the population varies 
over time, it is understood to be a function of time. Therefore we use the notation P(t) for the population as a function 


of time. If P(t) is a differentiable function, then the first derivative dP represents the instantaneous rate of change of the 


dt 
population as a function of time. 


In Exponential Growth and Decay, we studied the exponential growth and decay of populations and radioactive 
substances. An example of an exponential growth function is P(t) = Pye” ‘In this function, P(t) represents the 


population at time ¢, Py represents the initial population (population at time t= 0), and the constant r > 0 is called 


the growth rate. Figure 4.18 shows a graph of P(t) = 100e°"", Here P, = 100 and r = 0.03. 
P(t) 4 


400+ 


P(t) = 100¢(.03») 


rr 
% 10 20 30 40 sof 


Figure 4.18 An exponential growth model of population. 


We can verify that the function P(t) = Poe” ' satisfies the initial-value problem 


dP. 
S—=rP, P(O)=Po. 
This differential equation has an interesting interpretation. The left-hand side represents the rate at which the population 
increases (or decreases). The right-hand side is equal to a positive constant multiplied by the current population. Therefore 
the differential equation states that the rate at which the population increases is proportional to the population at that point 
in time. Furthermore, it states that the constant of proportionality never changes. 


One problem with this function is its prediction that as time goes on, the population grows without bound. This is unrealistic 
in a real-world setting. Various factors limit the rate of growth of a particular population, including birth rate, death rate, 
food supply, predators, and so on. The growth constant 7 usually takes into consideration the birth and death rates but 
none of the other factors, and it can be interpreted as a net (birth minus death) percent growth rate per unit time. A natural 
question to ask is whether the population growth rate stays constant, or whether it changes over time. Biologists have found 
that in many biological systems, the population grows until a certain steady-state population is reached. This possibility is 
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not taken into account with exponential growth. However, the concept of carrying capacity allows for the possibility that in 
a given area, only a certain number of a given organism or animal can thrive without running into resource issues. 


Definition 


The carrying capacity of an organism in a given environment is defined to be the maximum population of that 
organism that the environment can sustain indefinitely. 


We use the variable K to denote the carrying capacity. The growth rate is represented by the variable r. Using these 
variables, we can define the logistic differential equation. 


Definition 

Let K represent the carrying capacity for a particular organism in a given environment, and let 7 be a real number 
that represents the growth rate. The function P(t) represents the population of this organism as a function of time 1, 
and the constant Pg represents the initial population (population of the organism at time t = 0). Then the logistic 


differential equation is 


= = rP(1 - £) — =7P. (4.8) 


(>) See this website (http://www.openstaxcollege.org/|/20_logisticEq) for more information on the logistic 
equation. 


The logistic equation was first published by Pierre Verhulst in 1845. This differential equation can be coupled with the 
initial condition P(O) = Po to form an initial-value problem for P(t). 


Suppose that the initial population is small relative to the carrying capacity. Then £ is small, possibly close to zero. Thus, 


the quantity in parentheses on the right-hand side of Equation 4.8 is close to 1, and the right-hand side of this equation 


is close to rP. If r > 0, then the population grows rapidly, resembling exponential growth. 


However, as the population grows, the ratio £ also grows, because K is constant. If the population remains below the 
carrying capacity, then £ is less than 1, so 1 — £ > 0. Therefore the right-hand side of Equation 4.8 is still positive, 


but the quantity in parentheses gets smaller, and the growth rate decreases as a result. If P = K then the right-hand side is 
equal to zero, and the population does not change. 


Now suppose that the population starts at a value higher than the carrying capacity. Then £ >1, and l- £ <0. 


Then the right-hand side of Equation 4.8 is negative, and the population decreases. As long as P > K, the population 


decreases. It never actually reaches K because aP will get smaller and smaller, but the population approaches the carrying 


dt 
capacity as ¢ approaches infinity. This analysis can be represented visually by way of a phase line. A phase line describes 


the general behavior of a solution to an autonomous differential equation, depending on the initial condition. For the case 
of a carrying capacity in the logistic equation, the phase line is as shown in Figure 4.19. 
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Figure 4.19 A phase line for the differential equation 


ff = if) 


This phase line shows that when P is less than zero or greater than K, the population decreases over time. When P is 
between O and K, the population increases over time. 


Example 4.14 


Chapter Opener: Examining the Carrying Capacity of a Deer Population 


Figure 4.20 (credit: modification of work by Rachel Kramer, 
Flickr) 


Let’s consider the population of white-tailed deer (Odocoileus virginianus) in the state of Kentucky. The 
Kentucky Department of Fish and Wildlife Resources (KDFWR) sets guidelines for hunting and fishing in 
the state. Before the hunting season of 2004, it estimated a population of 900,000 deer. Johnson notes: 
“A deer population that has plenty to eat and is not hunted by humans or other predators will double every 
three years.” (George Johnson, “The Problem of Exploding Deer Populations Has No Attractive Solutions,” 
January 12, 2001, accessed April 9, 2015, http://www.txtwriter.com/onscience/Articles/deerpops.html.) This 
In(2) 
3 
per year. (This assumes that the population grows exponentially, which is reasonable—at least in the short 
term—with plentiful food supply and no predators.) The KDFWR also reports deer population densities for 32 


observation corresponds to a rate of increase r = = 0.2311, so the approximate growth rate is 23.11% 


counties in Kentucky, the average of which is approximately 27 deer per square mile. Suppose this is the deer 
density for the whole state (39,732 square miles). The carrying capacity K is 39,732 square miles times 27 
deer per square mile, or 1,072,764 deer. 
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a. For this application, we have Py = 900,000, K = 1,072,764, and r = 0.2311. Substitute these values 
into Equation 4.8 and form the initial-value problem. 

b. Solve the initial-value problem from part a. 

c. According to this model, what will be the population in 3 years? Recall that the doubling time predicted 
by Johnson for the deer population was 3 years. How do these values compare? 

d. Suppose the population managed to reach 1,200,000 deer. What does the logistic equation predict will 


happen to the population in this scenario? 


Solution 


a. The initial value problem is 


dP — ee aes = 
P= 0.2311P(1-zabaaq} PCO) = 900,000. 
b. The logistic equation is an autonomous differential equation, so we can use the method of separation of 
variables. 
Step 1: Setting the right-hand side equal to zero gives P = 0 and P = 1,072,764. This means that if the 


population starts at zero it will never change, and if it starts at the carrying capacity, it will never change. 
Step 2: Rewrite the differential equation and multiply both sides by: 


adP _ 072.764 =P) 
one ( 1,072,764 

_ 1,072,764 — P 
dP = 0231p Jar. 


Divide both sides by P(1,072,764 — P): 


dP = 202i 
P(1,072,764 — P) — 1,072,764" 


Step 3: Integrate both sides of the equation using partial fraction decomposition: 


pores 2 | oer 
PU.072,764 —P) 1,072,764 
es en | or — _0.2311t_ 
1,072,764 (e * 7,072,764 — p)aP 1,072,764 + © 
ae _ _ — _0.2311t_ 
oT Teg MiPl — In1,072,764 — P|) = 78230 + c. 


Step 4: Multiply both sides by 1,072,764 and use the quotient rule for logarithms: 


In 


a ee 
1,072,764 =; = 0.2311t+C}. 


Here C, = 1,072,764C. Next exponentiate both sides and eliminate the absolute value: 


P 
| 1,072,764 — P| 5 0.2311t+ Cy 
e =e 
—__ P| 0.23114 
Laratea = A Coe 
Pee, ae 0.23114 
LO7L 74 =P = 028 
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Cc 
Here Cy =e " but after eliminating the absolute value, it can be negative as well. Now solve for: 


P= Cy e931!" (1 072,764 _ P). 
P= 1,072;764C,2°° " —¢, pe 
P+C) Pelt = lose. 


Plt cye’ |) = 10777 


L072 7c, 299 


P(t) 
] 4 Cen 


Step 5: To determine the value of C>, it is actually easier to go back a couple of steps to where C> was 
defined. In particular, use the equation 


P _ 0.2311t 
[072,764 — P = ©2¢ 


The initial condition is P(O) = 900,000. Replace P with 900,000 and ¢ with zero: 


P _ 0.2311t 
LOT, 764-P = ©2° 
900,000 a 00-2311) 
1,072,764 — 900,000 2 
900,000 _ ¢ 
172,764 ~ ~2 
Cy = Bae w 5.209. 


Therefore 


1,072,764 (22000) 0-2311t 


75000) ,0.23117 
1+ ( 4799 Je 


_ 1,072,764(25000)e977!"" 
4799 + 25000097311" 


Pt) = 


Dividing the numerator and denominator by 25,000 gives 


1,072,764¢9 2311" 


P(t) = : 
0.19196 + e% 2311 


Figure 4.21 is a graph of this equation. 
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Figure 4.21 Logistic curve for the deer population with an 
initial population of 900,000 deer. 


c. Using this model we can predict the population in 3 years. 


0.2311(3) 
P(3) = 1072,764e + 978.830 deer 


0.19196 + e930) 


This is far short of twice the initial population of 900,000. Remember that the doubling time is based 


on the assumption that the growth rate never changes, but the logistic model takes this possibility into 
account. 


d. Ifthe population reached 1,200,000 deer, then the new initial-value problem would be 


dP _ (.2311P 


ee ee = 
dP (1 obra} P(0) = 1,200,000. 


The general solution to the differential equation would remain the same. 


10727640,e°°"" 


P(t) = 


To determine the value of the constant, return to the equation 


P _ 0.2311t 
1072, 764— P = ©2° 


Substituting the values t = 0 and P = 1,200,000, you get 


C508 BUO  _ 1,200,000 
2 1,072,764 — 1,200,000 
100,000 _ 


Therefore 
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L072 7164052" 
] 4 Ce 


1,072,764{— 100.000) -0.23111 


PQ = 


= 10,603 
a 100,000) 0.23112 
! (- 10,603 Je 
__107,276,400,000e°73!!! 


100,000e23!!! — 10,603 


~ Josip ssie! 
9.43129¢92311¢ _ 4 


This equation is graphed in Figure 4.22. 


1,200,000 = 1,200,000 


P = 1,072,764 


10 15 20 


Figure 4.22 Logistic curve for the deer population with an 
initial population of 1,200,000 deer. 


Solving the Logistic Differential Equation 


The logistic differential equation is an autonomous differential equation, so we can use separation of variables to find the 
general solution, as we just did in Example 4.14. 


Step 1: Setting the right-hand side equal to zero leads to P=0O and P=K as constant solutions. The first solution 


indicates that when there are no organisms present, the population will never grow. The second solution indicates that when 
the population starts at the carrying capacity, it will never change. 


Step 2: Rewrite the differential equation in the form 
dP _ rP(K-P) 
dt kK 
Then multiply both sides by dt and divide both sides by P(K — P). This leads to 


dP___r 
PUK —P) = K4" 


Multiply both sides of the equation by K and integrate: 


| ame? — fe rat. 
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The left-hand side of this equation can be integrated using partial fraction decomposition. We leave it to you to verify that 


[ae freee | 
PK-P) P'K-P 


Then the equation becomes 


1 1 = 

[pty = frat 

InlP| —InlK — P| = rt+C 
nl -P = rt+C. 


Now exponentiate both sides of the equation to eliminate the natural logarithm: 


In|? | 
ée lk 7 A = ettc 
P = Cort 
K-Pl = ° @- 
We define C,; = e° so that the equation becomes 
a _ rt (4.9) 
K—P Cy é . 


To solve this equation for P(t), first multiply both sides by K —P and collect the terms containing P on the left-hand 


side of the equation: 


P= Cye"(K—P) 
P= C, Ke" =C,Pe" 
P+C,Pe" = C,Ke™. 


Next, factor P from the left-hand side and divide both sides by the other factor: 


P(l+Cye") = C,Ke™ (4.10) 
C, Ke" 
P(t —1__. 
( ) 1 + C; et 


The last step is to determine the value of C,. The easiest way to do this is to substitute t= 0 and Po in place of P in 


Equation 4.9 and solve for C,: 


Kop = oe" 
P 
¥ 7 = Cie 
~ #10 
P 
Cy = o, 
I K=P 
Finally, substitute the expression for C, into Equation 4.10: 
Po rt 
P(t) = Cie”. “wan 
; Lacie 1+ FO. 3H 
K—Po 


Now multiply the numerator and denominator of the right-hand side by (K — Po) and simplify: 
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P(t) 


We state this result as a theorem. 


Theorem 4.2: Solution of the Logistic Differential Equation 
Consider the logistic differential equation subject to an initial population of Pg with carrying capacity K and growth 
rate r. The solution to the corresponding initial-value problem is given by 


PoKe"™ (4.11) 


50 ea ea 


Now that we have the solution to the initial-value problem, we can choose values for Po, r, and K and study the solution 
curve. For example, in Example 4.14 we used the values r = 0.2311, K = 1,072,764, and an initial population of 
900,000 deer. This leads to the solution 
_ PoKe™ 

(K —Po)+ Poe” 
2 900,000(1,072,764)e9731!! 

(1,072,764 — 900,000) + 900,000¢%73!!" 


_ 900,000(1,072,764) 20-2311t 
172,764 + 900,000e 0.23111” 


P(t) 


Dividing top and bottom by 900,000 gives 


0.2311t 
P(t) = 1,072,764e am 
0.19196 + eh"! 
This is the same as the original solution. The graph of this solution is shown again in blue in Figure 4.23, superimposed 
over the graph of the exponential growth model with initial population 900,000 and growth rate 0.2311 (appearing in 


green). The red dashed line represents the carrying capacity, and is a horizontal asymptote for the solution to the logistic 
equation. 
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Figure 4.23 A comparison of exponential versus logistic 
growth for the same initial population of 900,000 organisms 


and growth rate of 23.11%. 


Working under the assumption that the population grows according to the logistic differential equation, this graph predicts 
that approximately 20 years earlier (1984), the growth of the population was very close to exponential. The net growth 


rate at that time would have been around 23.1% per year. As time goes on, the two graphs separate. This happens 


because the population increases, and the logistic differential equation states that the growth rate decreases as the population 
increases. At the time the population was measured (2004), it was close to carrying capacity, and the population was 


starting to level off. 


The solution to the logistic differential equation has a point of inflection. To find this point, set the second derivative equal 
to zero: 


P(t) P Ke" 
(K — Po) + Poe” 
Pi) = rP K(K — Poe” 
((K — Po) + Poe”) 
Py = r? PoK(K — Po)?e™ — 1? Py? K(K — Poe™ 


((K - Po) + Poe”)? 
r? Po K(K — Pole ((K — Po) - Poe”) 
((K — Po)+ Poe")? 


Setting the numerator equal to zero, 
r? PoK(K — Poe ((K — Po) — Poe”) = 0. 
As long as Py # K, the entire quantity before and including e” is nonzero, so we can divide it out: 
(K — Po) — Poe” =0. 


Solving for f, 
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Notice that if Py > K, then this quantity is undefined, and the graph does not have a point of inflection. In the logistic 


graph, the point of inflection can be seen as the point where the graph changes from concave up to concave down. This is 
where the “leveling off” starts to occur, because the net growth rate becomes slower as the population starts to approach the 
carrying capacity. 


4.14 A population of rabbits in a meadow is observed to be 200 rabbits at time tf = 0. After a month, the 
rabbit population is observed to have increased by 4%. Using an initial population of 200 and a growth rate of 
0.04, with a carrying capacity of 750 rabbits, 


Write the logistic differential equation and initial condition for this model. 


b. Draw a slope field for this logistic differential equation, and sketch the solution corresponding to an 
initial population of 200 rabbits. 


c. Solve the initial-value problem for P(t). 


d. Use the solution to predict the population after 1 year. 
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Student 


Student Project: Logistic Equation with a Threshold Population 


An improvement to the logistic model includes a threshold population. The threshold population is defined to be the 
minimum population that is necessary for the species to survive. We use the variable T to represent the threshold 


population. A differential equation that incorporates both the threshold population T and carrying capacity K is 


df =. BO ~F) oa 


where r represents the growth rate, as before. 


1. The threshold population is useful to biologists and can be utilized to determine whether a given species should 
be placed on the endangered list. A group of Australian researchers say they have determined the threshold 
population for any species to survive: 5000 adults. (Catherine Clabby, “A Magic Number,” American Scientist 


98(1): 24, doi:10.1511/2010.82.24. accessed April 9, 2015, http://www.americanscientist.org/issues/pub/a- 
magic-number). Therefore we use T = 5000 as the threshold population in this project. Suppose that the 


environmental carrying capacity in Montana for elk is 25,000. Set up Equation 4.12 using the carrying 
capacity of 25,000 and threshold population of 5000. Assume an annual net growth rate of 18%. 


2. Draw the direction field for the differential equation from step 1, along with several solutions for different 


initial populations. What are the constant solutions of the differential equation? What do these solutions 
correspond to in the original population model (i.e., in a biological context)? 


3. What is the limiting population for each initial population you chose in step 2? (Hint: use the slope field to 
see what happens for various initial populations, i.e., look for the horizontal asymptotes of your solutions.) 


4. This equation can be solved using the method of separation of variables. However, it is very difficult to get the 
solution as an explicit function of ¢. Using an initial population of 18,000 elk, solve the initial-value problem 


and express the solution as an implicit function of ft, or solve the general initial-value problem, finding a 


solution in terms of r, K, T, and Po. 
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4.4 EXERCISES 


For the following problems, consider the logistic equation 
in the form P’ = CP — P*. Draw the directional field and 
find the stability of the equilibria. 


168. C=3 
169. C=0 
170. C=-3 


171. Solve the logistic equation for C = 10 and an initial 
condition of P(O) = 2. 


172. Solve the logistic equation for C =—10 and an 
initial condition of P(O) = 2. 


173. A population of deer inside a park has a carrying 
capacity of 200 and a growth rate of 2%. If the initial 


population is 50 deer, what is the population of deer at any 
given time? 


174. A population of frogs in a pond has a growth rate 
of 5%. If the initial population is 1000 frogs and the 


carrying capacity is 6000, what is the population of frogs 


at any given time? 


175. [T] Bacteria grow at a rate of 20% per hour ina 


petri dish. If there is initially one bacterium and a carrying 
capacity of 1 million cells, how long does it take to reach 


500,000 cells? 


176. [T] Rabbits in a park have an initial population of 
10 and grow at a rate of 4% per year. If the carrying 


capacity is 500, 
100 rabbits? 


at what time does the population reach 


177. [T] Two monkeys are placed on an island. After 5 
years, there are 8 monkeys, and the estimated carrying 
capacity is 25 monkeys. When does the population of 
monkeys reach 16 monkeys? 


178. [T] A butterfly sanctuary is built that can hold 2000 
butterflies, and 400 butterflies are initially moved in. If 
after 2 months there are now 800 butterflies, when does 
the population get to 1500 butterflies? 


The following problems consider the logistic equation with 
an added term for depletion, either through death or 
emigration. 
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179. [T] The population of trout in a pond is given by 


ee __P_)_ 
P = 0.4P(1 ata) 400, where 400 trout are 


caught per year. Use your calculator or computer software 
to draw a directional field and draw a few sample solutions. 
What do you expect for the behavior? 


180. In the preceding problem, what are the stabilities of 
the equilibria 0 <P; < Py? 


181. [T] For the preceding problem, use software to 
generate a directional field for the value f = 400. What 


are the stabilities of the equilibria? 


182. [T] For the preceding problems, use software to 
generate a directional field for the value f = 600. What 


are the stabilities of the equilibria? 


183. [T] For the preceding problems, consider the case 
where a certain number of fish are added to the pond, or 
f = —200. What are the nonnegative equilibria and their 


stabilities? 


It is more likely that the amount of fishing is governed by 
the current number of fish present, so instead of a constant 
number of fish being caught, the rate is proportional to 
the current number of fish present, with proportionality 
constant k, as 


P= 0.4 (1 )- KP. 


apeee seo 
10000 


184. [T] For the previous fishing problem, draw a 
directional field assuming k = 0.1. Draw some solutions 


that exhibit this behavior. What are the equilibria and what 
are their stabilities? 


185. [T] Use software or a calculator to draw directional 
fields for k = 0.4. What are the nonnegative equilibria and 


their stabilities? 


186. [T] Use software or a calculator to draw directional 
fields for k =0.6. What are the equilibria and their 


stabilities? 
187. Solve this equation, assuming a value of k = 0.05 


and an initial condition of 2000 fish. 


188. Solve this equation, assuming a value of k = 0.05 
and an initial condition of 5000 fish. 


The following problems add in a minimal threshold value 
for the species to survive, 7, which changes the 


differential equation to P’(t) = rP(1 — P\i — f) 
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189. Draw the directional field of the threshold logistic 
equation, assuming K = 10, r=0.1, T =2. When does 


the population survive? When does it go extinct? 


190. For the preceding problem, solve the logistic 
threshold equation, assuming the initial condition 
P(O) = Po. 


191. Bengal tigers in a conservation park have a carrying 
capacity of 100 and need a minimum of 10 to survive. 


If they grow in population at a rate of 1% per year, with 
an initial population of 15 tigers, solve for the number of 
tigers present. 


192. A forest containing ring-tailed lemurs in Madagascar 
has the potential to support 5000 individuals, and the 


lemur population grows at a rate of 5% per year. A 
minimum of 500 individuals is needed for the lemurs to 
survive. Given an initial population of 600 lemurs, solve 
for the population of lemurs. 


193. The population of mountain lions in Northern 
Arizona has an estimated carrying capacity of 250 and 


grows at a rate of 0.25% per year and there must be 25 
for the population to survive. With an initial population of 
30 mountain lions, how many years will it take to get 


the mountain lions off the endangered species list (at least 
100) ? 


The following questions consider the Gompertz equation, 
a modification for logistic growth, which is often used for 
modeling cancer growth, specifically the number of tumor 
cells. 


194. The Gompertz equation is given by 
PQ)’ =aln (ro. Draw the directional fields for this 


equation assuming all parameters are positive, and given 
that K = 1. 


195. Assume that for a population, K = 1000 and 
a= 0.05. Draw the directional field associated with this 


differential equation and draw a few solutions. What is the 
behavior of the population? 


196. Solve the Gompertz equation for generic @ and K 
and P(O) = Po. 


197. [T] The Gompertz equation has been used to model 
tumor growth in the human body. Starting from one tumor 
cell on day 1 and assuming a@=0.1 and a carrying 


capacity of 10 million cells, how long does it take to reach 
“detection” stage at 5 million cells? 
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198. [T] It is estimated that the world human population 
reached 3 billion people in 1959 and 6 billionin 1999. 


Assuming a carrying capacity of 16 billion humans, write 


and solve the differential equation for logistic growth, and 
determine what year the population reached 7 billion. 


199. [T] It is estimated that the world human population 
reached 3 billion people in 1959 and 6 billionin 1999. 


Assuming a carrying capacity of 16 billion humans, write 


and solve the differential equation for Gompertz growth, 
and determine what year the population reached 7 billion. 


Was logistic growth or Gompertz growth more accurate, 
considering world population reached 7 billion on October 


31, 2011? 


200. Show that the population grows fastest when it 
reaches half the carrying capacity for the logistic equation 


p'=rP(1-2). 


201. When does population increase the fastest in the 
ds : faked _PY,_I)\9 
threshold logistic equation P’(t) = rP(1 P\i r): 


202. When does population increase the fastest for the 


: Poa K 9 
Gompertz equation P(t)’ = aln (S ( pw ? 


Below is a table of the populations of whooping cranes in 
the wild from 1940 to 2000. The population rebounded 


from near extinction after conservation efforts began. The 
following problems consider applying population models 
to fit the data. Assume a carrying capacity of 10,000 
cranes. Fit the data assuming years since 1940 (so your 
initial population at time 0 would be 22 cranes). 
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Whooping 
Crane 
Population 


Year (years since 
conservation began) 


1980(40) 
1990(50) 
2000(60) 


Source: https://www.savingcranes.org/images/ 
stories/site_images/conservation/whooping_crane/ 
pdfs/historic_wc_numbers.pdf 


203. Find the equation and parameter r that best fit the 
data for the logistic equation. 


204. Find the equation and parameters 7 and T that best 
fit the data for the threshold logistic equation. 


205. Find the equation and parameter a that best fit the 
data for the Gompertz equation. 


206. Graph all three solutions and the data on the same 
graph. Which model appears to be most accurate? 


207. Using the three equations found in the previous 
problems, estimate the population in 2010 (year 70 after 
conservation). The real population measured at that time 
was 437. Which model is most accurate? 
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4.5 | First-order Linear Equations 


Learning Objectives 


4.5.1 Write a first-order linear differential equation in standard form. 


4.5.2 Find an integrating factor and use it to solve a first-order linear differential equation. 
4.5.3 Solve applied problems involving first-order linear differential equations. 


Earlier, we studied an application of a first-order differential equation that involved solving for the velocity of an object. 
In particular, if a ball is thrown upward with an initial velocity of vg ft/s, then an initial-value problem that describes the 


velocity of the ball after ¢ seconds is given by 


dv __ = 
cra 32, WO) = vo. 
This model assumes that the only force acting on the ball is gravity. Now we add to the problem by allowing for the 
possibility of air resistance acting on the ball. 


Air resistance always acts in the direction opposite to motion. Therefore if an object is rising, air resistance acts in a 
downward direction. If the object is falling, air resistance acts in an upward direction (Figure 4.24). There is no exact 
relationship between the velocity of an object and the air resistance acting on it. For very small objects, air resistance is 
proportional to velocity; that is, the force due to air resistance is numerically equal to some constant k times v. For larger 


(e.g., baseball-sized) objects, depending on the shape, air resistance can be approximately proportional to the square of the 


velocity. In fact, air resistance may be proportional to ee , or ee, or some other power of v. 


Air resistance 
~kv 


QO 


g =-9.8 m/sec? 


Figure 4.24 Forces acting on a moving baseball: gravity acts 
in a downward direction and air resistance acts in a direction 
opposite to the direction of motion. 


We will work with the linear approximation for air resistance. If we assume k > 0, then the expression for the force F' 4 
due to air resistance is given by F', = —kv. Therefore the sum of the forces acting on the object is equal to the sum of 


the gravitational force and the force due to air resistance. This, in turn, is equal to the mass of the object multiplied by its 
acceleration at time ¢ (Newton’s second law). This gives us the differential equation 


Ca oe 
cr le kv — mg. 


Finally, we impose an initial condition v(0) = vo, where vg is the initial velocity measured in meters per second. This 


makes g = 9.8 m/s*. The initial-value problem becomes 


m=—=-—-kv—mg, vO) = vo. (4.13) 
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The differential equation in this initial-value problem is an example of a first-order linear differential equation. (Recall that 
a differential equation is first-order if the highest-order derivative that appears in the equation is 1.) In this section, we 


study first-order linear equations and examine a method for finding a general solution to these types of equations, as well as 
solving initial-value problems involving them. 


Definition 
A first-order differential equation is linear if it can be written in the form 


a(x)y’ + b(x)y = c(x), (4.14) 


where a(x), b(x), and c(x) are arbitrary functions of x. 


Remember that the unknown function y depends on the variable x; that is, x is the independent variable and y is the 
dependent variable. Some examples of first-order linear differential equations are 
(S47 - Aly’ +(x-3)y = sinx 
(sinx)y’ — (cosx)y = cotx 


4xy’+ Blnx)y = go Ay 


Examples of first-order nonlinear differential equations include 


oy - OP = Bx-2y+4) 
4y' + 3y3 = 4x-5 
(y’)? = siny + cosx. 


These equations are nonlinear because of terms like wy, a etc. Due to these terms, it is impossible to put these 


equations into the same form as Equation 4.14. 
Standard Form 
Consider the differential equation 
(3x? - Aly’ +(x — 3)y = sinx. 


Our main goal in this section is to derive a solution method for equations of this form. It is useful to have the coefficient of 
y’ be equal to 1. To make this happen, we divide both sides by 3x7 = 4, 


/ —3 sinx 
y +( : ) = 
3x7 —4 3x*—4 
This is called the standard form of the differential equation. We will use it later when finding the solution to a general 
first-order linear differential equation. Returning to Equation 4.14, we can divide both sides of the equation by a(x). This 


leads to the equation 


1», b&), _ cx) (4.15) 
* aay = aay’ 
Now define p(x) = ae and q(x) = a. Then Equation 4.14 becomes 
y’ + pQ)y = qa). (4.16) 


We can write any first-order linear differential equation in this form, and this is referred to as the standard form for a first- 
order linear differential equation. 
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Example 4.15 


Writing First-Order Linear Equations in Standard Form 


Put each of the following first-order linear differential equations into standard form. Identify p(x) and g(x) for 
each equation. 
a y  =3x-A4y 


3xy’ 
b. aye 


3 =2 (here x > OQ) 


c. y = 3y’ —4x7 +5 


Solution 
a. Add 4y to both sides: 


y’ +4y = 3x. 


In this equation, p(x) = 4 and q(x) = 3x. 


b. Multiply both sides by 4y — 3, then subtract 8y from each side: 


3xy’ 
4y z= 3° 
3xy = 2(4y—3) 
3xy’ = 8y-6 
3xy’-8y = -6. 


Finally, divide both sides by 3x to make the coefficient of y’ equal to 1: 
2. (4.17) 


This is allowable because in the original statement of this problem we assumed that x > 0. (If x =0 
then the original equation becomes 0 = 2, which is clearly a false statement.) 

‘ : __ & ee 
In this equation, p(x) = 3x and q(x) 3x" 


c. Subtract y from each side and add 4x? —5: 


3y’ —y = 4x75. 


Next divide both sides by 3: 


ri dy —4,2_ 35 
aa? 
In this equation, p(x) = — + and q(x) = oo = 3 : 
fe 419 Put the equation mea = 5 into standard form and identify p(x) and q(x). 
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Integrating Factors 


We now develop a solution technique for any first-order linear differential equation. We start with the standard form of a 
first-order linear differential equation: 


y’ + py = qi). (4.18) 


The first term on the left-hand side of Equation 4.15 is the derivative of the unknown function, and the second term 
is the product of a known function with the unknown function. This is somewhat reminiscent of the power rule from the 
Differentiation Rules (http://cnx.org/content/m53575/latest/) section. If we multiply Equation 4.16 by a yet-to- 
be-determined function u(x), then the equation becomes 


UOr)y’ + uO) pOdy = uO). (4.19) 
The left-hand side Equation 4.18 can be matched perfectly to the product rule: 


Hi fedgl= f' @)g@ + (Ws! 


Matching term by term gives y = f(x), g(x) = u(x), and g’ (x) = u(x) p(x). Taking the derivative of g(x) = u(x) and 
setting it equal to the right-hand side of g’ (x) = u(x)p(x) leads to 
MW (x) = ux) po). 


This is a first-order, separable differential equation for u(x). We know p(x) because it appears in the differential equation 


we are solving. Separating variables and integrating yields 


[eas = [pdx 
Inu = fpddx+C 
ciao! [p@dx+C 
Malerae 

u(x) = Ger ee 


Here C> can be an arbitrary (positive or negative) constant. This leads to a general method for solving a first-order linear 


differential equation. We first multiply both sides of Equation 4.16 by the integrating factor u(x). This gives 
U)y’ + ux)pOdy = u)gQ). (4.20) 


The left-hand side of Equation 4.19 can be rewritten as “u(x)y) 
A u(x)y) = wag). (4.21) 


Next integrate both sides of Equation 4.20 with respect to x. 
| = (4.22) 
[Lucoydx = fucogooas 
way = [udg@)dx. 
Divide both sides of Equation 4.21 by u(x): 


y= rel [ucdaoyax + C] (4.23) 


Since u(x) was previously calculated, we are now finished. An important note about the integrating constant C: It may 
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seem that we are inconsistent in the usage of the integrating constant. However, the integral involving p(x) is necessary in 
order to find an integrating factor for Equation 4.15. Only one integrating factor is needed in order to solve the equation; 
therefore, it is safe to assign a value for C for this integral. We chose C = 0. When calculating the integral inside the 


brackets in Equation 4.21, it is necessary to keep our options open for the value of the integrating constant, because our 
goal is to find a general family of solutions to Equation 4.15. This integrating factor guarantees just that. 


Example 4.16 


Solving a First-order Linear Equation 


Find a general solution for the differential equation xy’ + 3y = 4x? —3x. Assume x > 0. 


Solution 
1. To put this differential equation into standard form, divide both sides by x: 
yt 3y = 4x - 3. 


Therefore p(x) = 3 and q(x) = 4x -3. 


[Olde _ nx _ 3 


2. The integrating factor is u(x) = e =x. 


3. Multiplying both sides of the differential equation by u(x) gives us 
x y+ x (2)y 

xy 43x27y = 4x4- 3x3 

d (x? y) = 4x4_ 3x3, 


x3 (4x — 3) 


dx 
4. Integrate both sides of the equation. 
_d(,3 = 4_ 2,3 
Lx y}ax = [4 3x7dx 
5 4 
xy = ac - ac +C 
2 
= 4c - as Hie, 


5. There is no initial value, so the problem is complete. 


Analysis 
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You may have noticed the condition that was imposed on the differential equation; namely, x > 0. For any 
nonzero value of C, the general solution is not defined at x = 0. Furthermore, when x < 0, _ the integrating 


[re 


d. 
factor changes. The integrating factor is given by Equation 4.19 as f(x) =e * For this p(x) we get 


3 


P(x)dx = (3/x)dx 
e ri = go = Ixl", 


since x <0. The behavior of the general solution changes at x = 0 largely due to the fact that p(x) is not 


defined there. 


fj 4.16 Find the general solution to the differential equation (x — 2)y’ + y = 3x7 + 2x. Assume x > 2. 


Now we use the same strategy to find the solution to an initial-value problem. 


Example 4.17 


A First-order Linear Initial-Value Problem 


Solve the initial-value problem 
y+3y=2x-1, yO0)=3. 


Solution 
1. This differential equation is already in standard form with p(x) = 3 and q(x) = 2x - 1. 


3d 
J - = eo. 


3. Multiplying both sides of the differential equation by u(x) gives 


2. The integrating factor is u(x) = e 


eF*y' + 3e3*y = (2x- le” 
Aye") = (2x-e™. 


dx! 


Integrate both sides of the equation: 


[Aye* fax = [ex — 1)e3* dx 


3x 
3x _ e _ 1) _ 123% 
Yee ee ae (2x —1) [Re dx 


ae oP Oe= 1) oes 
9 


ye = 3 
— 2x-1 2 —3x 
y= 3 9 + Ce 
= 2%. 5. —3x 
i 9 + Ce ‘ 


4. Now substitute x = 0 and y =3 into the general solution and solve for C: 
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y= 2x —-24Ce™ 
3 = 20)-3+c0e°% 
3 = =3 CE 
c= 2. 
Therefore the solution to the initial-value problem is 
y= ox 5 +e 


fe 4.17 Solve the initial-value problem y’ —-2y=4x+3 y(O) =-2. 


Applications of First-order Linear Differential Equations 


We look at two different applications of first-order linear differential equations. The first involves air resistance as it relates 
to objects that are rising or falling; the second involves an electrical circuit. Other applications are numerous, but most are 
solved in a similar fashion. 


Free fall with air resistance 


We discussed air resistance at the beginning of this section. The next example shows how to apply this concept for a ball in 
vertical motion. Other factors can affect the force of air resistance, such as the size and shape of the object, but we ignore 
them here. 


Example 4.18 


A Ball with Air Resistance 


A racquetball is hit straight upward with an initial velocity of 2 m/s. The mass of a racquetball is approximately 
0.0427 kg. Air resistance acts on the ball with a force numerically equal to 0.5v, where v represents the 
velocity of the ball at time +. 


a. Find the velocity of the ball as a function of time. 
b. How long does it take for the ball to reach its maximum height? 


c. If the ball is hit from an initial height of 1 meter, how high will it reach? 


Solution 
a. The mass m= 0.0427kg,k=0.5, and g=9.8 m/s2. The initial velocity is vg = 2 m/s. Therefore 


the initial-value problem is 


0.042742 = —0.5v — 0.0427(9.8), v9 =2. 


Dividing the differential equation by 0.0427 gives 
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dy — _ 2 = 
TT = 11.7096v — 9.8, v9 = 2. 


The differential equation is linear. Using the problem-solving strategy for linear differential equations: 


Step 1. Rewrite the differential equation as 7 + 11.7096v = —9.8. This gives p(t) = 11.7096 and 
q(t) = —9.8 
[11.7096d0 _ etl.70961 


Step 3. Multiply the differential equation by p(2): 


Step 2. The integrating factor is y(t) = e 


d 11.7096f4] _ _. 11.7096t 
“ve | = —9.8e . 


Step 4. Integrate both sides: 
dJ,,,,11.7096r _ _ 11.7096¢ 
[Are at = J 9.8e dt 


11.7096t  __ —9.8 11.7096 
ve = 77.7096° ae 


—0.8369 + Ce !1.7096r, 


v(t) 


Step 5. Solve for C using the initial condition vg = v(0) = 2: 


vt) = —0.8369 + Ce 11-7096 
v0) = —0.8369 + Co71!-7096(0) 
2 = -0.8369+C 
C = 2.8369. 


Therefore the solution to the initial-value problem is v(t) = 2.8369e~!1:7096 _ 9 8369, 


b. The ball reaches its maximum height when the velocity is equal to zero. The reason is that when the 
velocity is positive, it is rising, and when it is negative, it is falling. Therefore when it is zero, it is neither 
rising nor falling, and is at its maximum height: 


2.8369e~!1-7096' _ 9.8369 = 0 
2.8369e7|1.7096r = 0.8369 
e711.7096t 0.8369 ~ 9.295 


2.8369 
Ine!!-7096t — 1n0.295 ~ — 1.221 
11.7096 = —1.221 

t = 0.104. 


Therefore it takes approximately 0.104 second to reach maximum height. 


c. To find the height of the ball as a function of time, use the fact that the derivative of position is velocity, 
i.e., if A(t) represents the height at time ¢, then h’(t) = v(t). Because we know v(f) and the initial 


height, we can form an initial-value problem: 


h(t) = 2.8369e~!1-7996 _ 9.8369, (0) = 1. 
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Integrating both sides of the differential equation with respect to f gives 


fi h' (t)dt 


i 2.8369e 711.7096 _ 9 836 90a¢ 


— __2.8369_ ,-11.7096r _ 
hy) = —~Sre 0.83691 + C 
h(t) = —0.2423e7!1-7996 _ 9 336074. C. 


Solve for C by using the initial condition: 


A(t) = —0.2423e711-79%6t _ 9 83697 + C 
AO) = —0.2423e7 117° _ 9 9369(0)+.C 
1 = -024234+C 
Cs: 19% 


Therefore 


A(t) = —0.2423e~ 11-7096 _ 9.3697 + 1.2423. 


After 0.104 second, the height is given by 
A(O.2) = —0.2423e~!1-7096 _ 9.83697 + 1.2423 = 1.0836 meter. 


4.18 The weight of a penny is 2.5 grams (United States Mint, “Coin Specifications,” accessed April 9, 2015, 


http://www.usmint.gov/about_the_mint/?action=coin_specifications), and the upper observation deck of the 
Empire State Building is 369 meters above the street. Since the penny is a small and relatively smooth object, 


air resistance acting on the penny is actually quite small. We assume the air resistance is numerically equal to 
0.0025v. Furthermore, the penny is dropped with no initial velocity imparted to it. 


a. Set up an initial-value problem that represents the falling penny. 


b. Solve the problem for v(t). 


c. What is the terminal velocity of the penny (i.e., calculate the limit of the velocity as tf approaches 
infinity)? 


Electrical Circuits 


A source of electromotive force (e.g., a battery or generator) produces a flow of current in a closed circuit, and this current 
produces a voltage drop across each resistor, inductor, and capacitor in the circuit. Kirchhoff’s Loop Rule states that the sum 
of the voltage drops across resistors, inductors, and capacitors is equal to the total electromotive force in a closed circuit. 
We have the following three results: 


1. The voltage drop across a resistor is given by 


Ep=Ri, 


where R is a constant of proportionality called the resistance, and i is the current. 


2. The voltage drop across an inductor is given by 


E,=Li, 
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where L is a constant of proportionality called the inductance, and i again denotes the current. 
3. The voltage drop across a capacitor is given by 
Ec= £4: 
where C is a constant of proportionality called the capacitance, and q is the instantaneous charge on the capacitor. The 
relationship between i and q is i=q’. 


We use units of volts (V) to measure voltage E, amperes (A) to measure current i, coulombs (C) to measure charge 
q, ohms (Q) to measure resistance R, henrys (H) to measure inductance L, and farads (F) to measure capacitance 
C. Consider the circuit in Figure 4.25. 

Cc 


R 


Figure 4.25 A typical electric circuit, containing a voltage 
generator (Vs), capacitor (C), inductor (Z), and resistor 


(R). 


Applying Kirchhoff’s Loop Rule to this circuit, we let E' denote the electromotive force supplied by the voltage generator. 
Then 


E L + E R + E Cc = E e 
Substituting the expressions for E;, Ep, and Ec into this equation, we obtain 
bP aeRis £4 =E. (4.24) 
If there is no capacitor in the circuit, then the equation becomes 
Li'+Ri=E. (4.25) 
This is a first-order differential equation in i. The circuit is referred to as an LR circuit. 


Next, suppose there is no inductor in the circuit, but there is a capacitor and aresistor,so L=0, R#0, and C #0. Then 
Equation 4.23 can be rewritten as 


Rq' + 4. aE. (4.26) 


which is a first-order linear differential equation. This is referred to as an RC circuit. In either case, we can set up and solve 
an initial-value problem. 


Example 4.19 


Finding Current in an RL Electric Circuit 


A circuit has in series an electromotive force given by E = 50sin20r V, a resistor of 5Q, and an inductor of 
0.4 H. If the initial current is 0, find the current at time ¢ > 0. 
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Solution 


We have a resistor and an inductor in the circuit, so we use Equation 4.24. The voltage drop across the resistor is 
given by Ep = Ri = Si. The voltage drop across the inductor is given by EF, = Li’ = 0.41’. The electromotive 


force becomes the right-hand side of Equation 4.24. Therefore Equation 4.24 becomes 
0.47’ + 5i = 50sin20. 
Dividing both sides by 0.4 gives the equation 
i + 12.57 = 125sin20¢. 
Since the initial current is 0, this result gives an initial condition of i(0) = 0. We can solve this initial-value 
problem using the five-step strategy for solving first-order differential equations. 


Step 1. Rewrite the differential equation as i’+12.5i=125sin20t. This gives p(t)=12.5 and 
q(t) = 125 sin 20. 


; f125dt i954 
Step 2. The integrating factor is y(t) = e =e 


Step 3. Multiply the differential equation by p(Z): 


el ti 4.12.5e1947 = 125e!? sin 201 
df-,12.5f] _ 12.5t .; 
lie |] = 125e!?°'sin200. 


Step 4. Integrate both sides: 
d[,,12.5t = 12.5t 
folie SJar = f'125e'?5*sin20¢ at 


je 12-5t (250sin201 aes 201), 12-51 4C 


. — 250sin20t — 400cos 20t —12.5t 
ia = a |: ae . 


+ Ce 


Step 5. Solve for C using the initial condition v(0) = 2: 


i(t) = a ee 
i(0) = 250sin20(0) — 40005200) 4 e725 
= 800 
eS egos 
=, 400 
C = 89° 
Therefore the solution to the initial-value problem is 


i(t) = 250sin201 — 400cos 20 + 400e'*°" _ 250sin20r — 400cos20r 5 400e7!*°! 
89 89 89. 


The first term can be rewritten as a single cosine function. First, multiply and divide by 2502 + 4002 = 50V89: 


250sin20t — 400cos20t _ Sy89( 250 sin20t — 400cos 1) 
89 89 50V89 


he S189/ Scos20t _ Souci) 
v89 v89 


Next, define @ to be an acute angle such that cos@ = —. Then sing = —_ and 


8 
89" 89 
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SES auacth = Sena 2 c= DOVES fede a nn cet een 
=- S089 oos(201 + @). 
Therefore the solution can be written as 
_ 50V89 Aide" 
i(t) = 39 cos(20t + pg) + 39 


The second term is called the attenuation term, because it disappears rapidly as t grows larger. The phase shift is 


given by w, and the amplitude of the steady-state current is given by S0V89, The graph of this solution appears 
in Figure 4.26: 


=o - oe = 


y 
6 i) = - 


{ll 
AU 


Figure 4.26 


——-cos(20t + ¢) + 


4.19 A circuit has in series an electromotive force given by E = 20sin5t V, a capacitor with capacitance 
0.02 F, and aresistor of 8 Q. Ifthe initial charge is 4C, find the charge at time ¢ > 0. 
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4.5 EXERCISES 


Are the following differential equations linear? Explain 
your reasoning. 


208. a = xy + sinx 


dx 
dy _ 
209. 4 = ty 
dy | 2_ 
210. Ge+yi=x 


21. y' =x +e* 
212. y =yte* 


Write the following first-order differential equations in 
standard form. 


213. y= xy + sinx 
214. y’+3y-—Inx=0 


215. —xy’ = (3x+2)y + xe* 


216. & =4y+ty +tant 


dy _ 
217. a= yx(x + 1) 


What are the integrating factors for the following 
differential equations? 


218. y’ =xy+3 
219. y +e*y=sinx 


220. y’ = xIn(x)y + 3x 


dy _ 
221. as tanh(x)y + 1 


dy ee: 
222. Gere =e y 


Solve the following differential equations by using 
integrating factors. 


223. y’ =3y+2 
Pores 2 
224, y'’=2y-x 


225. xy’ = 3y— 6x" 
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226. (x+2)y’ =3x+y 
227. y' =3x+xy 

228. xy’ =xt+y 

229. sin(x)y’ = y+2x 
230. y'=y+e 

231. xy’ =3yt+ x? 
232, y’+inx == 


Solve the following differential equations. Use your 
calculator to draw a family of solutions. Are there certain 
initial conditions that change the behavior of the solution? 


233. [T] (x+2)y’=2y-1 

234. [T] y’ =3e"3 —2y 

235. [T] xy’ + x = sin(32) 

236. [T] xy’ = 2£98* — 3y 

237. [T] (c+ Dy’ =3ytx24+2x41 
238. [T] sin(x)y’ + cos(x)y = 2x 

239, [T] Vx2+ ly’ =y+2 

240. [T] x°y'+2x7y=x41 


Solve the following initial-value problems by using 
integrating factors. 


241. y'+y=x, y(0)=3 

242. y’=y+2x7, y(0) =0 

243. xy’ = y— 3x3, y(1) = 0 
244. a ¥ = xy—Inx, yi) =1 
245. (1+x7}y’=y-1, 0) =0 


246. xy’ =y+2xInx, y1)=5 
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247. (2+x)y =y+2+4+x, yO) =0 
248. y’ =xy + 2xe*, (0) = 2 

249. vxy’ =y+ 2x, y(0)=1 

250. y’ =2y+ xe", y(0) =-1 


251. A falling object of mass m can reach terminal 


velocity when the drag force is proportional to its velocity, 
with proportionality constant k. Set up the differential 


equation and solve for the velocity given an initial velocity 
of 0. 


252. Using your expression from the preceding problem, 
what is the terminal velocity? (Hint: Examine the limiting 
behavior; does the velocity approach a value?) 


253. [T] Using your equation for terminal velocity, solve 
for the distance fallen. How long does it take to fall 5000 


meters if the mass is 100 kilograms, the acceleration due 
to gravity is 9.8 m/s? and the proportionality constant is 
4? 


254. A more accurate way to describe terminal velocity is 
that the drag force is proportional to the square of velocity, 
with a proportionality constant k. Set up the differential 


equation and solve for the velocity. 


255. Using your expression from the preceding problem, 
what is the terminal velocity? (Hint: Examine the limiting 
behavior: Does the velocity approach a value?) 


256. [T] Using your equation for terminal velocity, solve 
for the distance fallen. How long does it take to fall 5000 


meters if the mass is 100 kilograms, the acceleration due 


to gravity is 9.8 m/s? and the proportionality constant 
is 4? Does it take more or less time than your initial 
estimate? 


For the following problems, determine how parameter a 
affects the solution. 


257. Solve the generic equation y’ = ax + y. How does 


varying a change the behavior? 


258. Solve the generic equation y’ = ax + y. How does 


varying a change the behavior? 


259. Solve the generic equation y’ = ax + xy. How does 


varying a change the behavior? 


260. Solve the generic equation y’ = x + axy. How does 


varying a change the behavior? 


261. Solve y’-y= ekt 


y(O) = 0. As k approaches 1, 


formula? 


421 


with the initial condition 


what happens to your 
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CHAPTER 4 REVIEW 


KEY TERMS 


asymptotically semi-stable solution y= kX if it is neither asymptotically stable nor asymptotically unstable 


asymptotically stable solution y =k if there exists ¢ > 0 such that for any value c € (k—, k +) the solution 


to the initial-value problem y’ = f(x, y), y(x9) = approaches k as x approaches infinity 


asymptotically unstable solution y= if there exists ¢ >0O such that for any value ce (kK—e,k+e) the 


solution to the initial-value problem y’ = f(x, y), | y(%9) = c never approaches k as x approaches infinity 
autonomous differential equation an equation in which the right-hand side is a function of y alone 


carrying capacity the maximum population of an organism that the environment can sustain indefinitely 


differential equation an equation involving a function y = y(x) and one or more of its derivatives 


direction field (slope field) a mathematical object used to graphically represent solutions to a first-order differential 
equation; at each point in a direction field, a line segment appears whose slope is equal to the slope of a solution to 
the differential equation passing through that point 


equilibrium solution any solution to the differential equation of the form y= c, where c isa constant 


Euler’s Method a numerical technique used to approximate solutions to an initial-value problem 


general solution (or family of solutions) the entire set of solutions to a given differential equation 


growth rate the constant r > 0 in the exponential growth function P(t) = Pye” 


initial population the population at time ¢ = 0 


initial value(s) a value or set of values that a solution of a differential equation satisfies for a fixed value of the 
independent variable 


initial velocity the velocity at time t = 0 


initial-value problem a differential equation together with an initial value or values 


integrating factor any function f(x) that is multiplied on both sides of a differential equation to make the side 


involving the unknown function equal to the derivative of a product of two functions 

linear description of a first-order differential equation that can be written in the form a(x)y’ + b(x)y = c(x) 

logistic differential equation a differential equation that incorporates the carrying capacity K and growth rate r into 
a population model 


order of a differential equation the highest order of any derivative of the unknown function that appears in the 
equation 


particular solution member of a family of solutions to a differential equation that satisfies a particular initial condition 


phase line a visual representation of the behavior of solutions to an autonomous differential equation subject to various 
initial conditions 


separable differential equation any equation that can be written in the form y’ = f(x)g(y) 


separation of variables a method used to solve a separable differential equation 


solution curve a curve graphed in a direction field that corresponds to the solution to the initial-value problem passing 
through a given point in the direction field 


solution to a differential equation a function y = f(x) that satisfies a given differential equation 
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standard form the form of a first-order linear differential equation obtained by writing the differential equation in the 


form y’ + p@)y = qQ) 
step size the increment / that is added to the x value at each step in Euler’s Method 


threshold population the minimum population that is necessary for a species to survive 


KEY EQUATIONS 


¢ Euler’s Method 
Xn =Xqg+nh 


Yn =Yn—-1t+hfy_~_ 1. Yn—1), where his the step size 


¢ Separable differential equation 
y = fs) 
¢ Solution concentration 


ae = INFLOW RATE — OUTFLOW RATE 


¢ Newton’s law of cooling 


aT _ cr 
af’ — K(T -T,) 


¢ Logistic differential equation and initial-value problem 


aP=rP(i-£) PO) =Po 


¢ Solution to the logistic differential equation/initial-value problem 
PoKe™ 


Pee Pe Poe 


¢ Threshold population model 


=P - El - 5) 


¢ standard form 
y’ + p@y = qa) 


¢ integrating factor 


ox) = of 


KEY CONCEPTS 


4.1 Basics of Differential Equations 


¢ A differential equation is an equation involving a function y = f(x) and one or more of its derivatives. A solution 
is a function y = f(x) that satisfies the differential equation when f and its derivatives are substituted into the 
equation. 


¢ The order of a differential equation is the highest order of any derivative of the unknown function that appears in 
the equation. 


¢ A differential equation coupled with an initial value is called an initial-value problem. To solve an initial-value 
problem, first find the general solution to the differential equation, then determine the value of the constant. Initial- 
value problems have many applications in science and engineering. 


4.2 Direction Fields and Numerical Methods 


e A direction field is a mathematical object used to graphically represent solutions to a first-order differential 
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equation. 


Euler’s Method is a numerical technique that can be used to approximate solutions to a differential equation. 


4.3 Separable Equations 


A separable differential equation is any equation that can be written in the form y’ = f(x)g(y). 


The method of separation of variables is used to find the general solution to a separable differential equation. 


4.4 The Logistic Equation 


When studying population functions, different assumptions—such as exponential growth, logistic growth, or 
threshold population—lead to different rates of growth. 


The logistic differential equation incorporates the concept of a carrying capacity. This value is a limiting value on 
the population for any given environment. 


The logistic differential equation can be solved for any positive growth rate, initial population, and carrying 
capacity. 


4.5 First-order Linear Equations 


Any first-order linear differential equation can be written in the form y’ + p(x)y = q(x). 


We can use a five-step problem-solving strategy for solving a first-order linear differential equation that may or may 
not include an initial value. 


Applications of first-order linear differential equations include determining motion of a rising or falling object with 
air resistance and finding current in an electrical circuit. 


CHAPTER 4 REVIEW EXERCISES 


True or False? Justify your answer with a proof or a 
counterexample. 


262. The differential equation y’ = 3x7 y —cos(x)y” is 


linear. 


263. The differential equation y’ = x — y is separable. 


264. You can explicitly solve all first-order differential 
equations by separation or by the method of integrating 
factors. 


265. You can determine the behavior of all first-order 
differential equations using directional fields or Euler’s 
method. 


For the following problems, find the general solution to the 
differential equations. 


266. y’ =x~+3e*—2x 
267. y =2*+cos!x 


268. y’ = y(x? + 1) 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


269. y’=e °sinx 

270. y' =3x-2y 

271. y’=ylny 

For the following problems, find the solution to the initial 


value problem. 


272. y’ = 8x—Inx— 3x4, y(1) =5 


273. y’ =3x—-—cosx+2, y(0) =4 
274, xy’ = y(x — 2), yA) =3 

275. y= By? (x +cosx), yO) = —2 
276. (x—- ly’ =y-2, yO) =0 
277, y =3y—x+ 6x”, y(O) = -1 


For the following problems, draw the directional field 
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associated with the differential equation, then solve the 
differential equation. Draw a sample solution on the 
directional field. 


278. y' =2y- 7 


279. y =44Inx-y, for x > 0 


For the following problems, use Euler’s Method with 
n=5 steps over the interval ¢ = [0, 1]. Then solve the 


initial-value problem exactly. How close is your Euler’s 
Method estimate? 


280. y’ = —4yx, y(O) = 1 
281. y’ =3*—-2y, w0)=0 


For the following problems, set up and solve the differential 
equations. 

282. A car drives along a freeway, accelerating according 
to a=5sin(at), where ¢ represents time in minutes. 
Find the velocity at any time f, assuming the car starts 


with an initial speed of 60 mph. 


283. You throw a ball of mass 2 kilograms into the air 
with an upward velocity of 8 m/s. Find exactly the time the 
ball will remain in the air, assuming that gravity is given by 
g=98 m/s?. 


284. You drop a ball with a mass of 5 kilograms out an 
airplane window at a height of 5000 m. How long does it 
take for the ball to reach the ground? 


285. You drop the same ball of mass 5 kilograms out 


of the same airplane window at the same height, except 
this time you assume a drag force proportional to the ball’s 
velocity, using a proportionality constant of 3 and the ball 


reaches terminal velocity. Solve for the distance fallen as a 
function of time. How long does it take the ball to reach the 
ground? 


286. A drug is administered to a patient every 24 hours 


and is cleared at a rate proportional to the amount of drug 
left in the body, with proportionality constant 0.2. If the 


patient needs a baseline level of 5 mg to be in the 
bloodstream at all times, how large should the dose be? 


287. A 1000 -liter tank contains pure water and a solution 
of 0.2 kg salt/L is pumped into the tank at a rate of 1 L/ 


min and is drained at the same rate. Solve for total amount 
of salt in the tank at time f. 
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288. You boil water to make tea. When you pour the 
water into your teapot, the temperature is 100°C. After 5 


minutes in your 15°C room, the temperature of the tea is 
85°C. Solve the equation to determine the temperatures of 
the tea at time ¢. How long must you wait until the tea is at 
a drinkable temperature (72°C)? 


289. The human population (in thousands) of Nevada in 


1950 was roughly 160. If the carrying capacity is 
estimated at 10 million individuals, and assuming a 
growth rate of 2% per year, develop a logistic growth 


model and solve for the population in Nevada at any time 
(use 1950 as time = 0). What population does your model 


predict for 2000? How close is your prediction to the true 
value of 1,998,257? 


290. Repeat the previous problem but use Gompertz 
growth model. Which is more accurate? 
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5 | SEQUENCES AND 
SERIES 


AN aa SAPS 
“ 4 


Figure 5.1 The Koch snowflake is constructed by using an iterative process. Starting with an equilateral triangle, at each step 
of the process the middle third of each line segment is removed and replaced with an equilateral triangle pointing outward. 


Chapter Outline 


5.1 Sequences 

5.2 Infinite Series 

5.3 The Divergence and Integral Tests 
5.4 Comparison Tests 

5.5 Alternating Series 

5.6 Ratio and Root Tests 


Introduction 


The Koch snowflake is constructed from an infinite number of nonoverlapping equilateral triangles. Consequently, we can 
express its area as a sum of infinitely many terms. How do we add an infinite number of terms? Can a sum of an infinite 
number of terms be finite? To answer these questions, we need to introduce the concept of an infinite series, a sum with 
infinitely many terms. Having defined the necessary tools, we will be able to calculate the area of the Koch snowflake (see 
Example 5.8). 


The topic of infinite series may seem unrelated to differential and integral calculus. In fact, an infinite series whose terms 
involve powers of a variable is a powerful tool that we can use to express functions as “infinite polynomials.” We can 
use infinite series to evaluate complicated functions, approximate definite integrals, and create new functions. In addition, 
infinite series are used to solve differential equations that model physical behavior, from tiny electronic circuits to Earth- 
orbiting satellites. 


5.1 | Sequences 


Learning Objectives 


5.1.1 Find the formula for the general term of a sequence. 


5.1.2 Calculate the limit of a sequence if it exists. 
5.1.3 Determine the convergence or divergence of a given sequence. 
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In this section, we introduce sequences and define what it means for a sequence to converge or diverge. We show how to 
find limits of sequences that converge, often by using the properties of limits for functions discussed earlier. We close this 
section with the Monotone Convergence Theorem, a tool we can use to prove that certain types of sequences converge. 


Terminology of Sequences 


To work with this new topic, we need some new terms and definitions. First, an infinite sequence is an ordered list of 
numbers of the form 


Q1, 22, A3,.--, Any.--- 


Each of the numbers in the sequence is called a term. The symbol n is called the index variable for the sequence. We use 
the notation 


oe : 
{dn}, = 1. OF simply {an}, 

to denote this sequence. A similar notation is used for sets, but a sequence is an ordered list, whereas a set is not ordered. 

Because a particular number a, exists for each positive integer n, we can also define a sequence as a function whose 

domain is the set of positive integers. 

Let’s consider the infinite, ordered list 


2, 4, 8, 16, 32,.... 


This is a sequence in which the first, second, and third terms are given by a; =2, d,=4, and a3 =8. You can 


probably see that the terms in this sequence have the following pattern: 
a, =2!, ay =2?, a,=2°, ag=24, anda; =2°. 
Assuming this pattern continues, we can write the nth term in the sequence by the explicit formula a, = 2”. Using this 
notation, we can write this sequence as 
{2") 2 pore 


Alternatively, we can describe this sequence in a different way. Since each term is twice the previous term, this sequence 


can be defined recursively by expressing the mth term a, in terms of the previous term a, _. In particular, we can 
define this sequence as the sequence {a,} where a, = 2 and forall n> 2, each term a, is defined by the recurrence 


relation ay, = 2a,,_ |. 


Definition 
An infinite sequence {a,,} is an ordered list of numbers of the form 
QA], AQ,.-+, Any... 


The subscript 7 is called the index variable of the sequence. Each number a,, is a term of the sequence. Sometimes 
sequences are defined by explicit formulas, in which case a, = f(n) for some function f(m) defined over the 


positive integers. In other cases, sequences are defined by using a recurrence relation. In a recurrence relation, one 
term (or more) of the sequence is given explicitly, and subsequent terms are defined in terms of earlier terms in the 
sequence. 


Note that the index does not have to start at n = 1 but could start with other integers. For example, a sequence given by 
the explicit formula a, = f(m) could start at n = 0, in which case the sequence would be 


AQ, 414, Aa.+-- 


Similarly, for a sequence defined by a recurrence relation, the term a, may be given explicitly, and the terms a, for n> 1 
may be defined in terms of a, _ 1. Since a sequence {d,} has exactly one value for each positive integer n, it can be 


described as a function whose domain is the set of positive integers. As a result, it makes sense to discuss the graph of a 
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sequence. The graph of a sequence {a,} consists of all points (”, a») for all positive integers n. Figure 5.2 shows the 
graph of {2”}. 


0 3 4 5 6 7 Bf 
Figure 5.2 The plotted points are a graph of the sequence 


{2"}. 


Two types of sequences occur often and are given special names: arithmetic sequences and geometric sequences. In an 
arithmetic sequence, the difference between every pair of consecutive terms is the same. For example, consider the 
sequence 


3, 7, 11, 15, 19,.... 


You can see that the difference between every consecutive pair of terms is 4. Assuming that this pattern continues, this 
sequence is an arithmetic sequence. It can be described by using the recurrence relation 


ay, =3 
an = 4,1 +4 forn > 2. 


Note that 
a,=3+4 
a3=34+44+4=3+42-4 
a4=34+44+44+4=343-4. 


Thus the sequence can also be described using the explicit formula 
ad, =3+4n-1) 
=4n-1. 


In general, an arithmetic sequence is any sequence of the form ay = cn + b. 


In a geometric sequence, the ratio of every pair of consecutive terms is the same. For example, consider the sequence 
7 _2 2 ae 
2 3 2 


9 WT SI" e 


We see that the ratio of any term to the preceding term is ed Assuming this pattern continues, this sequence is a geometric 


3 
sequence. It can be defined recursively as 


a,=2 


Attn 5 forn > 2. 


an=- 


Alternatively, since 
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we see that the sequence can be described by using the explicit formula 


ane a-sy 


The sequence {2”} that we discussed earlier is a geometric sequence, where the ratio of any term to the previous term is 


2. In general, a geometric sequence is any sequence of the form a, = cr”. 


Finding Explicit Formulas 


For each of the following sequences, find an explicit formula for the nth term of the sequence. 


12 _3 4 _5 
V3 4S 6" 


b. 3.927 81 243 
"47 10 13" 16" 


a. 


Solution 


a. First, note that the sequence is alternating from negative to positive. The odd terms in the sequence are 
negative, and the even terms are positive. Therefore, the nth term includes a factor of (—1)”. Next, 


consider the sequence of numerators {1, 2, 3,...} and the sequence of denominators {2, 3, 4,...}. 
We can see that both of these sequences are arithmetic sequences. The nth term in the sequence of 
numerators is n, andthe nth term in the sequence of denominators is n+ 1. Therefore, the sequence 
can be described by the explicit formula 

(-1)"n 

n+1 0 

b. The sequence of numerators 3, 9, 27, 81, 243,... is a geometric sequence. The numerator of the 


an = 


nth term is 3” The sequence of denominators 4, 7, 10, 13, 16,... is an arithmetic sequence. The 
denominator of the nth term is 4+ 3(m — 1) = 3n + 1. Therefore, we can describe the sequence by the 


n 


explicit formula ay, = eae 


fe 5-1 Bind an explicit formula for the nth term of the sequence {b, - 4, . - 7. : A 
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Defined by Recurrence Relations 


For each of the following recursively defined sequences, find an explicit formula for the sequence. 
a a,;=2, dy=—3a,_, forn>2 
be. apes, an=a,_1+(4) for n> 2 
Solution 
a. Writing out the first few terms, we have 
a,;=2 
ay = —3a, = —3(2) 
a4 = —3a = (-3)*2 
a4 = —3a3 = (-3)°2. 


In general, 


An = 2(-3)"— 1. 


b. Write out the first few terms: 


Q Q 
w i) 
Il Il 
Q Q 
N i 
te + 
— os 
Ne Ne 
—— —— 
a ww No 
Il Il 
aol AW Ni 
+ 


8 
a 
| 
g 
Ww 
+ 
——s 
NI- 
—” 
Il 


From this pattern, we derive the explicit formula 


fe 5.2 Find an explicit formula for the sequence defined recursively such that a, = —4 and a, =a,_1+6. 


Limit of a Sequence 


A fundamental question that arises regarding infinite sequences is the behavior of the terms as n gets larger. Since a 
sequence is a function defined on the positive integers, it makes sense to discuss the limit of the terms as n — co. For 
example, consider the following four sequences and their different behaviors as n — co (see Figure 5.3): 


a. {1+3n} = {4, 7, 10, 13,...}. The terms 1 +3” become arbitrarily large as n — oo. In this case, we say that 


1+3n-~o ano. 


b. {I - () } = {4 3, a 15...) The terms | — (4) >lasn-o. 


c. {(-1)"}={-1, 1, -1, 1,...|. The terms alternate but do not approach one single value as n > 00. 
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n n 
d. {Seba fH. 4, oc 1. The terms alternate for this sequence as well, but ale >Oasn—>o. 
an anh 
1 2 
°(5, 16) 
14 
Ace 13) 
12 
ig AC 10) 
/ 45) 
4, 76) 
; 1 (3,8), (36 
o( ”) (2, 2) 
(.3) 
1,> 
4 eo ete 
2 
J a2 3 45 67 88 O : 2 3 a4” 
(a) (b) 
Aan anh 
(2,1) (4,1) 
1 2 r) 1+ 1) 
(2.3) fa 
+ "Fe (4,2) 
‘@ 
1 & 2.6 #5 4? 
: 5 at Se) 
a,=1) @)1) 6 = (1,-1) (3. -3) 
—1 e 3 e =, © 
(c) (d) 


Figure 5.3 (a) The terms in the sequence become arbitrarily large as n — oo. (b) The terms 
in the sequence approach | as n > oo. (c) The terms in the sequence alternate between | 
and —1 as n > o. (d) The terms in the sequence alternate between positive and negative 
values but approach 0) as n > oo. 


From these examples, we see several possibilities for the behavior of the terms of a sequence as n — oo. In two of the 
sequences, the terms approach a finite number as n — oo. In the other two sequences, the terms do not. If the terms of a 
sequence approach a finite number L as n > oo, we Say that the sequence is a convergent sequence and the real number 


L is the limit of the sequence. We can give an informal definition here. 


Definition 
Given a sequence {a,}, if the terms a, become arbitrarily close to a finite number L as n becomes sufficiently 


large, we say {a,,} is a convergent sequence and L is the limit of the sequence. In this case, we write 
lim _a,=L. 
nao 


If asequence {a,} is not convergent, we say it is a divergent sequence. 


n 
From Figure 5.3, we see that the terms in the sequence {1 = (4) } are becoming arbitrarily close to 1 as n becomes 


2 
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n 
very large. We conclude that {I = (4) } is a convergent sequence and its limit is 1. In contrast, from Figure 5.3, we see 


2 
that the terms in the sequence 1 + 3” are not approaching a finite number as n becomes larger. We say that {1 + 3n} is 
a divergent sequence. 


In the informal definition for the limit of a sequence, we used the terms “arbitrarily close” and “sufficiently large.” Although 
these phrases help illustrate the meaning of a converging sequence, they are somewhat vague. To be more precise, we now 
present the more formal definition of limit for a sequence and show these ideas graphically in Figure 5.4. 


Definition 
A sequence {a,} converges to a real number L if forall ¢ >0, there exists an integer N such that |a, —L| < € 


if n > N. The number L is the limit of the sequence and we write 


lim a, = Lora, > L. 
nao 


In this case, we say the sequence {a,} is a convergent sequence. If a sequence does not converge, it is a divergent 


sequence, and we say the limit does not exist. 


We remark that the convergence or divergence of a sequence {a,} depends only on what happens to the terms a, as 


n — oo. Therefore, if a finite number of terms b,, b>,..., by are placed before a, to create a new sequence 
by, ba y.0.5 by; a), AQ s-0%5 


this new sequence will converge if {a,} converges and diverge if {a,,} diverges. Further, if the sequence {a,} converges 


to L, this new sequence will also converge to L. 


anh 
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Figure 5.4 As n increases, the terms ad, become closer to L. For values of n > N, the 


distance between each point (”, a,) and the line y = L is less than e. 


As defined above, if a sequence does not converge, it is said to be a divergent sequence. For example, the sequences 
{1+3n} and {(—1)”} shown in Figure 5.4 diverge. However, different sequences can diverge in different ways. The 


sequence {(—1)”| diverges because the terms alternate between 1 and —1, but do not approach one value as n > oo. 
On the other hand, the sequence {1 +3} diverges because the terms 1 +32 — oo as n > oo. We Say the sequence 


{1+ 3n} diverges to infinity and write ‘ lim (1 + 3n) = oo. It is important to recognize that this notation does not imply 


the limit of the sequence {1+ 3n} exists. The sequence is, in fact, divergent. Writing that the limit is infinity is intended 
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only to provide more information about why the sequence is divergent. A sequence can also diverge to negative infinity. For 
example, the sequence {—5n + 2} diverges to negative infinity because —5n + 2 — —coo as n > —oo. We write this as 


lim (—5n+2)= — -o. 
nao 
Because a sequence is a function whose domain is the set of positive integers, we can use properties of limits of functions 
to determine whether a sequence converges. For example, consider a sequence {a,} and a related function f defined 
on all positive real numbers such that f(m) = a, for all integers n > 1. Since the domain of the sequence is a subset 


of the domain of f, if lim, f(x) exists, then the sequence converges and has the same limit. For example, consider 


the sequence {4} and the related function f(x) = ” Since the function f defined on all real numbers x > 0 satisfies 
f@M= tT > 0 as x > oo, the sequence {i must satisfy a >Oasn>o. 


Theorem 5.1: Limit of a Sequence Defined by a Function 

Consider a sequence {a,} such that a, = f(n) forall n > 1. If there exists a real number L such that 
lim, fwe=L, 

then {a,} converges and 


lim a, = L. 
nao 


We can use this theorem to evaluate | lim r” for 0 <r < 1. For example, consider the sequence {(1/2)”} and the related 
exponential function f(x) = (1/2)*. Since im,( 1/2)* = 0, we conclude that the sequence {(1/2)”| converges and its 
limit is 0. Similarly, for any real number r such that O<r< 1, im r* = 0, and therefore the sequence {r”} 
converges. On the other hand, if r= 1, then im r* = 1, andtherefore the limit of the sequence {1”} is 1. If r> 1, 
im r* = oo, and therefore we cannot apply this theorem. However, in this case, just as the function r* grows without 
bound as n > oo, the terms r” in the sequence become arbitrarily large as n — oo, and we conclude that the sequence 
{r"} diverges to infinity if r > 1. 

We summarize these results regarding the geometric sequence {r”}: 


r">0if0<r<l 
r’ > lifr=1 
r" > oifr>1. 


Later in this section we consider the case when r < 0. 


We now consider slightly more complicated sequences. For example, consider the sequence {(2/3)” + (1/4)”|. The terms 


in this sequence are more complicated than other sequences we have discussed, but luckily the limit of this sequence is 
determined by the limits of the two sequences {(2/3)”} and {(1/4)”}. As we describe in the following algebraic limit laws, 


since {(2/3)"} and {1/4)"} both converge to 0, the sequence {(2/3)” + (1/4)"| converges to 0 + 0 = 0. Just as we were 
able to evaluate a limit involving an algebraic combination of functions f and g by looking at the limits of f and g (see 


Introduction to Limits (http://cnx.org/content/m53483/latest/) ), we are able to evaluate the limit of a sequence 
whose terms are algebraic combinations of a, and b, by evaluating the limits of {a,} and {by}. 
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Theorem 5.2: Algebraic Limit Laws 
Given sequences {a,} and {b,} and any real number c, if there exist constants A and B such that lim an =A 
and lim b,=8, then 
nh ow 
i. lim c=c 
na oo 
ii. lim ca, =c lim ay, =cA 
nao nha wo 
iii. tim (an =D Hm an ae tm bn =A+B 


iV. lim (an: Dn) =( lim an)-( lim bn) = A-B 


, oS man _A : 
v. lim = mn br provided B #0 and each b, #0. 


Proof 

We prove part iii. 

Let e€>0. Since lim a,=A, there exists a constant positive integer Nj, such that for all n> Nj. Since 
tm bn = B, there exists a constant N> such that |b, — B| < e/2 for all n> N>. Let N be the largest of N, and 


N>. Therefore, for all n > N, 


an + bn)—(A + B)I < lan — Al + bn -— BIS 5 +5 =. 


The algebraic limit laws allow us to evaluate limits for many sequences. For example, consider the sequence {4} As 
n 


shown earlier, lim, l/n = 0). Similarly, for any positive integer k, we can conclude that 


In the next example, we make use of this fact along with the limit laws to evaluate limits for other sequences. 


Determining Convergence and Finding Limits 


For each of the following sequences, determine whether or not the sequence converges. If it converges, find its 
limit. 


fa 
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a {+4 


Solution 
a. We know that 1/n > 0. Using this fact, we conclude that 


lim + = , lim, (4)., lim, (4) = 0. 


Therefore, 


lim (5-2 )= lim 5-3 lim 1 =5-3.0=5. 
n> oo nz n— oo n> 00,2 


The sequence converges and its limit is 5. 


b. By factoring n* out of the numerator and denominator and using the limit laws above, we have 


ee eee 
lim 3n* — Tn? +5 = lim n?__nt 
n> 6 _An4 n> co $-4 
n 
lim (3-4+4) 
‘ 6 
lim (5-4 


. . 7) . 5 
(,1im aes a + im. 5) 


oe) => oo 4 
‘ 6 ‘ 
( iS 4 Him) 


( lim (3)-7: lim 4+5- lim 1) 
na © n> Oy 


> Oy 
~9=7:045-0— 23 
6-0-4 4 


The sequence converges and its limit is —3/4. 


c. Consider the related function f(x) = 2* /x? defined on all real numbers x >0. Since 2* > co and 


x? > 00 as x > ©, apply L’H6pital’s rule and write 


. x 2% In? eee . 
amis a yim a7 Take the derivatives of the numerator and denominator. 
x 
2* (In2)” 
- in.—7z Take the derivatives again. 
= 0. 


We conclude that the sequence diverges. 
x 
d. Consider the function f(x) = (1 +4) defined on all real numbers x > 0. This function has the 


indeterminate form 1° as x > oo. Let 
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x 


y= lim (1 +4). 


Now taking the natural logarithm of both sides of the equation, we obtain 


In(y) = inf tim (1 ae 4) | 


Since the function f(x) = Inx is continuous on its domain, we can interchange the limit and the natural 


logarithm. Therefore, 


In(y) = tim, Jin(1 + 4) | 


Using properties of logarithms, we write 
: 4\|_ 3: 4 
stim, Jin(1 + 4) | = lim xin(1 + 4) 


Since the right-hand side of this equation has the indeterminate form oo-0, rewrite it as a fraction to 
apply L’HO6pital’s rule. Write 


4) = ‘tn In(1 + 4lx) 
x7wo 


lim xin(l + $ 12 


Since the right-hand side is now in the indeterminate form 0/0, we are able to apply L’ H6pital’s rule. 
We conclude that 


im BU+49) _ 4 


x30 1/x = y boL + 4x 


x 


4 ) a e*, we can conclude that the 


4 


Therefore, In(y) =4 and y=e”. Therefore, since lim, (1 oa 


4 


‘i 4 
sequence {( +4) | converges to e". 


5.3 Consider the sequence {(Sn? + 1Ve" i Determine whether or not the sequence converges. If it converges, 


find its limit. 


Recall that if f is a continuous function at a value L, then f(x) > f(L) as x > L. This idea applies to sequences 


as well. Suppose a sequence a, — L, anda function f is continuous at L. Then f(a,) > f(L). This property often 


a 
enables us to find limits for complicated sequences. For example, consider the sequence ip = 3. From Example 5.3a. 
n 
we know the sequence 5 — 4, — 5. Since vx is a continuous function at x = 5, 
n 


: | Be ee 3.) 
»HmP he jntim, (5 - 3) = 5. 
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Theorem 5.3: Continuous Functions Defined on Convergent Sequences 
Consider a sequence {a,} and suppose there exists a real number L such that the sequence {a,} converges to L. 
Suppose f is a continuous function at L. Then there exists an integer N such that f is defined at all values a, for 


n> WN, and the sequence {f(a,)} converges to f(L) (Figure 5.5). 


Proof 

Let e>0. Since f is continuous at L, there exists 6 >0 such that |f(x)— f(L)|<e if I~—Ll <6. Since the 
sequence {da,} converges to L, there exists N such that |ja,—L|<6 for all n>N. Therefore, for all n > N, 
la, — L| < 6, which implies |f(a,)—f(L)| < €. We conclude that the sequence {f(a,)} converges to f(L). 


f(x) 


(a4, f(a4)) 
(L, f(L)) (a2, f(a2)) 


(a3, f(a3)) 
(a1, f(a,)) 


+ + + + + 
aa a, L a, a> 


> 
x 


Figure 5.5 Because f is a continuous function as the inputs 


G1, 47, 43,... approach L, the outputs 


f(a), (42), f(43),-.. approach f(L). 


Example 5.4 


Limits Involving Continuous Functions Defined on Convergent Sequences 
Determine whether the sequence {cos(3/n7)} converges. If it converges, find its limit. 


Solution 


Since the sequence {3/n7} converges to 0 and cosx is continuous at x = 0, we can conclude that the sequence 


{cos(3/n”)} converges and 


slim,cos(§) = cos(0) = 1. 


n 


fe oe Determine if the sequence { on + converges. If it converges, find its limit. 


Another theorem involving limits of sequences is an extension of the Squeeze Theorem for limits discussed in 
Introduction to Limits (http://cnx.org/content/m53483/latest/) . 
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Theorem 5.4: Squeeze Theorem for Sequences 


Consider sequences {ay}, {by}, and {c,}. Suppose there exists an integer N such that 
an < by < Cp foralln>N. 


If there exists a real number ZL such that 


lim a,=L= lim cy, 
naw nao 


then {b,} converges and am on = L (Figure 5.6). 


Proof 

Let ¢ > 0. Since the sequence {a,} converges to L, there exists an integer N, such that |a, — L| < € forall n> Nj. 
Similarly, since {c,} convergesto L, there exists an integer N, such that |c, — L| < e forall n > N>. By assumption, 
there exists an integer N such that a, <b, <c, forall n>N. Let M be the largest of N,, N>, and N. We must 
show that |b, — L| < € forall n>M. Forall n> M, 


-e<-—la,-L)<a,-L<b,-L<c,-L<|e,-L<e. 


Therefore, —e < b,—L<_e, and we conclude that |b, —L| < € forall n> M, and we conclude that the sequence {b,} 


converges to L. 


n 
Figure 5.6 Eachterm Dy satisfies dy < by < Cy and the 


sequences {a,} and {c,} converge to the same limit, so the 


sequence {b,} must converge to the same limit as well. 


Using the Squeeze Theorem 


Use the Squeeze Theorem to find the limit of each of the following sequences. 


cosn 
a. — ia 
{ n2 } 
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Solution 


a. Since —1 <cosn <1 forall integers n, we have 


COsn 


n2 


1 < cosn <1, 
n n 


Since —1/n? > 0 and 1/n? > 0, we conclude that cosn/n? > 0 as well. 


b. Since 
“psy st 


for all positive integers n, —1/2” > 0 and 1/2” +0, we can conclude that (—1/2)” > 0. 


fe 55 Find lim 22—sinn, 


Using the idea from Example 5.5b. we conclude that r” > 0 for any real number r such that -1<r<0. If r<-—l, 
the sequence {r”} diverges because the terms oscillate and become arbitrarily large in magnitude. If r= —1, the 


sequence {r”} = {(—1)"} diverges, as discussed earlier. Here is a summary of the properties for geometric sequences. 


r" > Oif In <1 (5.1) 
r’ > lifr=1 (5.2) 
r"° > wifr> 1 (5.3) 
{r"| diverges if r < -1 (5.4) 


Bounded Sequences 


We now turn our attention to one of the most important theorems involving sequences: the Monotone Convergence 
Theorem. Before stating the theorem, we need to introduce some terminology and motivation. We begin by defining what 
it means for a sequence to be bounded. 


Definition 

A sequence {a,} is bounded above if there exists a real number M such that 
an <M 

for all positive integers n. 

A sequence {da,} is bounded below if there exists a real number M such that 
M<ay 

for all positive integers n. 

A sequence {a,} is abounded sequence if it is bounded above and bounded below. 


If a sequence is not bounded, it is an unbounded sequence. 


For example, the sequence {1/n} is bounded above because 1/n < 1 for all positive integers n. It is also bounded below 


because 1/n > 0 for all positive integers n. Therefore, {1/n} is a bounded sequence. On the other hand, consider the 
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sequence {2”}. Because 2” > 2 forall n >1, the sequence is bounded below. However, the sequence is not bounded 


above. Therefore, {2”} is an unbounded sequence. 


We now discuss the relationship between boundedness and convergence. Suppose a sequence {ay} is unbounded. Then it is 
not bounded above, or not bounded below, or both. In either case, there are terms a, that are arbitrarily large in magnitude 
as n gets larger. As a result, the sequence {a,} cannot converge. Therefore, being bounded is a necessary condition for a 


sequence to converge. 


Theorem 5.5: Convergent Sequences Are Bounded 


If asequence {a,} converges, then it is bounded. 


Note that a sequence being bounded is not a sufficient condition for a sequence to converge. For example, the sequence 
{(—1)”} is bounded, but the sequence diverges because the sequence oscillates between 1 and —1 and never approaches a 


finite number. We now discuss a sufficient (but not necessary) condition for a bounded sequence to converge. 
Consider a bounded sequence {dy}. Suppose the sequence {d,} is increasing. That is, aj <a) <43.... Since the 


sequence is increasing, the terms are not oscillating. Therefore, there are two possibilities. The sequence could diverge to 
infinity, or it could converge. However, since the sequence is bounded, it is bounded above and the sequence cannot diverge 
to infinity. We conclude that {a,} converges. For example, consider the sequence 


ddd} 


Since this sequence is increasing and bounded above, it converges. Next, consider the sequence 


{2, 0, 3, 0, 4, 0, ip et ed \ 


2 7 ae 
Even though the sequence is not increasing for all values of n, we see that —1/2 < —1/3 <—1/4<-:--. Therefore, 
starting with the eighth term, ag = —1/2, the sequence is increasing. In this case, we say the sequence is eventually 


increasing. Since the sequence is bounded above, it converges. It is also true that if a sequence is decreasing (or eventually 
decreasing) and bounded below, it also converges. 


Definition 
A sequence {dy} is increasing for all n > ng if 

an S$ 4,41 for alln > no. 
A sequence {a,} is decreasing for all n > no if 


anza for alln > ng. 


n+1 


A sequence {da,} is a monotone sequence for all n > nq if it is increasing for all n > ng or decreasing for all 


n= No. 


We now have the necessary definitions to state the Monotone Convergence Theorem, which gives a sufficient condition for 
convergence of a sequence. 


Theorem 5.6: Monotone Convergence Theorem 


If {a,} is a bounded sequence and there exists a positive integer ng such that {a,} is monotone for all n > no, 


442 Chapter 5 | Sequences and Series 


then {a,} converges. 


The proof of this theorem is beyond the scope of this text. Instead, we provide a graph to show intuitively why this theorem 
makes sense (Figure 5.7). 


—+—_—++- + + + + + + + + a 


Figure 5.7 Since the sequence {a,,} is increasing and 


bounded above, it must converge. 


In the following example, we show how the Monotone Convergence Theorem can be used to prove convergence of a 
sequence. 


Example 5.6 


Using the Monotone Convergence Theorem 


For each of the following sequences, use the Monotone Convergence Theorem to show the sequence converges 
and find its limit. 


4” 
e { n!} } 
b. {dy} defined recursively such that 


ay =2anda, 41 =F + 7 for alln > 2. 


Solution 
a. Writing out the first few terms, we see that 


l= bs BBR.) 


n! 


At first, the terms increase. However, after the third term, the terms decrease. In fact, the terms decrease 
for all n > 3. We can show this as follows. 


tr oA a A 
{aI Gen! asl Maelo ee 
Therefore, the sequence is decreasing for all n > 3. Further, the sequence is bounded below by 0 


because 4”/n! > 0 for all positive integers n. Therefore, by the Monotone Convergence Theorem, the 


sequence converges. 
To find the limit, we use the fact that the sequence converges and let L = HM an- Now note this 
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important observation. Consider lim a, , 1. Since 
n>o Nt 


{dy4 4} = {a, a3, A4,..-}, 


the only difference between the sequences {a } and {a,} is that {a } omits the first term. 


n+1 n+1 


Since a finite number of terms does not affect the convergence of a sequence, 
HM an41 = lim an = L. 
Combining this fact with the equation 
An+1 ya en 
and taking the limit of both sides of the equation 
lM ana = lim an, 


we can conclude that 


b. Writing out the first several terms, 


we can conjecture that the sequence is decreasing and bounded below by 1. To show that the sequence 
is bounded below by 1, we can show that 


iy 4 
7 +52 | 


To show this, first rewrite 


Gn 1 eel 
2° 2a, 2an 


Since a; >0 and ay is defined as a sum of positive terms, a7 > 0. Similarly, all terms a, > 0. 


Therefore, 


if and only if 


ae+ 1 > 2dy. 


Rewriting the inequality ae +12 2a, as a —2a,+12>0, andusing the fact that 


a? — 24, +1 =(a,— 1) > 0 


because the square of any real number is nonnegative, we can conclude that 


Gn, ly 
rt eb 


To show that the sequence is decreasing, we must show that a, , 1 <4, for all 


it follows that 


a+ < 2a) 


Dividing both sides by 2a,, we obtain 


Eth < ay. 
n 


Using the definition of a we conclude that 


n+ 


1 


2an 


a 
Ong aait < ap. 
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n> 1. Since 1 < a, 


Since {a,} is bounded below and decreasing, by the Monotone Convergence Theorem, it converges. 


To find the limit, let L= im an: Then using the recurrence relation and the fact that 


lm an = lim an 41, we have 


; . (a 1 
HM an41 = alin, (4 + z) 


and therefore 
ae ee oe 
seen A 
Multiplying both sides of this equation by 2L, we arrive at the equation 


2? = 12 +1. 


Solving this equation for L, we conclude that L* =1, which implies L = +1 


positive, the limit Z = 1. 


5.6 Consider the sequence {a,} defined recursively such that a4, =1, dy =a, 


Convergence Theorem to show that this sequence converges and find its limit. 
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Student 


Fibonacci Numbers 


The Fibonacci numbers are defined recursively by the sequence {F',} where Fy =0, Fy =1 and for n > 2, 
Iga a) Sede) op 


Here we look at properties of the Fibonacci numbers. 
1. Write out the first twenty Fibonacci numbers. 
2. Finda closed formula for the Fibonacci sequence by using the following steps. 
a. Consider the recursively defined sequence {x,} where x, =c and X,4 1 =4X,y. Show that this 


sequence can be described by the closed formula x, = ca” for all n > 0. 


b. Using the result from part a. as motivation, look for a solution of the equation 


[OO ae oo) 


of the form F,, = cA”. Determine what two values for 4 will allow F,, to satisfy this equation. 


c. Consider the two solutions from part b.: 4, and A>. Let Fy=cyA,"+cA7". Use the initial 
conditions Fy and F' to determine the values for the constants c, and cy and write the closed 


formula F,. 


3. Use the answer in 2 c. to show that 


The number ¢ = (1 + y5)/2 is known as the golden ratio (Figure 5.8 and Figure 5.9). 


Figure 5.8 The seeds in a sunflower exhibit spiral patterns 
curving to the left and to the right. The number of spirals in each 
direction is always a Fibonacci number—always. (credit: 
modification of work by Esdras Calderan, Wikimedia 
Commons) 
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Figure 5.9 The proportion of the golden ratio appears in many 
famous examples of art and architecture. The ancient Greek 
temple known as the Parthenon was designed with these 
proportions, and the ratio appears again in many of the smaller 
details. (credit: modification of work by TravelingOtter, Flickr) 
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5.1 EXERCISES 


Find the first six terms of each of the following sequences, 
starting with n = 1. 


1. a,=1+(-1)" forn>1 
pe dn=n-—1 forn>1 
3. a,;=1 and a,=a,_,+n forn>2 


4, a,=1, 
n>1 


a,=1 and dy49=4yn+4,, 1 for 


5. Find an explicit formula for a, where a; =1 and 


an =Q,_1, +n for n> 2. 


6. Finda formula a, for the nth term of the arithmetic 
sequence whose first term is 


—dy,=17 forn>1. 


a,=1- such that 


an-1 


7. Finda formula a, for the nth term of the arithmetic 
sequence whose first term is such that 


—da,=4 for n> 1. 


a,;=-3 


an-1 


8. Finda formula a, for the nth term of the geometric 


sequence whose first term is a,=1 such that 


a 
tt! = 10 for n> 1. 

n 
9. Find a formula a, for the nth term of the geometric 


sequence whose first term is a@,=3 _ such that 


Snt+l— 1/10 for n> 1. 
n 


10. Find an explicit formula for the nth term of the 


terms are 
(Hint: First 


sequence whose first several 
{0, 3, 8, 15, 24, 35, 48, 63, 80, 99,...}. 


add one to each term.) 
11. Find an explicit formula for the nth term of the 
sequence satisfying a,;=0 and a,=2a,_,+1 for 


n>2. 
Find a formula for the general term a, of each of the 
following sequences. 


12. {1, 0, -1, 0, 1, 0, -1, 0,...} 


sinx takes these values) 


(Hint: Find where 


44, 44, 173,15, 37.3 
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Find a function f(7) that identifies the nth term a, of the 


following recursively defined sequences, as a, = f(n). 
14. a,;=1 anda,,,=~—a, forn>1 
15. a,=2 and a,, ,=2a, forn>1 


16. a,;=1 anda,,,;=(n+ 1a, forn>1 


17. a, =2 anda,,,=(n+1)a,/2 for n> 1 


18. a,;=1 anda =a,/2”" forn>1 


n+1 


Plot the first N terms of each sequence. State whether the 
graphical evidence suggests that the sequence converges or 
diverges. 


19. [T] a,=1, dy =2, and for n>2, 


An = Mani +4,_2); N= 30 


20. [T] a4,;=1, a,=2, az=3 and for n>4, 


dn = F(Aq— 1 + 4n— 2 +4y—3)s N =30 


21. [T] 
Gn = \Fq 14%, —93 N = 30 


a,=1, dy = 2, and for n>3, 


22. [T] a, =1, and for n> 4, 


an = Van —1 424,33 N = 30 


a,=2, a3=3, 


Suppose _ that lim an =1, nim Pn =-1l, and 


0 < —b, <a, for all n. Evaluate each of the following 


limits, or state that the limit does not exist, or state that 
there is not enough information to determine whether the 
limit exists. 


23. lim 3an —4bn 


- | 1 

24, nlm zn — Aan 
95, antby 
n> wa, —by 
26. Gn— bn 


Find the limit of each of the following sequences, using 
L’Ho6pital’s rule when appropriate. 


448 
2 

27. 5 

28. (n= 1)" 
(n+1)2 

99, —n_ 
n+1 


1 
sInn 
30. n!/” (Hint: n'!"=e" °) 


For each of the following sequences, whose nth terms 


are indicated, state whether the sequence is bounded and 
whether it is eventually monotone, increasing, or 
decreasing. 


31. n/2", n>2 


32. In(1 +2) 


33. sinn 

34. cos(n’) 

50 a 
36. n/", n>3 
37. tann 


38. Determine whether the sequence defined as follows 
has a limit. If it does, find the limit. a, = V2, 


ag= 2v2, a3z= Vovov2 etc. 


39. Determine whether the sequence defined as follows 
has a limit. If it does, find the limit. a, = 3, 


An =\2a,_1, n=2, 3,.... 


Use the Squeeze Theorem to find the limit of each of the 
following sequences. 


40. nsin(1/n) 


cos(1/n) — 1 


41. hi 


42. a,=tt 
n 


43. day, = sinnsin(1/n) 


For the following sequences, plot the first 25 terms of the 
sequence and state whether the graphical evidence suggests 
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that the sequence converges or diverges. 


44, [T] a, =sinn 
45. [T] a, =cosn 


Determine the limit of the sequence or show that the 
sequence diverges. If it converges, find its limit. 


46. dyj= tan~!(n?) 
AT. a, = On) "an 


_ Inn’) 
"~~ Inn) 


48. 
49. a, =(1-2) 
50, @n= (422) 
51. ay= 2r+3" 


n 
52. an= Ee 


_ {n!)’ 
53. an= (Qn)! 


Newton’s method seeks to approximate a_ solution 
f(x) = 0 that starts with an initial approximation xg and 


_ fn) 
f'n) 


For the given choice of f and xg, write out the formula 


successively defines a sequence x,4 1) =Xn 


for x, 4. If the sequence appears to converge, give an 


exact formula for the solution x, then identify the limit 


x accurate to four decimal places and the smallest n such 
that x, agrees with x up to four decimal places. 


54. IT] f(x) =x7-2, x) =1 
55. IT] f(@) =(@-1)?-2, x) =2 
56. [T] f(x) =e*-2, 


xXj=1 


57. [T] f@) =Inx-1, x9 =2 
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58. [T] Suppose you start with one liter of vinegar and 
repeatedly remove 0.1L, replace with water, mix, and 


repeat. 
a. Find a formula for the concentration after n steps. 


b. After how many steps does the mixture contain less 
than 10% vinegar? 


59. [T] A lake initially contains 2000 fish. Suppose that 


in the absence of predators or other causes of removal, the 
fish population increases by 6% each month. However, 


factoring in all causes, 150 fish are lost each month. 
a. Explain why the fish population after » months 
is modeled by P,=1.06P,_,-—150 with 
Po = 2000. 


b. How many fish will be in the pond after one year? 


60. [T] A bank account earns 5% interest compounded 
monthly. Suppose that $1000 is initially deposited into the 
account, but that $10 is withdrawn each month. 
a. Show that the amount in the account after n 
months is Ayn = (1 + .05/12)A — 10; 
Ag = 1000. 


b. How much money will be in the account after 1 


n-1l 


year? 
c. Is the amount increasing or decreasing? 
d. Suppose that instead of $10, a fixed amount d 


dollars is withdrawn each month. Find a value of 
d such that the amount in the account after each 


month remains $1000. 


e. What happens if d is greater than this amount? 


61. [T] A student takes out a college loan of $10,000 at 
an annual percentage rate of 6%, compounded monthly. 
a. Ifthe student makes payments of $100 per month, 
how much does the student owe after 12 months? 
b. After how many months will the loan be paid off? 
62. [T] Consider a series combining geometric growth 
and arithmetic decrease. Let a,=1. Fix a> 1 and 
O0<b<a. Set 4,4, ,=a.d,—b. Find a formula for 
ad, in terms of a”, a, and b and a relationship 


between a and b such that a, converges. 
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63. [T] The binary representation x = 0.b;b,b3... ofa 


number x between 0 and 1 can be defined as follows. 
Let b; =0 if x< 1/2 and b, =1 if W/2<x< 1. Let 
xX, =2x—b,. Let bo =0 if x; < 1/2 and bo =1 if 
W2<x<1. Let x »=2x,;—b, and 
and b,_,=0 if x,< 1/2 and 
b,—,= 1 if 1/2 < x, < 1. Find the binary expansion of 


1/3. 


in general, 


Xn = 2X_~1— On 


64. [T] To find an approximation for az, _ set 


a,=\2+da9, and, in 


an+1= \2+apy. Finally, set py, =3.2"\2—a,. Find 


dg=\2+1, general, 


the first ten terms of p, and compare the values to z. 


For the following two exercises, assume that you have 
access to a computer program or Internet source that can 
generate a list of zeros and ones of any desired length. 
Pseudorandom number generators (PRNGs) play an 
important role in simulating random noise in physical 
systems by creating sequences of zeros and ones that 
appear like the result of flipping a coin repeatedly. One of 
the simplest types of PRNGs recursively defines a random- 
looking sequence of N integers aj, a>,..., dy by fixing 
two special integers K and M and letting a, be the 
remainder after dividing K.a, into M, then creates a bit 
sequence of zeros and ones whose nth term by is equal to 
one if a, is odd and equal to zero if a, is even. If the bits 
by are pseudorandom, then the behavior of their average 
(b,} +b) +-+-+byVN should be similar to behavior of 


averages of truly randomly generated bits. 


65. [T] Starting with 
M = 2,147,483,647, 


of a,, compute sequences of bits b, up to n = 1000, 


K = 16,807 and 


using ten different starting values 


and compare their averages to ten such sequences generated 
by a random bit generator. 


66. [T] Find the first 1000 digits of a using either 


a computer program or Internet resource. Create a bit 
sequence b, by letting b, = 1 if the nth digit of z is 


odd and b, = 0 if the nth digit of a is even. Compute 
the average value of b, and the average value of 
dy = lbn+1— Onl 


by, appear random? Do the differences between successive 


n= 1,..., 999. Does the sequence 


elements of b, appear random? 
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5.2 | Infinite Series 


Learning Objectives 


5.2.1 Explain the meaning of the sum of an infinite series. 


5.2.2 Calculate the sum of a geometric series. 
5.2.3 Evaluate a telescoping series. 


We have seen that a sequence is an ordered set of terms. If you add these terms together, you get a series. In this section we 
define an infinite series and show how series are related to sequences. We also define what it means for a series to converge 
or diverge. We introduce one of the most important types of series: the geometric series. We will use geometric series in the 
next chapter to write certain functions as polynomials with an infinite number of terms. This process is important because it 
allows us to evaluate, differentiate, and integrate complicated functions by using polynomials that are easier to handle. We 
also discuss the harmonic series, arguably the most interesting divergent series because it just fails to converge. 


Sums and Series 


An infinite series is a sum of infinitely many terms and is written in the form 
[e2] 
> An =a,+ay+a3t°. 
n=1 
But what does this mean? We cannot add an infinite number of terms in the same way we can add a finite number of terms. 
Instead, the value of an infinite series is defined in terms of the limit of partial sums. A partial sum of an infinite series is a 
finite sum of the form 


k 
> An =A, ++ az: +a. 


n=1 
To see how we use partial sums to evaluate infinite series, consider the following example. Suppose oil is seeping into a lake 
such that 1000 gallons enters the lake the first week. During the second week, an additional 500 gallons of oil enters the 
lake. The third week, 250 more gallons enters the lake. Assume this pattern continues such that each week half as much oil 


enters the lake as did the previous week. If this continues forever, what can we say about the amount of oil in the lake? Will 
the amount of oil continue to get arbitrarily large, or is it possible that it approaches some finite amount? To answer this 
question, we look at the amount of oil in the lake after k weeks. Letting S$, denote the amount of oil in the lake (measured 


in thousands of gallons) after k weeks, we see that 


S,=1 
Sy=1405=14+4 

= = lil 
$3=140540.25=14+5+4 

= = Jill 
S4=14+0.5+40.25 +0125 =14+5+4+% 

= = J ,i,i,t 
Ss=1+0.5 + 0.25 +0.125 +0.0625 =1+5+4+et7¢ 


Looking at this pattern, we see that the amount of oil in the lake (in thousands of gallons) after k weeks is 


k 
saltbebtbedentat= 2 


n=l 


We are interested in what happens as k — oo. Symbolically, the amount of oil in the lake as k — oo is given by the infinite 
series 
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At the same time, as k > oo, the amount of oil in the lake can be calculated by evaluating jim S,. Therefore, the 
C= 06 


behavior of the infinite series can be determined by looking at the behavior of the sequence of partial sums {S;|. If the 


sequence of partial sums {S,} converges, we say that the infinite series converges, and its sum is given by im S,. If 
> aw 


the sequence {S| diverges, we say the infinite series diverges. We now turn our attention to determining the limit of this 


sequence {S;|. 


First, simplifying some of these partial sums, we see that 


Sy=1 
Sy=14+4=3 
Ss=1td+tad 
Sy=1tdet iti 
Ss=1tdeti de tad 


Plotting some of these values in Figure 5.10, it appears that the sequence {S;} could be approaching 2. 


SpA 


W123 45 
Figure 5.10 The graph shows the sequence of partial sums 
{S x}: It appears that the sequence is approaching the value 2. 


Let’s look for more convincing evidence. In the following table, we list the values of S;, for several values of k. 


° 


1.9375 1.998 1.999939 1.999998 


These data supply more evidence suggesting that the sequence {S;,} converges to 2. Later we will provide an analytic 


argument that can be used to prove that jim S, = 2. For now, we rely on the numerical and graphical data to convince 
7 Ow 


ourselves that the sequence of partial sums does actually converge to 2. Since this sequence of partial sums converges to 
2, we say the infinite series converges to 2 and write 


n=1 


Returning to the question about the oil in the lake, since this infinite series converges to 2, we conclude that the amount 


of oil in the lake will get arbitrarily close to 2000 gallons as the amount of time gets sufficiently large. 


This series is an example of a geometric series. We discuss geometric series in more detail later in this section. First, we 
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summarize what it means for an infinite series to converge. 


Definition 


An infinite series is an expression of the form 
co 


» An =Q,+ag+a3t+--. 


r= 


For each positive integer k, the sum 


M>= 


S,= An =A, +dn+a3+-- +a, 


rea1 


is called the Ath partial sum of the infinite series. The partial sums form a sequence {S;}. If the sequence of partial 


sums converges to areal number S, the infinite series converges. If we can describe the convergence of a series to 


S, wecall S the sum of the series, and we write 


If the sequence of partial sums diverges, we have the divergence of a series. 


(>) This website (http://www.openstaxcollege.org/|/20_series) shows a more whimsical approach to series. 


Note that the index for a series need not begin with n = 1 but can begin with any value. For example, the series 


00 n-1 
2 6) 
can also be written as 
00 n co n—-5 
XG) « XG) 
n=0 n=5 


Often it is convenient for the index to begin at 1, so if for some reason it begins at a different value, we can reindex by 


making a change of variables. For example, consider the series 


(es) 


1 
7 
n=2Nn 


By introducing the variable m=n-—1, sothat n=m-+1, wecan rewrite the series as 


1 
ma (m+ 1)" 


Evaluating Limits of Sequences of Partial Sums 


For each of the following series, use the sequence of partial sums to determine whether the series converges or 
diverges. 
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n 
ae n+1 
n=1 
ie2) 
& » Cy 
n=1 
i 
c. ———_, 
iat, n(n + 1) 
Solution 
a. The sequence of partial sums {S;} satisfies 
ao 
S,= 5) 
=e 
a a 
olga 
sya ate tS 
ao Ng 2 De 
Sg=atgtats. 
Notice that each term added is greater than 1/2. As a result, we see that 
=i 
S,= 7) 
oles ld gl 5/1 
S2=$+5>34+5=2(5) 
~-1,2,3 ,1,1,1_2/f1 
Ss=F4345>5454+5=3(5) 
cdl a Zeta hy a gd yl 
Sy=ZtF+TrS> Z4 at 5+y= 4G) 
From this pattern we can see that S; > (4) for every integer k. Therefore, {S,} is unbounded and 
co 
consequently, diverges. Therefore, the infinite series > ni(n + 1) diverges. 
n=1 
b. The sequence of partial sums {S;,} satisfies 
S; =-] 
S,=-1+1=0 


S;=-14+1-1=-1 
S,=-14+1-14+1=0. 


From this pattern we can see the sequence of partial sums is 


{S,} = {-1, 0, -1, 0,...}. 


co 
Since this sequence diverges, the infinite series >» (-1)” diverges. 
n=1 


c. The sequence of partial sums {S;} satisfies 
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seqyed 
Ss=qigtaigty q+as=% 


1 Py 


a eee 
os 1.0 a9 aed 4 Sg 


From this pattern, we can see that the kth partial sum is given by the explicit formula 


eee: 
ee es 


Since k/(k +1) — 1, weconclude that the sequence of partial sums converges, and therefore the infinite 


series converges to 1. We have 


1 = 
x nin+ 1) i 


5.7 = 
fz Determine whether the series > (n+ 1)/n converges or diverges. 


n=l 


The Harmonic Series 


A useful series to know about is the harmonic series. The harmonic series is defined as 


co 5.5) 
_aeaecee ee ( 
Lanal+ytgtat 


This series is interesting because it diverges, but it diverges very slowly. By this we mean that the terms in the sequence of 
partial sums {S,} approach infinity, but do so very slowly. We will show that the series diverges, but first we illustrate the 


slow growth of the terms in the sequence {S;,} in the following table. 


1000 10,000 100,000 1,000,000 


2.92897 5.18738 7.48547 9.78761 12.09015 14.39273 


Even after 1,000,000 terms, the partial sum is still relatively small. From this table, it is not clear that this series actually 
diverges. However, we can show analytically that the sequence of partial sums diverges, and therefore the series diverges. 


To show that the sequence of partial sums diverges, we show that the sequence of partial sums is unbounded. We begin by 
writing the first several partial sums: 
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S,;=1 
Sy=14+4 
S3=14+54+5 
Syal+Ztarh 
Notice that for the last two terms in S4, 
area ee 


Therefore, we conclude that 


Sy>l+te(tetai+detai+2(4) 


Using the same idea for Sg, we see that 


yi tach Da Wa A ee es ee es 
Se =l+dtdadedegodego tds (ds de(gtdeted) 

-j4l,l le 1 

=14+44+14+1=143() 


From this pattern, we see that S$} =1, S,=1+4+1/2, S4y>1+2(1/2), and Sg > 1+ 3(1/2). More generally, it can 
be shown that Sj > 1+ j(1/2) forall j > 1. Since 1 + j(1/2) > co, we conclude that the sequence {S,} is unbounded 
and therefore diverges. In the previous section, we stated that convergent sequences are bounded. Consequently, since {5';} 
is unbounded, it diverges. Thus, the harmonic series diverges. 

Algebraic Properties of Convergent Series 


Since the sum of a convergent infinite series is defined as a limit of a sequence, the algebraic properties for series listed 
below follow directly from the algebraic properties for sequences. 


Theorem 5.7: Algebraic Properties of Convergent Series 


co co 
Let » dy and > b,, be convergent series. Then the following algebraic properties hold. 


n=1 ea | 


co co co co 
i. The series >> (dy +by) converges and D2 (Qn + by) = Dy ant > by. (Sum Rule) 
all 


f—all n=1 n=1 


co co co co 
li. The series > (ay — bn) converges and y (Qn — by) = > an- > by. (Difference Rule) 


n=1 n=1 = il val 


co co co 
iii. For any real number c, the series »3 Cd, converges and ys Gt. Se » dy. (Constant Multiple Rule) 
al n= 1 n=1 


Example 5.8 


Using Algebraic Properties of Convergent Series 


Evaluate 
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Solution 


We showed earlier that 
and 


Since both of those series converge, we can apply the properties of Algebraic Properties of Convergent 


Series to evaluate 
>} a ie (4)' -2 
nin+1) \2 ' 


n=l 


Using the sum rule, write 
y | 3 iy |. S.-Y 
D>; at D +() Pz nn + ytd (5) 
Then, using the constant multiple rule and the sums above, we can conclude that 
y 3 sy" y 1 i ya 
2 nee (5) =3)) mot) py (5) 


n=1 n=l 


-1 
SA (4) =3 420) =7. 


Geometric Series 
A geometric series is any series that we can write in the form 

~ (5.6) 
atar+ar?+arte = > ar? 


n=1 


Because the ratio of each term in this series to the previous term is r, the number r is called the ratio. We refer to a as the 
initial term because it is the first term in the series. For example, the series 


s (1) 1.4 

2) =lgegeges 
n=1 

is a geometric series with initial term a = 1 andratio r = 1/2. 


In general, when does a geometric series converge? Consider the geometric series 
[e) 
¥ 


n=1 


when a > 0. Its sequence of partial sums {S;,} is given by 
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=atartar?+-+ark—!, 


M- 
8 
= 
I 
v 


S,= 
n=1 


Consider the case when r = 1. In that case, 
= 2 k-1_ 
S,=ata(Ql)+a(1)*+- +a) =ak. 
Since a >0, we know ak > oo as k > oo. Therefore, the sequence of partial sums is unbounded and thus diverges. 


Consequently, the infinite series diverges for r= 1. For r#1, to find the limit of {S;,}, multiply Equation 5.6 by 


1 —,r. Doing so, we see that 
(=nS, sad -n(l+rt rer 4e4r47!) 


=a(ltrtrerge tre H-¢4P gree tr] 
=a(1—-r*), 


All the other terms cancel out. 
Therefore, 
a1 - aa, 


l-r 


S,= forr # 1. 


From our discussion in the previous section, we know that the geometric sequence r* = 0 if Irl <1 and that r* diverges 
if Ir1 > 1 or r=+1. Therefore, for Iri< 1, S,— a/(1 —1r) and we have 
ioe) 


> ar"~!=_4@_ifin <1. 


n=1 ae 


If Irl>1, S, diverges, and therefore 


co 


2 ar" — | diverges if rl > 1. 


n=1 


Definition 
A geometric series is a series of the form 
ice) 
» ar"~! =atartar-+ar4+-. 
n= 1 
If I7| < 1, the series converges, and 


es 5.7 
Dae 4_ for |r| < 1. Ee 


l-r 


If |I7| > 1, the series diverges. 


Geometric series sometimes appear in slightly different forms. For example, sometimes the index begins at a value other 
than n = 1 or the exponent involves a linear expression for n other than n— 1. As long as we can rewrite the series in 


the form given by Equation 5.5, it is a geometric series. For example, consider the series 


x8) 


n=0 


n+2 


To see that this is a geometric series, we write out the first several terms: 
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ies} n+2 2 3 4 
LO -@+@)+O)+~ 


2 
—~4,4./2),4.(2 “3 
=9t9 (3)+§ (3) + 
We see that the initial term is a = 4/9 and the ratio is r = 2/3. Therefore, the series can be written as 
ys 4. (2) = 
a 9 \3 , 
n=1 


Since r = 2/3 < 1, this series converges, and its sum is given by 


¥ 4.(2)" 4/9 _ 4 
= 93 = = 


1-2/3 3° 


Example 5.9 


Determining Convergence or Divergence of a Geometric Series 


Determine whether each of the following geometric series converges or diverges, and if it converges, find its sum 
co 1 
3 n+ 
7 [ee 


ho 1 4” = 1 
[2.2] 
b eon 
n=1 
Solution 


a. Writing out the first several terms in the series, we have 


ys ey eS ey Gs 3)" 


hal n=l 40 4 


42 
= (-3)? + (-3)?: ye 
=3) 


=949.(=3 3)+9 


The initial term a = —3 and the ratio r = —3/4. Since |r| = 3/4 < 1, the series converges to 


9 __9 _ 36 
1-(-3/4) 7/4 7° 
b. Writing this series as 


we can see that this is a geometric series where r = e~ > 1. Therefore, the series diverges 


ge F(a 
‘ Determine whether the series b> (2) 


converges or diverges. If it converges, find its sum. 
n=1 
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We now turn our attention to a nice application of geometric series. We show how they can be used to write repeating 
decimals as fractions of integers. 


Example 5.10 


Writing Repeating Decimals as Fractions of Integers 


Use a geometric series to write 3.26 as a fraction of integers. 


Solution 


Since 3.26 = 3.262626..., first we write 
oe. ee 26 . 
3.262626... =3 +45 + 7h00 + 100,000 + 
26 , 26 , 26 
Oe 
102, 10% 10° 


Ignoring the term 3, the rest of this expression is a geometric series with initial term a = 26/ 107 and ratio 


r= 1/102. Therefore, the sum of this series is 


26/107 _ 26/107 _ 26. 
1-(1/107) 99/107 99 


Thus, 
3.262626... =3 + 36 = 323. 


fe 5.10 Write 5.27 asa fraction of integers. 


Chapter Opener: Finding the Area of the Koch Snowflake 


Define a sequence of figures {F,} recursively as follows (Figure 5.11). Let Fg be an equilateral triangle with 
sides of length 1. For n> 1, let Fy, be the curve created by removing the middle third of each side of F,, _ 1 
and replacing it with an equilateral triangle pointing outward. The limiting figure as n — oo is known as Koch’s 
snowflake. 
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LN a SAPs 
“ 4 


Figure 5.11 The first four figures, F’'9, F, /, and F'3, in the construction of the Koch snowflake. 


a. Find the length L, of the perimeter of F,. Evaluate jim Ln to find the length of the perimeter of 


Koch’s snowflake. 


b. Find the area A, of figure F,. Evaluate am An to find the area of Koch’s snowflake. 


Solution 
a. Let N,, denote the number of sides of figure F’,. Since Fp is a triangle, No = 3. Let J, denote the 
length of each side of F',. Since Fp is an equilateral triangle with sides of length J) = 1, we now need 
to determine N, and /,. Since F' is created by removing the middle third of each side and replacing 
that line segment with two line segments, for each side of Fo, we get four sides in F'). Therefore, the 


number of sides for F’; is 


N,=4:3. 


Since the length of each of these new line segments is 1/3 the length of the line segments in Fo, the 


length of the line segments for F', is given by 


Similarly, for F’5, since the middle third of each side of F, is removed and replaced with two line 


segments, the number of sides in F’, is given by 
N= 4N, = 4(4-3) = 47-3. 


Since the length of each of these sides is 1/3 the length of the sides of Fj, the length of each side of 


figure F’, is given by 


More generally, since F', is created by removing the middle third of each side of F,,_ , and replacing 


that line segment with two line segments of length ah _ 1 in the shape of an equilateral triangle, we 
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l 
know that VN, = 4N,,_, and [, = =< | Therefore, the number of sides of figure Fy, is 
Ny, = 4" +3 


and the length of each side is 
S| 


Therefore, to calculate the perimeter of F',, we multiply the number of sides N,, and the length of each 


side /,. We conclude that the perimeter of F’,, is given by 


Therefore, the length of the perimeter of Koch’s snowflake is 
L= lim L,=o. 
nao 
b. Let 7, denote the area of each new triangle created when forming F’,. For n=0, To is the area of 
the original equilateral triangle. Therefore, Ty = Ag = 3/4. For n> 1, since the lengths of the sides 


of the new triangle are 1/3 the length of the sides of F we have 


n-|> 


tam) tain tar 


n 
Therefore, 7), = (4) B, Since a new triangle is formed on each side of F’, _ ;, 
An =Ay—1+Nn—1°Tn 
n 
=A,-1+(3-4"~1)-(2) BE) 


9) 4 
a4 lB 


Writing out the first few terms Ap, A;, A>, we see that 


Ag= 8 
et roe rer ort) 


More generally, 
anni + 35+) + +6) 


Factoring 4/9 out of each term inside the inner parentheses, we rewrite our expression as 
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aa ieiede Qe] 


2 n-1 
The expression 1 + (2) + (2) See a (2) is a geometric sum. As shown earlier, this sum satisfies 


2 n-1 = n 
1+44(3) + +(4) = 1-6 


Substituting this expression into the expression above and simplifying, we conclude that 


slo] 


Therefore, the area of Koch’s snowflake is 
A= im A A= 
Analysis 


The Koch snowflake is interesting because it has finite area, yet infinite perimeter. Although at first this may 
seem impossible, recall that you have seen similar examples earlier in the text. For example, consider the region 


bounded by the curve y = 1/x? and the x -axis on the interval [1, co). Since the improper integral 
Cc 
|, a 
1 x 


converges, the area of this region is finite, even though the perimeter is infinite. 


Telescoping Series 


co 
Consider the series > 


n=l 


mae" We discussed this series in Example 5.7, showing that the series converges by writing 


out the first several partial sums $1, S5,..., S¢ and noticing that they are all of the form S; = ae Here we use a 
different technique to show that this series converges. By using partial fractions, we can write 


1 al =, il 
nn+1) "% n+l 


Therefore, the series can be written as 
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In general, 


si=(1-H)+G-HoG-e=+-rh)= try 


We notice that the middle terms cancel each other out, leaving only the first and last terms. In a sense, the series collapses 
like a spyglass with tubes that disappear into each other to shorten the telescope. For this reason, we call a series that has 
this property a telescoping series. For this series, since S, = 1 — 1/(kK+1) and 1/(kK+1)—0 as k> oo, the sequence 


of partial sums converges to 1, and therefore the series converges to 1. 


Definition 


A telescoping series is a series in which most of the terms cancel in each of the partial sums, leaving only some of the 
first terms and some of the last terms. 


For example, any series of the form 


co 


DY [on — Ona 1] = b1 — ba) + (by — 3) + (63 - bg) + 


n=1 

is a telescoping series. We can see this by writing out some of the partial sums. In particular, we see that 

Sy; =6)— bz 

Sy = (by — by) + (bz — b3) = by — b3 

S3 = (by — ba) + (bz — ba) + (b3 — bg) = by — bg 
In general, the kth partial sum of this series is 

Sy = by —dyyt- 

Since the kth partial sum can be simplified to the difference of these two terms, the sequence of partial sums {S,} will 
converge if and only if the sequence {b, + 1} converges. Moreover, if the sequence b, 41 converges to some finite number 


B, then the sequence of partial sums converges to b; — B, and therefore 


co 


D [bn- bn y 1 = 51-8. 


n=1 


In the next example, we show how to use these ideas to analyze a telescoping series of this form. 


Evaluating a Telescoping Series 


Determine whether the telescoping series 


co 


% [eostr) -eo4(-47)) 


n=1 


converges or diverges. If it converges, find its sum. 


Solution 


By writing out terms in the sequence of partial sums, we can see that 
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S, = cos(1)— cos(t 
Sy = (cos(1) 2 cos(4)) Fe (cos(4) = cos(+)) = cos(1) — cos(+) 
(cosct) — cos(5)) + (eos(5) - eos()} + (cos($) - cos()) 


cos(1) — cos(4), 


AH 
we 
Il 


In general, 


S;, = cos(1) — cos( 1} 


Since 1/(k+ 1) > 0 as k > oo and cosx isa continuous function, cos(1/(k + 1)) > cos(0) = 1. Therefore, 


we conclude that S, — cos(1) — 1. The telescoping series converges and the sum is given by 


3 [cos(4) - cos - + -)| = cos(1) — 1. 


n=l 


5.11 = 
fe Determine whether b [el nape) | converges or diverges. If it converges, find its sum. 


n=l 
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Student 


Euler’s Constant 


co 
We have shown that the harmonic series > ~ diverges. Here we investigate the behavior of the partial sums S;, 


Sj 
ll 
i 


as k > oo. In particular, we show that they behave like the natural logarithm function by showing that there exists a 


constant y such that 
k 
» Saline = yask > o. 
n=1 


This constant y is known as Euler’s constant. 


k 
1. Let T, = ») = Ink. Evaluate 7, for various values of k. 
i = Il 


2. For T, as defined in part 1. show that the sequence {7,| converges by using the following steps. 
a. Show that the sequence {7,} is monotone decreasing. (Hint: Show that In(1 + 1/k > 1/(k + 1)) 
b. Show that the sequence {T,} is bounded below by zero. (Hint: Express Ink as a definite integral.) 


c. Use the Monotone Convergence Theorem to conclude that the sequence {7,} converges. The limit 7 
is Euler’s constant. 
3. Now estimate how far 7, is from y fora given integer k. Prove thatfork>1, O0<7T,—y< I/k byusing 
the following steps. 


a. Show that In(k +1) —Ink < I/k. 


b. Use the result from part a. to show that for any integer k, 


c. Forany integers k and j such that j >k, express T, —T; as a telescoping sum by writing 
Ppt Pee) pad = ee pe ee +(T;_ i Tj) 


Use the result from part b. combined with this telescoping sum to conclude that 


1_1 


d. Apply the limit to both sides of the inequality in part c. to conclude that 


Spee dl 
T; Sg 


e. Estimate y to an accuracy of within 0.001. 
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5.2 EXERCISES 


Using sigma notation, write the following expressions as 
infinite series. 


aoe ieee ere 
Bh. Mika eg hg t 


68. 1-I1+1-1+: 


70. sinl + sin1/2 + sin1/3 + sinl/4+4+--- 


Compute the first four partial sums S,,..., $4 for the 


series having nth term a, starting with n = 1 as follows. 
71. Gn=n 

72. dn= ln 

73. Gy = sin(nz/2) 

74. dy =(—-1)" 


In the following exercises, compute the general term a, of 
the series with the given partial sum S,,. If the sequence of 


partial sums converges, find its limit S. 


75. Sn=1—-4, n>2 
76. $= Me, n>1 


77. S,n=vn,n>2 
78. S,»=2—-—(n+2)/2",n>1 


For each of the following series, use the sequence of partial 
sums to determine whether the series converges or 
diverges. 


ee St 


1 
a. 2 Ge DoE) 


n=1 


(Hint: Use a partial fraction 


co 
decomposition like that for > 


n=1 


1 
nin+ 1? 
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Be 2 ae 1 


ED 
n=1 


(Hint: Follow the reasoning for 


ie.) co 
Suppose that > an =1, _ that » b,=-1, _ that 


n=1 n=1 
a,=2, and b,; =—3. Find the sum of the indicated 


series. 


co 


83. )) (an t+dn) 


n=1 


(es) 


84.) (a,—2by) 


n=1 


85. > (4n — Dn) 


n=2 


© 
86. > (Ban 41—4bn4 1) 


n=1 


State whether the given series converges and explain why. 
co 
87. 2: 1000 (Hint: Rewrite using a change of 


index.) 


(Hint: Rewrite using a change of 
80 
n=1nNt+ 10 


index.) 


p2 [3 
— /2 j2__ \/2_ 4... 
82. 1-8 +\45-\57+ 
For dy as follows, write the sum as a geometric series of 


ie.2) 
the form > ar”. State whether the series converges and 
n=1 


if it does, find the value of b} An. 
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93. a,=—I1 and a,/a,,,=—5 forn>1. 
94. a, =2 and ay/a,,,=1/2 forn>1. 
95. a, =10 and a,/a,,,=10 for n> 1. 


96. a, =1/10 and ay/a,,,=—10 for n> 1. 


1 


co 
Use the identity Ty - > y” to express the function 
n=0 


as a geometric series in the indicated term. 


97. i a in x 
Wed 
98 ; = 30 in vx 
99. —_l_ in sinx 
1+ sin“ x 


100. sec?x in sinx 


Evaluate the following telescoping series or state whether 
the series diverges. 


co 
iG,“ os? 


n=l 


co 
i903, : oe 
n= 


inB® @4+1)3 


104.) (sinn —sin(n + 1) 


re) 


Express the following series as a telescoping sum and 
evaluate its nth partial sum. 


(Hint: Factor denominator and use 
n=l (n? + n) 
partial fractions.) 


a In(1 +) 


a InnIn(n + 1) 
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(n +2) 


108. ————S 
noin(nt1)2”"7 


(Hint: Look at 1/(n2”).) 


A general telescoping series is one in which all but the 
first few terms cancel out after summing a given number of 
successive terms. 

109. Let a, = f(n) —2f(n+1)+ f(n+2), in which 


co 
f() ~ 0 as n> o. Find >» An. 


n=1 
110. a,=f(y)—-f(nt+1)—-ft+2)+ fmt+3), in 


co 
which f(7) > 0 as n > oo. Find » an. 


ml 


111. Suppose that 
an =cof(n) +c, f(nt l)+eo f(nt+2) +3 f(n+3)+c4f(n+4), 


where f(1) > 0 as n— oo. Find a condition on the 


coefficients co,..., C4 that make this a general telescoping 
series. 

. 1 
112. Evaluate 2 wana, ee 


1 fs eee eer em ) 
nin+1)\n+2) 2n n+l 2n+2) 


(es) 


113, Evaluate >) —2—. 


n=2n —-n 


co 
; 1 E 
114. Find a formula for Po Sa) +N) where N isa 
positive integer. 
k-1 
115. [T] Define a sequence ft; = > (1/k) — Ink. Use 
n=1 


the graph of 1/x to verify that f, is increasing. Plot ¢, for 


k =1...100 and state whether it appears that the sequence 
converges. 
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116. [T] Suppose that N equal uniform rectangular 
blocks are stacked one on top of the other, allowing for 
some overhang. Archimedes’ law of the lever implies that 
the stack of N blocks is stable as long as the center of 
mass of the top (N — 1) blocks lies at the edge of the 
bottom block. Let x denote the position of the edge of 
the bottom block, and think of its position as relative to 
the center of the next-to-bottom block. This implies that 


(N -1)x= (4 — x) or x = 1/(2N). Use this expression 


to compute the maximum overhang (the position of the 
edge of the top block over the edge of the bottom block.) 
See the following figure. 


Each of the following infinite series converges to the given 
multiple of z or I/z. 


In each case, find the minimum value of N such that the 
Nth partial sum of the series accurately approximates the 


left-hand side to the given number of decimal places, and 
give the desired approximate value. Up to 15 decimals 


place, 2 = 3.141592653589793.... 


error < 0.0001 


co 
n 12 
17. (T]z=-34+ )) went 


[e.2) 
Le ad i 
ae ay py , Ok+ DE = -% Oke Ir 


2107 


119. [T] 2a) 


2. a > (4k)!(1103 + 26390k) 
9801 “= (ki) 43964* 


error < 1072 


120. [T] 
“1 J CD*64)113591409 + 5451401344) 
a (3k) (k!)? 64032074 + 3/2 , 


error < 1075 


121. [T] A fair coin is one that has probability 1/2 of 
coming up heads when flipped. 
a. What is the probability that a fair coin will come up 
tails n times in a row? 
b. Find the probability that a coin comes up heads for 
the first time after an even number of coin flips. 
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122. [T] Find the probability that a fair coin is flipped a 
multiple of three times before coming up heads. 


123. [T] Find the probability that a fair coin will come up 
heads for the second time after an even number of flips. 


124. [T] Find a series that expresses the probability that 
a fair coin will come up heads for the second time on a 
multiple of three flips. 


125. [T] The expected number of times that a fair coin 
will come up heads is defined as the sum over n = 1, 2.... 


of n times the probability that the coin will come up 


heads exactly n times in a row, or n/2”* t Compute the 


expected number of consecutive times that a fair coin will 
come up heads. 


126. [T] A person deposits $10 at the beginning of each 
quarter into a bank account that earns 4% annual interest 


compounded quarterly (four times a year). 
a. Show that the interest accumulated after n quarters 


Loita, 
is sio( Lot n} 


b. Find the first eight terms of the sequence. 
c. How much interest has accumulated after 2 years? 


127. [T] Suppose that the amount of a drug in a patient’s 
system diminishes by a multiplicative factor r< 1 each 


hour. Suppose that a new dose is administered every N 
hours. Find an expression that gives the amount A(n) in 
the patient’s system after n hours for each 7 in terms of 
the dosage d and the ratio r. (Hint: Write n = mN + k, 

where 0 <k < N, andsum over values from the different 


doses administered.) 


128. [T] A certain drug is effective for an average patient 
only if there is at least 1 mg per kg in the patient’s system, 


while it is safe only if there is at most 2 mg per kg in 


an average patient’s system. Suppose that the amount in 
a patient’s system diminishes by a multiplicative factor 
of 0.9 each hour after a dose is administered. Find the 


maximum interval N of hours between doses, and 
corresponding dose range d (in mg/kg) for this N that 


will enable use of the drug to be both safe and effective in 
the long term. 


129. Suppose that a, >0O is a sequence of numbers. 
Explain why the sequence of partial sums of a, is 


increasing. 
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130. [T] Suppose that a, is a sequence of positive 


numbers and the sequence S, of partial sums of a, is 


ie.) 
bounded above. Explain why > dn converges. Does 
n=1 


the conclusion remain true if we remove the hypothesis 
ayn = 0? 


131. [T] Suppose that a; = S; =1 and that, for given 
S>1 and O<k<l, one 
an41 =KS—Sp) and Sy 41 =4y44+Sn. Does Sy 


numbers defines 


converge? If so, to what? (Hint: First argue that S,, < S for 


all n and S;, is increasing.) 


132. [T] A version of von Bertalanffy growth can be used 
to estimate the age of an individual in a homogeneous 


species from its length if the annual increase in year n + | 
satisfies a, ,=k(S—Sy), with S, as the length at 
year n, S asa limiting length, and & as arelative growth 
S=9, and k=1/2, numerically 


estimate the smallest value of m such that S, > 8. Note 


constant. If S$, = 3, 


that S41 =Sy+ 4,4 1. Find the corresponding n when 


k= 1/4. 
[e.2) 
133. [T] Suppose that > dy is a convergent series of 
n=1 


ice) 
positive terms. Explain why | lim » dn =0. 
” N 


7 On=N+1 


134. [T] Find the length of the dashed zig-zag path in the 
following figure. 


at 


0.75+ 


0} 025 5 075 1% 
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135. [T] Find the total length of the dashed path in the 
following figure. 


p< 


0! 9.125 0.875 1* 


0.375 


0.625 


136. [T] The Sierpinski triangle is obtained from a triangle 
by deleting the middle fourth as indicated in the first step, 
by deleting the middle fourths of the remaining three 
congruent triangles in the second step, and in general 
deleting the middle fourths of the remaining triangles in 
each successive step. Assuming that the original triangle is 
shown in the figure, find the areas of the remaining parts of 
the original triangle after N steps and find the total length 


of all of the boundary triangles after N steps. 
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137. [T] The Sierpinski gasket is obtained by dividing 
the unit square into nine equal sub-squares, removing the 
middle square, then doing the same at each stage to the 
remaining sub-squares. The figure shows the remaining set 
after four iterations. Compute the total area removed after 
N stages, and compute the length the total perimeter of the 


remaining set after N stages. 
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5.3 | The Divergence and Integral Tests 


Learning Objectives 


5.3.1 Use the divergence test to determine whether a series converges or diverges. 


5.3.2 Use the integral test to determine the convergence of a series. 
5.3.3 Estimate the value of a series by finding bounds on its remainder term. 


In the previous section, we determined the convergence or divergence of several series by explicitly calculating the limit of 
the sequence of partial sums {S;}. In practice, explicitly calculating this limit can be difficult or impossible. Luckily, several 


tests exist that allow us to determine convergence or divergence for many types of series. In this section, we discuss two of 
these tests: the divergence test and the integral test. We will examine several other tests in the rest of this chapter and then 
summarize how and when to use them. 


Divergence Test 


co 
For a series » an to converge, the nth term ay, must satisfy a, > 0 as n > oo. 
n=1 


Therefore, from the algebraic limit properties of sequences, 


lim a= lim (S,;-S;,_)= lim Sp- lim S,_, =S-S=0. 
ks3o0 ks oo kso k> ow 


CO 
Therefore, if » dy converges, the nth term a, — 0 as n > co. Animportant consequence of this fact is the following 
n=1 


statement: 


— (5.8) 
If a, ~ Oasn > ov, > dy diverges. 
n=1 


This test is known as the divergence test because it provides a way of proving that a series diverges. 


Theorem 5.8: Divergence Test 
co 
If lim a,=c#0 or lim a, does not exist, then the series » ay diverges. 
fi = (co) ni oO rT 
nS 
It is important to note that the converse of this theorem is not true. That is, if im an =0, we cannot make any 


co co 
conclusion about the convergence of > an. For example, lim (1/n) = 0, but the harmonic series > 1/n diverges. 
n=1 ier n=1 


In this section and the remaining sections of this chapter, we show many more examples of such series. Consequently, 
although we can use the divergence test to show that a series diverges, we cannot use it to prove that a series converges. 
Specifically, if a, > 0, the divergence test is inconclusive. 


Using the divergence test 


For each of the following series, apply the divergence test. If the divergence test proves that the series diverges, 
state so. Otherwise, indicate that the divergence test is inconclusive. 


472 


Solution 


5.12 
fe What does the divergence test tell us about the series 


Since n/(3n — 1) > 1/3 £0, by the divergence test, we can conclude that 


diverges. 


Since 1/n? > 0, the divergence test is inconclusive. 


in? 


Since e — 10, by the divergence test, the series 


diverges. 


Integral Test 


In the previous section, we proved that the harmonic series diverges by looking at the sequence of partial sums {S,} and 


> cos(1/n?)? 


n=1 
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showing that S,x > 1+ 4/2 for all positive integers k. In this section we use a different technique to prove the divergence 


of the harmonic series. This technique is important because it is used to prove the divergence or convergence of many other 
series. This test, called the integral test, compares an infinite sum to an improper integral. It is important to note that this 


test can only be applied when we are considering a series whose terms are all positive. 


To illustrate how the integral test works, use the harmonic series as an example. In Figure 5.12, we depict the harmonic 
series by sketching a sequence of rectangles with areas 1, 1/2, 1/3, 1/4,... along with the function f(x) = 1/x. From the 


graph, we see that 


oy i. fief 1 
Deptt ee, Jax. 


Therefore, foreach k, the kth partialsum S;, satisfies 


k+1 


k k+1 
a ba 1, i dax=inx| = In(k +1) —In(1) = In(k + 1). 
n= 


1 
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Since _ lim In(k + 1) = 00, we see that the sequence of partial sums {S;} is unbounded. Therefore, {S,} diverges, and, 
> 00 


CO 
consequently, the series > 1 also diverges. 
n=1 


1 ££ 2e eS «6 = 
Figure 5.12 The sum of the areas of the rectangles is greater 
than the area between the curve f(x) = 1/x and the x -axis for 


x > 1. Since the area bounded by the curve is infinite (as 


calculated by an improper integral), the sum of the areas of the 
rectangles is also infinite. 


(ee) 
Now consider the series > 1/n?. We show how an integral can be used to prove that this series converges. In Figure 
n=1 


5.13, we sketch a sequence of rectangles with areas 1, 1/27, 1/37,... along with the function f(x) = 1/x?. From the 


graph we see that 


We conclude that the sequence of partial sums {S;} is bounded. We also see that {S,} is an increasing sequence: 
= 1 
aS 
Since {S,} is increasing and bounded, by the Monotone Convergence Theorem, it converges. Therefore, the series 


co 
> I/n? converges. 


n=l] 
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wo 42838 45 & 
Figure 5.13 The sum of the areas of the rectangles is less than 
the sum of the area of the first rectangle and the area between 


the curve f(x) = 1/x? and the x-axis for x > 1. Since the 


area bounded by the curve is finite, the sum of the areas of the 
rectangles is also finite. 


co 


We can extend this idea to prove convergence or divergence for many different series. Suppose > dp is a series with 
n=1 


positive terms a, such that there exists a continuous, positive, decreasing function f where f(n) =a, for all positive 


integers. Then, as in Figure 5.14(a), for any integer k, the kth partial sum S;, satisfies 
k (or) 
Sp=ay+dg+dzgt-- +ay<ay +f foods < 1 +f Sf (x)dx. 


[ee) 
Therefore, if 7 f(x)dx converges, then the sequence of partial sums {S,} is bounded. Since {S,} is an increasing 
1 


sequence, if it is also a bounded sequence, then by the Monotone Convergence Theorem, it converges. We conclude that if 
[e.2) 


[oe) 
a f(x)dx converges, then the series 2 ad, also converges. On the other hand, from Figure 5.14(b), for any integer 
1 n=1 


k, the kth partial sum S;, satisfies 


k+1 
Sp=a,t+a,t+a,+--+a,> f St (x)dx. 
1 


k+1 
If im 7 f(x)dx = co, then {S,} is an unbounded sequence and therefore diverges. As a result, the series » an 
> cof | n=1 


oo k+1 
also diverges. Since f isa positive function, if (x)dx diverges, then lim (x)dx = oo. We conclude that if 
8 : Pp F 8 k 
1 > or 1 


co 


[oe] 
a. f(x)dx diverges, then > an diverges. 
1 


n=l 
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(b) 


Figure 5.14 (a) If we can inscribe rectangles inside a region bounded by a curve y = f(x) 


and the x -axis, and the area bounded by those curves for x > | is finite, then the sum of the 


areas of the rectangles is also finite. (b) If a set of rectangles circumscribes the region bounded 
by y = f(x) andthe x axis for x > 1 and the region has infinite area, then the sum of the 


areas of the rectangles is also infinite. 


Theorem 5.9: Integral Test 


(e<) 
Suppose \ ay is a series with positive terms a,. Suppose there exists a function f anda positive integer N such 
n=1 


that the following three conditions are satisfied: 


i. f is continuous, 
ii. f is decreasing, and 


iii. f(m) =a, for all integers n > N. 
Then 


») a,and ee f@dx 


n=1 


both converge or both diverge (see Figure 5.14). 


[e.<) 


[oe 
Although convergence of [ f(x)dx implies convergence of the related series > dy, it does not imply that the value 
N n=1 


of the integral and the series are the same. They may be different, and often are. For example, 
n 2 3 


Pera dea 


=1 


is a geometric series with initial term a = 1/e andratio r = 1/e, which converges to 


Ve _ ile  _ 
T—(i/e) (e-Dle e-1 


[ee] 
However, the related integral f (1/e)*dx satisfies 
1 


> 0 b> oo 


/ ~ (b) ax = I ve “dx = tim / eds = lim —e™*} = lim [-eP tea d. 
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Example 5.14 


Using the Integral Test 


For each of the following series, use the integral test to determine whether the series converges or diverges. 


ie.) 
yin} 


n=l 


x WV2n—1 


n= 1 


Solution 


a. Compare 


We have 


[oe] 
Thus the integral 2 Ux dx converges, and therefore so does the series 
1 


| 
Pai, 


b. Compare 
y 1 
—— and “ete 
pz V2n — 1 1 V2x- 
Since 


I mo = lim f Pett lit lim | V2x — 1 
= , lim [V2b-1-1]= 


co 
the integral f 1/V2x — 1dx diverges, and therefore 
1 


co 
1 
>> V2n — | 


diverges. 


5.13 
fe Use the integral test to determine whether the series Y= converges or diverges. 


n=1 
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The p-Series 


co [e.2] 
The harmonic series » 1/n and the series > 1/n? are both examples of a type of series called a p-series. 
n=l n=1 


Definition 


For any real number p, the series 


Ms 
S) |- 
as) 


= 
ll 
(= 


is called a p-series. 


We know the p-series converges if p = 2 and diverges if p = 1. What about other values of p? In general, it is difficult, 
if not impossible, to compute the exact value of most p -series. However, we can use the tests presented thus far to prove 


whether a p -series converges or diverges. 
If p <0, then 1/n? > oo, andif p=0, then 1/n? > 1. Therefore, by the divergence test, 
Cc 
> 1/n? diverges if p < 0. 
n=1 


If p>0O, then f(x) = 1/x? is a positive, continuous, decreasing function. Therefore, for p > 0, we use the integral 


test, comparing 
i) oe) 
1 1 
—> and dx. 
Ee ie 
We have already considered the case when p = 1. Here we consider the case when p > 0, p # 1. For this case, 


co 


1 : 1 1 l-p : 1 l-p 
—_ — 1 ——, —4 1 — 1 — — 
I pax = im ie pax = ,im I xX J = ,im 1 [> 1 


Because 
b'? 5 0if p> landb' ? > wif p<], 


we conclude that 


c0 —l_ifp>1 
| syax = \ ay edi hae 
1x : 
oifp<1 
co 
Therefore, by 1/n? converges if p > 1 and diverges if 0< p< 1. 
n=1 
In summary, 


>} 1 fconverges if p> 1 (5.9) 
fain? \diverges if p <1 * 
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Testing for Convergence of p-series 


For each of the following series, determine whether it converges or diverges. 


co 
:. a 
R= 1 
"1 
b. > 213 
n=1"n 
Solution 


a. This is ap-series with p=4> 1, so the series converges. 


b. Since p = 2/3 < 1, the series diverges. 


5.14 ; ~ 1 : 
Does the series by —— converge or diverge? 
ay nl4 


Estimating the Value of a Series 


co 
Suppose we know that a series > dn converges and we want to estimate the sum of that series. Certainly we can 
n=1 
N. 
approximate that sum using any finite sum »2 dy where JN is any positive integer. The question we address here is, for 
n=1 
co N 


a convergent series > dy, how good is the approximation » a, ? More specifically, if we let 
n=1 n= 


be the remainder when the sum of an infinite series is approximated by the Nth partial sum, how large is Rj? For some 


types of series, we are able to use the ideas from the integral test to estimate Ry. 


Theorem 5.10: Remainder Estimate from the Integral Test 


Cc 
Suppose » dy, is a convergent series with positive terms. Suppose there exists a function f satisfying the following 
ial 


three conditions: 


i. f is continuous, 
ii. f is decreasing, and 


iii. f(m) =ay for all integers n > 1. 


(ee) 
Let Sj be the Nth partial sum of > an. For all positive integers N, 


net 
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Sut fy, fede < Qi an< swt fy f@dx. 


co co 
In other words, the remainder Ry = > an-Sy= » dp Satisfies the following estimate: 
—al n=N+1 


co 00 (5.10) 
ie _ [eode < Ry < ie f@dz. 


This is known as the remainder estimate. 


We illustrate Remainder Estimate from the Integral Test in Figure 5.15. In particular, by representing the remainder 
Ry =4y41+4n42+4y 43+: as the sum of areas of rectangles, we see that the area of those rectangles is bounded 


ce Cc 
above b (x)dx and bounded below b (x)dx. In other words, 
y y 
N N+1 


co 
Ry=ayaitayartayast n> fo flodx 
and 
[oe] 
Ry=ayyitangotavest <f, f(@dx. 
We conclude that 
co [eo 
x)dx < Ry < x)dx. 
J, fodde< Ry < [fe 


Since 


(es) 


> an = Sw + Rn, 
n=1 
where Sj is the Nth partial sum, we conclude that 


Sut f Lod < > an<Sytf foods. 


n=1 N 
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NN+1 N+2 N+3 N+4 * NN+1 N+2 N+3 N+4 * 
(a) (b) 


Figure 5.15 Given a continuous, positive, decreasing function f and a sequence of positive 


terms a, such that a, = f(n) for all positive integers , (a) the areas 


co 
an41t+4nyat4ng te" <f f(x)dx, or (b) the areas 


Cc 
ane, t+4n42t+4y 434+ > I, ioe Therefore, the integral is either an 


overestimate or an underestimate of the error. 


Example 5.16 


Estimating the Value of a Series 


co 
Consider the series > 1/n?. 


n= 1 


10 
a. Calculate $jg = be 1/n? and estimate the error. 
n=1 


co 
b. Determine the least value of N necessary such that Sj will estimate » I/n? to within 0.001. 


n=1 
Solution 
a. Using a calculating utility, we have 
Sigel staat at bi rs 1.19753. 
By the remainder estimate, we know 
Ry < f te 


We have 
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Therefore, the error is Ryg < 1/2(10)2 = 0.005. 


Find N such that Ry < 0.001. In part a. we showed that Ry < 1/2N >. Therefore, the remainder 
Ry < 0.001 as long as 1/2N? < 0.001. That is, we need 2N7 > 1000. Solving this inequality for 


N, wesee that weneed N > 22.36. To ensure that the remainder is within the desired amount, we need 


to round up to the nearest integer. Therefore, the minimum necessary value is N = 23. 


5.15 S| 
For > —z calculate S; and estimate the error Rs. 
n=1Nn 
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5.3 EXERCISES 


For each of the following sequences, if the divergence test ») 1 


: 3 : : ' 154. 
applies, either state that lim an does not exist or find Pomel Wa 
ima n- If the divergence test does not apply, state why. 
[e.2) 
iss. >) 
= 3 
138. a, =>" 5 a 
139. ay = —j-— Se 
0 on? —3 156. )) 2 
n=1" 
140. an = —— x 
V3n" +2n+ 1 n®™ 
157, )) 4 
n=1Nn 


— Qn+ Iin— 1) 


141 
. 2 
(n+ 1) Use the integral test to determine whether the following 
sums converge. 
2n 
142, a, = GAD os 
3n*+1 158. 
( n=] Vn + 5 
gn 
143. ay,= oo 
ee 159. >) = 
n=1\n+5 
— 2"+3" 
144. a,= 10" sb 
160.) — 
145. ay =e 77 _ 
ive) 
= 161. A 
146. dy, =cosn >> 1+n2 
147. da, =tann a ? 
ie ) 
148. a _ 1L—cos?(1/n) n=ilte 
5 ON 2a) 
sin* (2/n) co 
163. >) ee 
2n n=l1it+n 
= 1 
149. a, = (1-3) 
y 1 
164. 
150. a,= Inn Py nin2n 
2 Express the following sums as p-series and determine 
(et a 
son vn whether each converges. 


CO 
165.) 27" Hint: 2-9" = in"? ) 


n=1 


1 
152. a 
n=1 vn ~ —Inn 2 qa-lnn _ In3 
166. 3 (Hint: 3 =I/n"~.) 
n=1 
el 
153. >> _1 e 


io7, Yio 


n=1 
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co 
ied. Sy sna 


neal 
[oe] 
Use the estimate Ry < , f(@dt to find a bound for the 
N 


co N 
remainder Ry = ps an- >, ayn where a, = f(n). 


n=1 n=1 


16. >) + 


170, > 


7c, 


100 
172. }) n/2” 
n=1 


[T] Find the minimum value of N such that the remainder 


fee} [oe N 
estimate i [<Ry< 7 f guarantees that » an 
N+1 N 


n=1 
co 
estimates > dp, accurate to within the given error. 
n=1 
173. dn=, error < 107+ 
n 
174. an=—, error < 107+ 
nl 
175. adyn= i. error < 1074 
nl 
176. adyn= L. , error < 1077 
nin“n 
177. adyn= 1 z> error < 107 
l+n” 


In the following exercises, find a value of N such that 
Ry is smaller than the desired error. Compute the 


N. 


corresponding sum > a, and compare it to the given 
n=1 


estimate of the infinite series. 
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178. an= t, error < 1074, 
n 
CO 
» += 1.000494... 
n=1"Nn 
179. an= an error < 107, 
ei eae | 
180. an= ., error < 10>, 
e” 
CO 
>) nie"? = 0.40488139857... 
| 
181. an= Unt, error < 1074, 
CO 
») Unt = 24790 = 1.08232... 
ne 1 
182. an= 1/n®, error < 107°, 


CO 
DY) Unt = 29/945 = 1.01734306... 


n=] 


183. Find the limit as n + co of $+—L— +... 4 1. 


2n 
(Hint: Compare to f dat.) 
n 


184, Find the limit as n + 00 of + +— 


The next few exercises are intended to give a sense of 
applications in which partial sums of the harmonic series 
arise. 


185. In certain applications of probability, such as the 
so-called Watterson estimator for predicting mutation rates 
in population genetics, it is important to have an accurate 


estimate of the number H,= (1 +44 + aioe e 1) 


is decreasing. Compute 


(Hint: 


Recall that 7, =H, -—Ink 


T= lim T, to four decimal _ places. 
k> oo 


k+1 
1 1 
maid xx .) 


484 


186. [T] Complete sampling with replacement, sometimes 
called the coupon collector’s problem, is phrased as 
follows: Suppose you have N unique items in a bin. At 
each step, an item is chosen at random, identified, and put 
back in the bin. The problem asks what is the expected 
number of steps E(N) that it takes to draw each unique 


once. It turns out that 


BN) =NHy=N(i+d444--44) Find 2) 


for N = 10, 20, and 50. 


item at least 


187. [T] The simplest way to shuffle cards is to take the 
top card and insert it at a random place in the deck, called 
top random insertion, and then repeat. We will consider 
a deck to be randomly shuffled once enough top random 
insertions have been made that the card originally at the 
bottom has reached the top and then been randomly 
inserted. If the deck has n cards, then the probability that 
the insertion will be below the card initially at the bottom 
(call this card B) is 1/n. Thus the expected number of top 


random insertions before B is no longer at the bottom is 
n. Once one card is below B, there are two places below 
B and the probability that a randomly inserted card will 
fall below B is 2/n. The expected number of top random 
insertions before this happens is n/2. The two cards below 
B are now in random order. Continuing this way, find a 


formula for the expected number of top random insertions 
needed to consider the deck to be randomly shuffled. 


188. Suppose a scooter can travel 100 km on a full tank 
of fuel. Assuming that fuel can be transferred from one 
scooter to another but can only be carried in the tank, 
present a procedure that will enable one of the scooters to 
travel 100Hy km, where Hy = 14+ 1/2+---+1/N. 


189. Show that for the remainder estimate to apply on 
[N, co) it is sufficient that f(x) be decreasing on 


[N, co), but f need not be decreasing on [1, oo). 


190. [T] Use the remainder estimate and integration by 
[2.2] 


parts to approximate > n/e” within an error smaller 
n=1 


than 0.0001. 


(es) 


1 
191. D 
2s ndnn)? 


converge if p is large enough? 
If so, for which p? 

192. [T] Suppose a computer can sum one million terms 
per second of the divergent series y oe 
n=1 


Use the integral 


test to approximate how many seconds it will take to add 
up enough terms for the partial sum to exceed 100. 
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193. [T] A fast computer can sum one million terms per 
N 

second of the divergent series > —!_ Use the integral 

n 


= ninn 


test to approximate how many seconds it will take to add 
up enough terms for the partial sum to exceed 100. 
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5.4 | Comparison Tests 


Learning Objectives 


5.4.1 Use the comparison test to test a series for convergence. 
5.4.2 Use the limit comparison test to determine convergence of a series. 


We have seen that the integral test allows us to determine the convergence or divergence of a series by comparing it to a 
related improper integral. In this section, we show how to use comparison tests to determine the convergence or divergence 
of a series by comparing it to a series whose convergence or divergence is known. Typically these tests are used to determine 
convergence of series that are similar to geometric series or p-series. 


Comparison Test 


In the preceding two sections, we discussed two large classes of series: geometric series and p-series. We know exactly 
when these series converge and when they diverge. Here we show how to use the convergence or divergence of these series 
to prove convergence or divergence for other series, using a method called the comparison test. 


For example, consider the series 


This series looks similar to the convergent series 
co 
> al 
5 
n=1N 


Since the terms in each of the series are positive, the sequence of partial sums for each series is monotone increasing. 
Furthermore, since 


1 1 

O0< <> 

n?+1 nr? 

[°2] 
for all positive integers n, the kth partial sum S, of > + i satisfies 
n=1Nn + 

S,= < + < a 
inl fein ane 


(See Figure 5.16(a) and Table 5.1.) Since the series on the right converges, the sequence {S x} is bounded above. We 
conclude that {S,} is a monotone increasing sequence that is bounded above. Therefore, by the Monotone Convergence 


Theorem, {S,} converges, and thus 


converges. 


Similarly, consider the series 


This series looks similar to the divergent series 
CO 
Lick 
7 
n=1 


The sequence of partial sums for each series is monotone increasing and 
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oe eee 
ae Tae adie 


satisfies 


for every positive integer n. Therefore, the kth partial sum S, of 1 7) 


i 


ie) k 
(See Figure 5.16(b) and Table 5.2.) Since the series y 1/n_ diverges to infinity, the sequence of partial sums > 1/n 


n=1 n=1 


is unbounded. Consequently, {S;,} is an unbounded sequence, and therefore diverges. We conclude that 


y 1 
2 n— U2 


=1 


diverges. 


The partial sums for > 


Sk xf 2 
e 
e e 
3.5 3.5+ ‘ e 
3 34 ‘ 
2.5 254 o .? e 
e 
2+ The partial sums for 5 2; @ . 2 
1.5 eer ef? @ @ 1.5+ ; 
bi The partial sums for 5 — 
a . ere eee 1+ 
0.5 The partial sums for S45 0.5} 
4} 4 + + 
123 45 67 8k 0 12345 67 8k 
(a) (b) 


Figure 5.16 (a) Each of the partial sums for the given series is less than the corresponding 
partial sum for the converging p — series. (b) Each of the partial sums for the given series is 


greater than the corresponding partial sum for the diverging harmonic series. 


leo anlar 0.8588 0.8973 0.9243 0.9443 


7S 1.3611 1.4236 1.4636 1.4914 1.5118 1.5274 


Table 5.1 Comparing a series with a p-series (p = 2) 
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ese ie re 


2.6667 3.0667 3.3524 3.5746 3.7564 3.9103 4.0436 


1.8333 2.0933 2.2833 2.45 2.5929 2.7179 


Table 5.2 Comparing a series with the harmonic series 


Theorem 5.11: Comparison Test 


co 
i. Suppose there exists an integer N such that O<a,<b, for all n>N. If ys b, converges, then 


all 

co 

») dn converges. 
j= il 

co co 
ii. Suppose there exists an integer N such that a, > b, >0 forall n> WN. If a2 by diverges, then » an 
ine il n=1 

diverges. 


Proof 


We prove part i. The proof of part ii. is the contrapositive of part i. Let {S,} be the sequence of partial sums associated with 


co CO 
y ay, andlet L= » by. Since the terms a, > 0, 


n=1 n=1 7 
SpH=aytdgts+dp Say tant +apt apy 1 =Sp4 1. 


Therefore, the sequence of partial sums is increasing. Further, since a, < by, forall n> WN, then 


Therefore, for all k > 1, 
k 
Sp=(Qytag4+-+ay_4)+ > dn S (a, +ant+-+ay_ +L. 
n=N 


Since a; +da)+-+- +4, _ | isa finite number, we conclude that the sequence {S,} is bounded above. Therefore, {S;,} is 


an increasing sequence that is bounded above. By the Monotone Convergence Theorem, we conclude that {S,} converges, 


ie.) 
and therefore the series » dn converges. 
n=1 
CO 
To use the comparison test to determine the convergence or divergence of a series » dn, itis necessary to find a suitable 
n=1 


series with which to compare it. Since we know the convergence properties of geometric series and p-series, these series are 
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often used. If there exists an integer N such that for all n > N, each term a, is less than each corresponding term of a 


co 
known convergent series, then b> dn converges. Similarly, if there exists an integer N such that for all n> N, each 
n=1 
[e2] 
term ad, is greater than each corresponding term of a known divergent series, then > dp, diverges. 
n=1 


Using the Comparison Test 


For each of the following series, use the comparison test to determine whether the series converges or diverges. 


(es) 


7 1 

. 3 
n=1n->+3n+1 
ys 1 

b. 
La 


- >» Tata) 


Solution 


co CO 
a. Compare to > +. Since > 4 is a p-series with p = 3, it converges. Further, 
n=l1Nn n=l" 


1 1 
Sa SE eetin Sienna 
n+3n41 n> 


co 
for every positive integer n. Therefore, we can conclude that > | converges. 
n=1n°>+3n+1 


n 


oO n Oo 
b. Compare to > (4) . Since >, (4) is a geometric series with r= 1/2 and |1/2|<1, it 


n=1 n=1 


converges. Also, 


co 
for every positive integer n. Therefore, we see that » oi converges. 


foie +1 


Cc 
c. Compare to > = Since 
n=2 


1 1 
Inf)? 2 


co 


co 
; , 1 
for every integer n > 2 and >» 1/n diverges, we have that a ne 


diverges. 
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co 


5.16 
fe Use the comparison test to determine if the series > es converges or diverges. 
n=1n-+n+1 


Limit Comparison Test 


The comparison test works nicely if we can find a comparable series satisfying the hypothesis of the test. However, 
sometimes finding an appropriate series can be difficult. Consider the series 


oO 


1 . 
Re al | 


It is natural to compare this series with the convergent series 


(es) 


1 


= 
n=2Nn 


However, this series does not satisfy the hypothesis necessary to use the comparison test because 


CO 
for all integers n > 2. Although we could look for a different series with which to compare » 1(n? — 1), instead we 
n=2 


show how we can use the limit comparison test to compare 


co co 
De st and D) +. 


n=2Nn -1 n=2N 


CO 
Let us examine the idea behind the limit comparison test. Consider two series y a, and > by. with positive terms 
n=1 n=1 


ay, and b,, and evaluate 


If 


then, for n sufficiently large, a, Lby. Therefore, either both series converge or both series diverge. For the series 


co co 
>) Wn? =1) and Y 1/n?, we see that 
n=2 n=2 


co 
Since pS In? converges, we conclude that 
n=2 


converges. 
The limit comparison test can be used in two other cases. Suppose 


- a 
lim += 0. 
n= ob, 
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In this case, {a,/b,| is a bounded sequence. As a result, there exists a constant M such that a, < Mb, Therefore, if 


co 


co 
> bn converges, then » dn converges. On the other hand, suppose 
n=1 n=1 
Gn = og, 
n> ob, 


In this case, {a,/b,} is an unbounded sequence. Therefore, for every constant M there exists an integer N such that 


[°°] co 
ay, = Mb, forall n > N. Therefore, if > by, diverges, then > an diverges as well. 


n=1 n=1 


Theorem 5.12: Limit Comparison Test 


Let dy, by, >O0 forall n> 1. 


(es) 


co 
i. If lim an/bn =L#0, then » ay and >» b,, both converge or both diverge. 


n=l n=1 


co co 
ii. If im an/bn = 0 and » by, converges, then » an converges. 


n=1 n=1 


co (e-<) 
iil. If lim an/bn = oo and »: b,, diverges, then >: an diverges. 


n=1 n=1 


co 
Note that if a,/b, > 0 and > by, diverges, the limit comparison test gives no information. Similarly, if a,/by, — oo 


nr=l 


CO co 
and > by, converges, the test also provides no information. For example, consider the two series ba 1/vn and 
n=1 


n=1 


co 
> 1/n?. These series are both p-series with p= 1/2 and p=2, respectively. Since p= 1/2> 1, the series 
n=1 


co oo 
> 1/vn_ diverges. On the other hand, since p=2< 1, the series >» In? converges. However, suppose we 
n=1 n=1 


oO 
attempted to apply the limit comparison test, using the convergent p — series y 1/n? as our comparison series. First, 
n=1 


we see that 


Similarly, we see that 


2 
Im” _ 1 -, wasn > . 


Wn? 


CO 
Therefore, if a,/by, > co when > by, converges, we do not gain any information on the convergence or divergence of 


n=1 


co 
ae 
n=1 
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Example 5.18 


Using the Limit Comparison Test 
For each of the following series, use the limit comparison test to determine whether the series converges or 


diverges. If the test does not apply, say so. 


y 
: 2 vit 
S12" 4 
. »y = 
n=1 
In(n) 
n=l n2 
Solution 
Cc 
a. Compare this series to > L. Calculate 
n=1 vA 
- Wnt) « _ .. Liva_ _ 
nie Thin eT = Wo Te Tin | 
1 : 
Wel diverges. 


n=1 


co 
By the limit comparison test, since > J diverges, then > 
n= 


n 
=| . We see that 


co 
b. Compare this series to » (3 


n=1 


. (27 41)3" _ 4s OM 4 4 3" ,, 
ae an lim. 


lit co 89/3” 


Therefore, 
. (2"+41)/3" adi 


ni be 2" 13” 


es) n e) n 
Since » (2) converges, we conclude that b 2 cat] converges. 
= AS — 3 
n=1 n=1 
co 
c. Since Inn <n, compare with y " We see that 
n=1 
Inn/n lim Inn n_ lim Inn 
n> oo nz J nowl 


In order to evaluate im Inn/n, evaluate the limit as x — oo of the real-valued function In(x)/x. 


These two limits are equal, and making this change allows us to use L’H6pital’s rule. We obtain 


_ Mx_ yyl_ 
yim = mx = 0. 
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Therefore, lim Inn/n =0, and, consequently, 
naw 


 Innln? _ 


[e.2) 
Since the limit is 0 but » I diverges, the limit comparison test does not provide any information. 
n=1 


[e) 
Compare with b> + instead. In this case, 
n=1N 


lim im 


: In n/n? _ li Inn .n 
n= oo 1/n2 n—co ,2 


co 
Since the limit is co but » + converges, the test still does not provide any information. 
n=l1Nn 


CO 
So now we try a series between the two we already tried. Choosing the series b 1 we see that 


As above, in order to evaluate amin n/vn, evaluate the limit as x > oo of the real-valued function 


Inx/vx. Using L’H6pital’s rule, 


Inx _ 2vx — ae 
lim, x yim, x ng =0 
[e) co 
Since the limit is 0 and > 4. converges, we can conclude that > Ing converges. 
n=1Nn n=1N 


5.17 oo 
fz Use the limit comparison test to determine whether the series y 


n=1 


n 
aay converges or diverges. 
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5.4 EXERCISES 


Use the comparison test to determine whether the following 
series converge. 


194. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


202. 


203. 


204. 


205. 


206. 


ys 2 
ay, where a, = —*—~ 
omy n(n + 1) 
> l 

ay where a, = ———~ 
= n(n + 1/2) 
co 
> 1 
= 2(n + 1) 


sin(1/n) 
nN 
n=1 
sin?n 
n=1 n? 
»> sin(1/n) 
vn 
| 
co 
by | 
Foe | 
> Vatl-—wvn 
n=1 u 
co 
>> ta 
n= Vn 4 ne 


Use the limit comparison test to determine whether each of 
the following series converges or diverges. 


207. 


> (ey 


n= 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


215. 


216. 


217. 


218. 


219. 


220. 


221. 


= 


222. 
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n=1e 3” 
ie) 

> 1 

n=1 gone =3% 
ie) 

> 1 

c= ni + 1/n 

ie) 


_— 


> git in 1+ din 


n= 


2G soft) 
Py 1- cos(})} 


y Gal) Geet) Sie) 


ys (1-e7'") (Hint: lex (1—1/n)", $0 


n=1 


ew In.) 


oO 


Does >» = P 


vo) (In 


converge if p is large enough? 


If so, for which p? 
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y7 (dnn))’ 
223. Does bs ( 1) converge if p is large enough? 


n=l 


If so, for which p? 


(ee) 
224. For which p does the series > Phald hi 


n=1 

converge? 

SP 
225. For which p>O does the series > 5a 

n=1 
converge? 

ee) nz 
226. For which r>0O does the series > fr 


converge? 


co 
n 
227. For which r>O_ does the series > 2 


n=1 yn 
converge? 

[e2) 
228. Find all values of p and q such that b> a 7 

n=1 We 
converges. 
229. Does > see) converge or diverge? 
n=1 

Explain. 


230. Explain why, for each n, at least one of 


{|sinn|, |sin(z + 1)J,..., [sin + 6|} is larger than 1/2. 


|sinn| 


co 
Use this relation to test convergence of » i 


ret 


231. Suppose that 


co [e.2) CO 
> a pn and » bs converge. Prove that > andy 


n=] a=] n=1 


CO co [e.2) 
converges and $3 nbn oD a+ D2 63} 
n=1 


mS n=1 


a,=20 and b,>0O and that 


(ee) 
232. Does y 27” converge? (Hint: Write 2!"!"” 


re) 


as a power of Inn.) 


co 
233. Does > (Inn)~!"” converge? (Hint: Use 
aS 1 


In(t) 


t=e to compare toa p — series.) 
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ie2) 
234. Does oy (Inn)~""” converge? (Hint: Compare 


n=2 
ay to I/n.) 
CO 
235. Show that if a, > 0 and » dn converges, then 
n=1 
CO [e.) 
ys a n converges. If p> ie converges, does 
n=1 n=1 
CO 
>? dp necessarily converge? 
n=1 
CO 
236. Suppose that a, > 0 for all n and that > an 
n=1 


converges. Suppose that b,, is an arbitrary sequence of 


CO 
zeros and ones. Does >> ayby necessarily converge? 
n=1 
CO 
237. Suppose that a, > 0 for all nm and that 3 an 
n=1 


diverges. Suppose that b,, is an arbitrary sequence of zeros 


and ones with infinitely many terms equal to one. Does 
ie2) 
y Anby necessarily diverge? 


ne 1 


238. Complete the details of the following argument: If 
CO 


> a converges to a finite sum  s, then 
n=1 

bp ane Ope oe eae eee ee ee eee 
oo oa ET and s 7 l+3ztet ; 


Why does this lead to a contradiction? 


CO 
239. Show that if a, > 0 and > a pn converges, then 
he) 
co 


y sin? (a;) converges. 
n=1 
240. Suppose that a,/b, — 0 in the comparison test, 


where d,>0O and b,>0. Prove that if bn 


converges, then 3 dn converges. 


241. Let b, be an infinite sequence of zeros and ones. 


co 
What is the largest possible value of x = p by /2"? 


ne 
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242. Let d, be an infinite sequence of digits, meaning 


dyn takes values in {0, 1,...,9}. What is the largest 


ine) 
possible value of x = D2 d,/10” that converges? 
n=1 


243. Explain why, if x > 1/2, then x cannot be written 


[e2) 
Pay, =Oorl, b; = 0). 


244, [T] Evelyn has a perfect balancing scale, an 
unlimited number of 1-kg weights, and one each of 


1/2-kg, 1/4-kg, 1/8 -kg, 
wishes to weigh a meteorite of unspecified origin to 


arbitrary precision. Assuming the scale is big enough, can 
she do it? What does this have to do with infinite series? 


and so on weights. She 


245. [T] Robert wants to know his body mass to arbitrary 
precision. He has a big balancing scale that works perfectly, 
an unlimited collection of 1-kg weights, and nine each 


of 0.1-kg, 0.01-kg, 0.001-kg, and so on weights. 


Assuming the scale is big enough, can he do this? What 
does this have to do with infinite series? 


(es) 


246. The series yy, on is half the harmonic series and 


n=1 
hence diverges. It is obtained from the harmonic series by 
deleting all terms in which n is odd. Let m> 1 be fixed. 
Show, more generally, that deleting all terms 1/n where 
n=mk for some integer k also results in a divergent 


series. 


247. In view of the previous exercise, it may be surprising 
that a subseries of the harmonic series in which about one 
in every five terms is deleted might converge. A depleted 


ie2) 
harmonic series is a series obtained from 2 I by 
n=1 
removing any term 1/n if a given digit, say 9, appears 
in the decimal expansion of n. Argue that this depleted 


harmonic series converges by answering the following 
questions. 
a. How many whole numbers n have d digits? 


b. How many d-digit whole numbers h(d). do not 
contain 9 as one or more of their digits? 
What is the smallest d-digit number m(d)? 


d. Explain why the deleted harmonic series is 


oO 
h(d) 
bounded b ee 
ounded by ei ad) 


co 
hd) 
e. Show that & mi(a) converges. 


495 


248. Suppose that a sequence of numbers a, > 0 _ has 


the property that a; =1 and a,4)= ate where 
[ee] 
Sp = a, +-+++ +ay. Can you determine whether » an 
n=1 


converges? (Hint: S, is monotone.) 


249. Suppose that a sequence of numbers a, > 0 has the 


property that a; =1 and a,,,= —1_s,, where 
(n+ 1) 
co 
Sy = a, +-++++ay. Can you determine whether » an 
n=1 
converges? (Hint: 


Sy =a) +a; =a)+S8,=a,4+1=14+14=(0+4+1/4)S), 


S3= 5352 + Sy = (1+ 1/9)Sy = (1+ 1/9)(1 + 1/4)Sj, 


etc. Look at In(S,,), anduse In(1+1t)<?t, t>0.) 
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5.5 | Alternating Series 


Learning Objectives 


5.5.1 Use the alternating series test to test an alternating series for convergence. 
5.5.2 Estimate the sum of an alternating series. 


5.5.3. Explain the meaning of absolute convergence and conditional convergence. 


So far in this chapter, we have primarily discussed series with positive terms. In this section we introduce alternating 
series—those series whose terms alternate in sign. We will show in a later chapter that these series often arise when studying 
power series. After defining alternating series, we introduce the alternating series test to determine whether such a series 
converges. 


The Alternating Series Test 


A series whose terms alternate between positive and negative values is an alternating series. For example, the series 


os A (5.11) 
md) ee des WT de 
2 | 3) =~ 544-3478 
and 
5 eg, (5.12) 
= n 2° 3 4 


are both alternating series. 


Definition 


Any series whose terms alternate between positive and negative values is called an alternating series. An alternating 
series can be written in the form 


co (5.13) 
Gb, So Sky aie 
ge il 
or 
09 : (5.14) 
et 
n-1 
Where b, > 0 for all positive integers n. 
Series (1), shown in Equation 5.11, is a geometric series. Since |r| = |—1/2| < 1, the series converges. Series (2), shown 


in Equation 5.12, is called the alternating harmonic series. We will show that whereas the harmonic series diverges, the 
alternating harmonic series converges. 


To prove this, we look at the sequence of partial sums {S,| (Figure 5.17). 
Proof 
Consider the odd terms Sy, for k > 0. Since 1/(2k + 1) < 1/2k, 
So =o 2S 
2k+1 2k-1 ORT Ok +] 2k —1- 
Therefore, {S54 , ;} is a decreasing sequence. Also, 


Sai =(1-3)+G-g)+-~-+ Giga) + eT > 
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Therefore, {85,4 ;} is bounded below. Since {S5,, ;} is a decreasing sequence that is bounded below, by the Monotone 
Convergence Theorem, {4,4 ;} converges. Similarly, the even terms {S',} form an increasing sequence that is bounded 


above because 
Sox = Sop 2 + apby - > Sox -2 


and 


Sea 14(-344)+ + Copa t ageq)- He < 


Therefore, by the Monotone Convergence Theorem, the sequence {S| also converges. Since 


1 
Soe4d — Sox t Ik+D 
we know that 
: 2, ae : 1 
ee eed 


Letting S= im Sox 4.1 and using the fact that 1/(2k + 1) > 0, we conclude that im So, = S. Since the odd terms 
k > 00 > © 


and the even terms in the sequence of partial sums converge to the same limit S, it can be shown that the sequence of 


partial sums converges to S, and therefore the alternating harmonic series converges to S. 


It can also be shown that S$ =1n2, and we can write 


=I 
» ( J =1-44}-J4--=InQ). 


0 SoS,S S; S, * 
Figure 5.17 For the alternating harmonic series, the odd terms 
S441 in the sequence of partial sums are decreasing and 


bounded below. The even terms 5S, are increasing and 


bounded above. 


More generally, any alternating series of form (3) (Equation 5.13) or (4) (Equation 5.14) converges as long as 
b, = by > b3 >> and b, > 0 (Figure 5.18). The proof is similar to the proof for the alternating harmonic series. 
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0 Sas 6 5. -= 
Figure 5.18 For an alternating series b} — by + b3 — ++ in 


which bj > b> b3> ++, theoddterms S>,, inthe 


sequence of partial sums are decreasing and bounded below. The 
even terms S5, are increasing and bounded above. 


Theorem 5.13: Alternating Series Test 


An alternating series of the form 


S (-1)"*"b, or ») (-1)" by 


all n= 1 
converges if 


i. O<b,4) <n forall n> 1 and 
i. lim bn = 0. 


This is known as the alternating series test. 


We remark that this theorem is true more generally as long as there exists some integer N such that 0<b,, 1 < by for 
all n> N. 


Example 5.19 


Convergence of Alternating Series 


For each of the following alternating series, determine whether the series converges or diverges. 


» > Ente 


n=l 


bY Ent aa +h) 


n=1 
Solution 
a. Since 
1 1 1 
——~<— and —- 0, 
(n+ 1)? n2 n- 


the series converges. 


b. Since n/(n+1) +0 as n > oo, we cannot apply the alternating series test. Instead, we use the nth 
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term test for divergence. Since 


. iy" 
a ye 


the series diverges. 


5.18 = 
fe Determine whether the series > (-1)"t hysa” converges or diverges. 


n=l 


Remainder of an Alternating Series 


It is difficult to explicitly calculate the sum of most alternating series, so typically the sum is approximated by using a partial 
sum. When doing so, we are interested in the amount of error in our approximation. Consider an alternating series 


D> (=13" *" 4, 
n=1 


satisfying the hypotheses of the alternating series test. Let S denote the sum of this series and {S;} be the corresponding 


sequence of partial sums. From Figure 5.18, we see that for any integer N > 1, the remainder Ry satisfies 


Rul = 1S — Syl S$ [Sv41—-Sal = Ong 


Theorem 5.14: Remainders in Alternating Series 
Consider an alternating series of the form 
co ice) 
DY Cv" bor DD" bn 
ip = il n=l 
that satisfies the hypotheses of the alternating series test. Let S denote the sum of the series and Sj, denote the Nth 
partial sum. For any integer N > 1, the remainder Ry = S — Sy Satisfies 


IRI s by + its 


In other words, if the conditions of the alternating series test apply, then the error in approximating the infinite series by the 
Nth partial sum Sy is in magnitude at most the size of the next term Dy 4 1. 


Example 5.20 


Estimating the Remainder of an Alternating Series 


Consider the alternating series 
cS (iy +1 
ae aa 
n=1 n 


Use the remainder estimate to determine a bound on the error Rjg if we approximate the sum of the series by the 


partial sum S'jo. 
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Solution 


From the theorem stated above, 


Rio Sb, = =a ~ 0.008265. 


5.19 7 ‘a 
Find a bound for R59 when approximating > (-1)"*"/n by Syo. 


n=1 


Absolute and Conditional Convergence 


CO 


co 
Consider a series > dy and the related series y la,|. Here we discuss possibilities for the relationship between 
n=l n=1 


ie2) 
the convergence of these two series. For example, consider the alternating harmonic series > (-1)"* ‘In. The series 
n=1 


[°.2] co 
whose terms are the absolute value of these terms is the harmonic series, since > (-1)” +I = 3 1/n. Since the 
n=1 n=1 
alternating harmonic series converges, but the harmonic series diverges, we say the alternating harmonic series exhibits 
conditional convergence. 
co 


By comparison, consider the series > en. 'm?. The series whose terms are the absolute values of the terms of this 
n=1 


CO co 
series is the series > 1/n”. Since both of these series converge, we say the series » (-1)"* "in? exhibits absolute 


n=1 n=1 
convergence. 
Definition 
co co co 
A series ys an exhibits absolute convergence if >) la,| converges. A series » ap exhibits conditional 
io Il n— 1 n=l 


co co 
convergence if » an converges but Ss lay| diverges. 


n=1 n=1 
[e.2) CO 
As shown by the alternating harmonic series, a series » dn May converge, but > la,| may diverge. In the following 
n=1 n=1 
co [ec] 
theorem, however, we show that if > ld,| converges, then y dy converges. 
n=1 n=1 


Theorem 5.15: Absolute Convergence Implies Convergence 


Cc co 
If » la,| converges, then » an converges. 
rv al 
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Proof 


co 
Suppose that >» la,| converges. We show this by using the fact that a,=la,| or Gy, =-—la,| and therefore 
n=1 


Idyl + ay = 2layl or |dyl+a,=0. Therefore, 0 < layl+ ay < 2lay,l. Consequently, by the comparison test, since 


co 
2 ~ lay| converges, the series 
r= 1 


co 
D> (lanl + an) 
n=1 
converges. By using the algebraic properties for convergent series, we conclude that 
CO co co 
Xi an= Qy (lanl +an)— YY la 
n=1 n=1 n=1 


converges. 


Absolute versus Conditional Convergence 


For each of the following series, determine whether the series converges absolutely, converges conditionally, or 
diverges. 


oO 


a} Cpt /Gn+h 


n=l 


b. » cos(n)/n2 


n=1 


Solution 


a. We can see that 


diverges by using the limit comparison test with the harmonic series. In fact, 


_ UGnt1)_ 1 
ie 


Therefore, the series does not converge absolutely. However, since 


1 1 ag 


eel eel 0, 


1 
3n+1 ~ 


[2,2] 
the series converges. We can conclude that »y (—1D?* 'iBn +1) converges conditionally. 
n=1 


b. Noting that |cosm| <1, to determine whether the series converges absolutely, compare 
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oO 


ie.) CO ie.) 
with the series » I/n?. Since >» In? converges, by the comparison test, > Icosn/n7| 
n=1 n=1 n=1 
co 


converges, and therefore > cosn/n? converges absolutely. 
n=1 


5.20 = 44 3 
Determine whether the _ series > (-1)"**n/Qn°’+1) converges absolutely, converges 


n= 1 


conditionally, or diverges. 


To see the difference between absolute and conditional convergence, look at what happens when we rearrange the terms of 


(ee) 
the alternating harmonic series > (-1)"* "in. We show that we can rearrange the terms so that the new series diverges. 
n=1 
Certainly if we rearrange the terms of a finite sum, the sum does not change. When we work with an infinite sum, however, 
interesting things can happen. 


Begin by adding enough of the positive terms to produce a sum that is larger than some real number M > 0. For example, 
let M = 10, and find an integer k such that 


se ee eee ee 
I+3 5+ + 5p 7 > 10. 


co 
(We can do this because the series > 1/(2n — 1) diverges to infinity.) Then subtract 1/2. Then add more positive terms 
n=1 


until the sum reaches 100. That is, find another integer j > k such that 


De asset dg Nang pt 100, 


ing M—-1 2+ De+1 2+ 


Then subtract 1/4. Continuing in this way, we have found a way of rearranging the terms in the alternating harmonic series 
so that the sequence of partial sums for the rearranged series is unbounded and therefore diverges. 


The terms in the alternating harmonic series can also be rearranged so that the new series converges to a different value. In 
Example 5.22, we show how to rearrange the terms to create a new series that converges to 31n(2)/2. We point out that 


the alternating harmonic series can be rearranged to create a series that converges to any real number r; however, the proof 


of that fact is beyond the scope of this text. 
[e.2) 


In general, any series > ay that converges conditionally can be rearranged so that the new series diverges or converges 
n=1 
ie) 


to a different real number. A series that converges absolutely does not have this property. For any series y dy, that 
n=1 


CO 
converges absolutely, the value of y dy, is the same for any rearrangement of the terms. This result is known as the 
n=1 


Riemann Rearrangement Theorem, which is beyond the scope of this book. 
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Example 5.22 


Rearranging Series 


Use the fact that 


fe irce Pee Dares Seer 
1 7 +3 4+5 In2 


to rearrange the terms in the alternating harmonic series so the sum of the rearranged series is 31n(2)/2. 


Solution 
Let 
> ee a ee ee | 
Qn=1l-sta-qte-zta-st 
= 7 2 3 4° 5 6 7 8 
[ec] 
Since > ay = \n(2), by the algebraic properties of convergent series, 
n=1 
pp eee ee Ly In2 
Lyn a oe ae gt aad an a i 


co 
Now introduce the series y by, such that forall n >1, 0b, 1 =0 and by, =a,/2. Then 


n=1 


co 
Sheets pa haig d Daas ts wane 
2, bn= 04540 r+O+d+0-f4 nS, 


co [e2] 
Then using the algebraic limit properties of convergent series, since > ad, and » b, converge, the series 
n=1 n=1 


co 
>» (an +b,) converges and 


n=1 
co foe) [vel 
> (an +by) = > Gat yy by = In2 + ind = 302, 
n=1 n=1 n=1 


Now adding the corresponding terms, a, and by, we see that 


Serre -avora(dodo(oojod-Dodeoocgeg 


We notice that the series on the right side of the equal sign is a rearrangement of the alternating harmonic series. 


ce 
Since > (dy + by) = 31n(2)/2, we conclude that 


n=1 


1,1_1 _ — 3in@) 
s° 7 40° 2° 


504 Chapter 5 | Sequences and Series 


Therefore, we have found a rearrangement of the alternating harmonic series having the desired property. 
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5.5 EXERCISES 


State whether each of the following series converges 
absolutely, conditionally, or not at all. 


co 


n+1 
Soma 


n=1 


[e.<) 


n=1 


[e.<) 


25, > En 


n=1 


if 


co 


ape. >, (yn 


n=1 
co 


254.) (- yrttt 


n=1 


co 
255.) (- ieee 


n=1 
~ n+l1(n—1 7 
256. > (-1) (25+) 
n=1 
. nt+1(n+1\" 
257: ps (-1) (24+) 
n=1 
co 
258. >) (-1)"*!sin2n 
n=1 
co 
259. > (-1)"*! cos2n 
n=1 
co 
260. )) (-1)"*!sin2(1/n) 
n=1 
co 
261.) (-1)"*! cos? (1/n) 
n=1 
co 
262.) (-1)"* n(n) 
n=1 
co 
263. )) (-1)"*"in(i + 4) 
n=1 


264, we laser n 


n=1 
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(es) 


265. “pri 
x ies 1+n” 
ioe) 
r=l 


ie.) 


n=l 


co 
268.) (-D"(1-n!!") int: 0!" 1+ Inn 


n=1 


for large n.) 


269. S$ ry" a(t — cos(d) 


n=l 


(Hint: 


cos(1/n) x 1 — 1/n? for large n.) 


co 
» (aner (vn + 1 — vn) (Hint: Rationalize the 


n= 1 


numerator.) 


271. s = y(t 


n=1 


(Hint: —Cross- 
aa) 


multiply then rationalize numerator.) 


(ee) 


272.) (-1)" + n(n + 1) — Inn) 


r=1 


co 
273. » eit n(tan7" (n+ 1) —tan7! n) (Hint: 
n=1 


Use Mean Value Theorem.) 
co 
n=1 
co 
a7. pntt(t- aa 
n=1 


cos(z) 
276. — 


cos(z) 


277. 
hn 1/n 


20 
n=1 
20 
n=1 
y' 1 
278. Da tsin(“z) 


506 


co 
279. > sin(nn/2)sin(1/n) 


rel 


In each of the following problems, use the estimate 
IRy| < by 4.1 to find a value of N that guarantees that 


the sum of the first N terms of the alternating series 
[e) 


» (-1)"t ‘pb, differs from the infinite sum by at most 
n=) 


the given error. Calculate the partial sum Sj, for this N. 
280. [T] by =1/n, error <107> 

281. [T] b, =1Mn(n), n>2, error < 107! 

282. [T] b, =1/va, error < 107° 

283. [T] b, = 1/2", error < 10~° 

284. [T] b, = In(1 +4), error < 107° 


285. [T] b, =1/n7, error < 10~° 


For the following exercises, indicate whether each of the 

following statements is true or false. If the statement is 

false, provide an example in which it is false. 

286. If b, >0O is decreasing and lim b,=0, then 
naw 


co 


ys (b>, — 1 — 2,) converges absolutely. 
n=1 
co 
287. If by, > 0 is decreasing, then » (bon — 1 — D2) 
n=1 


converges absolutely. 


288. If b,>=090 and lim b, =0 then 
na wo 


co 
» An —2 + b3,,_ 1)—b3,) converges. 


n=1 


289. If decreasing and 


co 
b? (63, 2 + b3y)— 1 — 03n) converges then 


awl 


co 
>. b3, 2 converges. 


a= 


co 
290. If b,>O is decreasing and > (41) "2b, 


n=1 
converges conditionally but not absolutely, then b, does 


not tend to zero. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 5 | Sequences and Series 


291. Let aj} =a, if a,>O and a, =-—a, if 


An < 0. (Also, at =Oifa, <0 and 
co 
a, =Oifa,>0.) If b> dy converges conditionally 
Re 1 


co [e.2) 
but not absolutely, then neither » at nor » an 


n=1 n=1 


converge. 


292. Suppose that a, is a sequence of positive real 
ie2) 
numbers and that > Gn converges. Suppose that by, 
n=1 
is an arbitrary sequence of ones and minus ones. Does 
CO 
by Anby necessarily converge? 
n=1 


CO 
293. Suppose that a, is a sequence such that » Anby 
n=1 
converges for every possible sequence b, of zeros and 
ioe) 


ones. Does > dn converge absolutely? 
n=1 


The following series do not satisfy the hypotheses of the 
alternating series test as stated. 


In each case, state which hypothesis is not satisfied. State 
whether the series converges absolutely. 


294 5s int isin? 
ON 
295 5s 1y"* Los? 
a CN 


de 1tba tat 


goa eae Sea 
2 BA Se ee 
Aico Dg ds, ded ead = ba 
297. I+5 3 tats 6 7 8 ot 
298. Show that the alternating series 
ee Ee re ee ee ee oe does not 
Di De BN B87 OAR 238 


converge. What hypothesis of the alternating series test is 
not met? 


299. Suppose that > dy converges absolutely. Show 


that the series consisting of the positive terms a, also 


converges. 
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300. Show that the series 


2-344 34... does not converge. What hypothesis 


alternating 


of the alternating series test is not met? 


2 4 6 
301. The formula cosé = 1 -$ +9 -G 4 - will 


be derived in the next chapter. Use the remainder 
|Ry| < by 4.1 to find a bound for the error in estimating 
cosé by the fifth 
1-67 /2! + 64 /4!-0°/6!+08/8! for 
0=n7/6, and 0=7. 


partial sum 
é=1, 


%) 5 7 
302. The formula sind = 0-48 G4 - will 


be derived in the next chapter. Use the remainder 
|Ry| < by 4.1 to find a bound for the error in estimating 


sind by the fifth partial sum 


6 —6°/3! + 0°/5!-0'/7! +. 09/9! for O=1, 

0=n7/6, and 0=7z. 

303 How many terms in 
2 4 6 

cosé = -F +0 -F 4... are needed to 


approximate cosl accurate to an error of at most 
0.00001? 


304. How many terms in 
_9_9,0 9) 
sind =0—- a7 taproot are needed to 
approximate sinl accurate to an error of at most 
0.00001? 
co 
305. Sometimes the alternating series » (-1)"7 Db, 
n=1 


converges to a certain fraction of an absolutely convergent 


Cc (ee) 2 
series > by, ata faster rate. Given that b te. a. 
2 6 
n=1 n=1Nn 
find S= Which of the series 


1 1 1 
“agg Pao gat 


co oo. 1 n—-1l 
6 oy 1 and S$ ps eae gives a better estimation 
n=1 n 


n=1Nn 


of 2” using 1000 terms? 


The following alternating series converge to given 
multiples of a. Find the value of N predicted by the 


remainder estimate such that the Nth partial sum of the 
series accurately approximates the left-hand side to within 
the given error. Find the minimum JN for which the error 
bound holds, and give the desired approximate value in 
each case. Up _ to 15 decimals __ places, 
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m = 3.141592653589793.... 


n 
i) error < 0.0001 


[e.e} 
ae 
306. [T] >» are 


# ) 


error < 0.0001 


20 -k 
307. T]4-= )) ©) 
k=0 


V12 2k +1’ 
ics} . 
308. [T] The series > sine + an) plays an important 


n=0 
CO . 
role in signal processing. Show that > sine + an) 


converges whenever 0 < x < a. (Hint: Use the formula 
for the sine of a sum of angles.) 


N. 


309. [T] i > C"-!L5m2, what is 
n=1 

Tees [eas Nes Seg ee es eee (ee a eg 

tats 9-4 Gta to Ir 810 12* 


100 2 
310. [T] Plot the series > ase) for 0O<x< 1. 


A= 1 


100 2 
Explain why » bos) diverges when x =0, 1. 


n=) 


How does the series behave for other x? 


100. 2 
311. [T] Plot the series > sulane) for O< x< 1 


n=1 


and comment on its behavior 


100 2 
312. [T] Plot the series » Soe) for 0<x<l 
n=1 n 


and describe its graph. 


313. [T] The alternating harmonic series converges 
because of cancellation among its terms. Its sum is known 
because the cancellation can be described explicitly. A 


co 
: ae S 
random harmonic series is one of the form y =. 
n=1 


where s, is a randomly generated sequence of +1's in 
which the values +1 are equally likely to occur. Use a 


random number generator to produce 1000 random +1s 
N 
and plot the partial sums Sy = » Sn of your random 
n=1 
harmonic sequence for N = | to 1000. Compare to a plot 


of the first 1000 partial sums of the harmonic series. 
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[ee] 
314. [T] Estimates of b3 + can be accelerated by 


n=1N 
writing its partial sums as 
= 7 ee Rasa ———— _ and recalling 
pane nay nat) nain(n+1) 


1 -;__1 
that > AGED =] WaT converges to one as 


n=1 


N — oo. Compare the estimate of x16 using the sums 
1000 1000 


i eee : F 1 
—} with the estimate using 1 + FEE 
2, n° » n(n +1) 
Cc 
315. [T] The Euler transform rewrites S = » (-1)"b, 
n=0 


as S= > Genes x (7, )on—m- For the 
n=0 m=0 


alternating harmonic series, it takes the form 


[ee] 1 n-1l (ee) 
In(2) = > oy bs rr Compute _ partial 


n=l n=1 


sums of » a until they approximate In(2) accurate 
n 


to within 0.0001. How many terms are needed? Compare 


this answer to the number of terms of the alternating 
harmonic series are needed to estimate In(2). 


316. [T] In the text it was stated that a conditionally 
convergent series can be rearranged to converge to any 


number. Here is a slightly simpler, but similar, fact. If 
ie2) 


ay, =O is such that a, >0 as n- oo but > an 
a=] 


diverges, then, given any number A there is asequence sy, 


[ee] 
of +1's such that )° aps_ > A. Show this for A > 0 
n= 1 
as follows. 
a. Recursively define s, by s,=1_ if 


n=l 
Sn-1= » a,S;,< A and s, = —I1 otherwise. 
k=1 


b. Explain why eventually S, >A, and for any m 
larger than this n, A—dy <Spm<A+4m. 


c. Explain why this implies that S$, > A as n > oo. 
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5.6 | Ratio and Root Tests 


Learning Objectives 


5.6.1 Use the ratio test to determine absolute convergence of a series. 


5.6.2 Use the root test to determine absolute convergence of a series. 
5.6.3 Describe a strategy for testing the convergence of a given series. 


In this section, we prove the last two series convergence tests: the ratio test and the root test. These tests are particularly 
nice because they do not require us to find a comparable series. The ratio test will be especially useful in the discussion of 
power series in the next chapter. 


Throughout this chapter, we have seen that no single convergence test works for all series. Therefore, at the end of this 
section we discuss a strategy for choosing which convergence test to use for a given series. 


Ratio Test 


co 
Consider a series by dy. From our earlier discussion and examples, we know that lima n=O is not a sufficient 
n=1 


condition for the series to converge. Not only do we need a, > 0, but we need a, — 0 quickly enough. For example, 


co co 
consider the series > 1/n and the series > 1/n?. We know that 1/n > 0 and 1/n? > 0. However, only the series 


n=1 n=1 


co co 
> In? converges. The series »? 1/n diverges because the terms in the sequence {1/n} do not approach zero fast 
n=1 n=1 


enough as mn — oo. Here we introduce the ratio test, which provides a way of measuring how fast the terms of a series 
approach zero. 


Theorem 5.16: Ratio Test 


co 
Let » ay, bea series with nonzero terms. Let 
i= Il 


[e) 
i. If O<p<1, then » an converges absolutely. 


n= I 
co 
ii. If p>1 or p=oo, then ys dp diverges. 
ial 


iii. If p= 1, the test does not provide any information. 


Proof 
co 
Let D> ay, be aseries with nonzero terms. 
n=1 


an+1 
an 


We begin with the proof of part i. In this case, p = im, 


| <1. Since O<p<1,_ there exists R such that 


O<p<R< 1. Let e=R-—p> 0. By the definition of limit of a sequence, there exists some integer N such that 


Pull — pl < eforalln > N. 
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Therefore, 


“n+l! <p+e=Rforalln > N 


and, thus, 
lav +il < len 
law 49 < Rlay 4 || < R’ lay) 
len 3] < Rlay 42] < R’lay 41| < Ray 


law +l < Rlaw 43] < Raw aa] < Blan 41] < Ray 


Since R <1, the geometric series 
an +R an +R an os a 
converges. Given the inequalities above, we can apply the comparison test and conclude that the series 
law 4il+ lay alt lanaal tle sal + 


converges. Therefore, since 


(ee) N ie) 
DY lant= ¥ lad+ DY tay 


n=1 n=1 n=N+1 
N ee) ee) 
where ¥ ldy| is a finite sum and > la,| converges, we conclude that » lay| converges. 
n=1 n=N+1 n=1 
For part ii. 
a 
ae n+1 
p= jim alae | >1. 


Since p> 1, there exists R suchthat p> R> 1. Let e=p—R> 0. By the definition of the limit of a sequence, there 


exists an integer N such that 


Gn+1 
Putt — pl < eforalln> N. 


Therefore, 


R=p-e< 


a 
“n+l for all n > N, 
n 


and, thus, 
lay +11 > Klan 
law 42 > Rlay 4 || > R7lay| 
law eal > Blan ea] > Rana il > Blan 


lay a] > Rlayy 43] > Ren 4] > Rly 4 1] > Klan 
Since R> 1, the geometric series 
Riay| + R*lay| + Ray] ote 


diverges. Applying the comparison test, we conclude that the series 


lanaalt+len+al+len4a]+-- 
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co 
diverges, and therefore the series > lay| diverges. 
n=1 


CO 
For part iii. we show that the test does not provide any information if p = 1 by considering the p — series > I/n?. 
n=1 


For any real number p, 


Wate DP a: nP 


P= MM Tg? Ge DP! 


CO [e.<] 
However, we know that if p <1, the p-— series > 1/n? diverges, whereas > 1/n? converges if p> 1. 
n=1 n=1 


The ratio test is particularly useful for series whose terms contain factorials or exponentials, where the ratio of terms 
simplifies the expression. The ratio test is convenient because it does not require us to find a comparative series. The 
drawback is that the test sometimes does not provide any information regarding convergence. 


Using the Ratio Test 


For each of the following series, use the ratio test to determine whether the series converges or diverges. 


re as 
c. Dy Crean 
Solution 


a. From the ratio test, we can see that 


idle (2. ee | 


PS patto 2" nln bo(n + I)! 2 


Since (n+ 1)! =(n4+1)-n!, 


Since p <1, the series converges. 


b. We can see that 
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(n+1)"*!n +1)! 


pP A n"/n\ 
_ (nt1y"t! 
“nao (nt+1)! pn” 
a it Ly" _ 
= lim (2 7 } lim (1 +4) =e 
Since p> 1, the series diverges. 
c. Since 
(-1)"t i (n+ D!)2/2(n +1)! _ @t+D'+1)! (nr)! 
(n+ 1)(n+ 1) 


~ Qn +2)2Qn+ 1 


(nt Dm+) _1 


we see that 
P= 30, eDOae Dd a 


Since p <1, the series converges. 


5.21 SS 3 
fe Use the ratio test to determine whether the series > 3a converges or diverges. 
n=1 


co 
. 1 
lim Vla,| = p for 
nim, Vl al P 


Root Test 
The approach of the root test is similar to that of the ratio test. Consider a series » dp such that 
n=1 


ie.) 
some real number p. Then for N sufficiently large, la M ~) pe . Therefore, we can approximate BD la,| by writing 
n=N 


lanl + lan +a] + lew +2] + som pN+pNth4 pNt7 4... 
co 


The expression on the right-hand side is a geometric series. As in the ratio test, the series > dn converges absolutely if 
n=1 
the test does not provide any information. For example, for any 


0 <p <1 and the series diverges if p> 1. If p= 1, 


co 
p-series, by 1/n?, we see that 


n=1 


= 1 


= no pin’ 
n 


To evaluate this limit, we use the natural logarithm function. Doing so, we see that 
pin 
=. 4: 1 _ ae Pp 1\)_ 4:,., pind/n) 
= jim, In(7) 7 vl ir i In(77) ~ Pr 


| 


ei. 
n 


Inp = n(n, ih 
n 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 5 | Sequences and Series 513 


Using L’ HO6pital’s rule, it follows that Ing =0, and therefore p = 1 for all p. However, we know that the p-series only 
converges if p > 1 and diverges if p < 1. 


Theorem 5.17: Root Test 


co 
Consider the series > Ay. Let 


Toll 
5 n 
= lim \la,]. 
P ees 


co 
i. If O<p<1, then > an converges absolutely. 
n— 1 


co 
ii. If p>1 or p=oo, then 3 dp diverges. 


n=l 


iii. If p= 1, the test does not provide any information. 


The root test is useful for series whose terms involve exponentials. In particular, for a series whose terms ay, satisfy 


|a,|=b", then ‘Via;l = b, and we need only evaluate lim bn. 


Example 5.24 


Using the Root Test 


For each of the following series, use the root test to determine whether the series converges or diverges. 
n 
— (n? + 3n) 


n=1 (4n2 +5)" 


co 
n 
b. it 
2 (In(n))" 
Solution 


a. To apply the root test, we compute 


n n n 2 
— | 2 2 = jim 2 +321 
p= lim, \(n? + 3n)'1(4n? +5) ~ aoa 45 # 


Since p <1, the series converges absolutely. 
b. We have 
p= lim Vin" Inn)" = lim —_ = ow by L’H6pital’s rule. 


>olnn 


Since p =o, the series diverges. 
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5.22 = 
fe Use the root test to determine whether the series > 1/n” converges or diverges. 


n=l 


Choosing a Convergence Test 


At this point, we have a long list of convergence tests. However, not all tests can be used for all series. When given a series, 
we must determine which test is the best to use. Here is a strategy for finding the best test to apply. 


Problem-Solving Strategy: Choosing a Convergence Test for a Series 


co 
Consider a series » an. In the steps below, we outline a strategy for determining whether the series converges. 
i Ih 


co 


1. Is >. apn a familiar series? For example, is it the harmonic series (which diverges) or the alternating 
n=l 


harmonic series (which converges)? Is ita p— series or geometric series? If so, check the power p or the 


ratio r to determine if the series converges. 


2. Is it an alternating series? Are we interested in absolute convergence or just convergence? If we are just 
interested in whether the series converges, apply the alternating series test. If we are interested in absolute 


ice) 
convergence, proceed to step 3, considering the series of absolute values >> lay. 
n= 1 


3. Is the series similar toa p — series or geometric series? If so, try the comparison test or limit comparison test. 
4. Do the terms in the series contain a factorial or power? If the terms are powers such that a, = b, try the root 


test first. Otherwise, try the ratio test first. 


5. Use the divergence test. If this test does not provide any information, try the integral test. 


Visit this website (http://www.openstaxcollege.org/|/20_series2) for more information on testing series 
for convergence, plus general information on sequences and series. 


Using Convergence Tests 


For each of the following series, determine which convergence test is the best to use and explain why. Then 
determine if the series converges or diverges. If the series is an alternating series, determine whether it converges 
absolutely, converges conditionally, or diverges. 


a n? +2n 
. 3 2 
n=1Nn + 3n~+1 
oo 1 
(-D)"t* Gn+1) 
b pa n! 
n= 
— n 
Cc. “3 
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(es) 


3” 
- x (n+1)" 


n=l 


Solution 
a. Step 1. The series is not a p — series or geometric series. 


Step 2. The series is not alternating. 
Step 3. For large values of n, we approximate the series by the expression 


n? +2n a ee 
net3n7+1 nv ” 


Therefore, it seems reasonable to apply the comparison test or limit comparison test using the series 


CO 
* 1/n. Using the limit comparison test, we see that 
n=1 


2 3 2 3 2 
lig 1+ 20+ 30? +) pip Pt 2m? 
n= oo 1/n N>Oy3 4 3724 4 


CO 
Since the series > 1/n diverges, this series diverges as well. 
n=1 


b. Step 1.The series is not a familiar series. 
Step 2. The series is alternating. Since we are interested in absolute convergence, consider the series 


p2 (n Tr 


n=l 


Step 3. The series is not similar to a p-series or geometric series. 
Step 4. Since each term contains a factorial, apply the ratio test. We see that 


B+ DMn+1)! yy 3nt3._n!_o yj — 303g 


nS Gatlin! stored! Sot] seo st DGntD ~ 


Therefore, this series converges, and we conclude that the original series converges absolutely, and thus 
converges. 


c. Step 1. The series is not a familiar series. 
Step 2. It is not an alternating series. 
Step 3. There is no obvious series with which to compare this series. 
Step 4. There is no factorial. There is a power, but it is not an ideal situation for the root test. 
Step 5. To apply the divergence test, we calculate that 
lim & =. 


n> 00,3 


Therefore, by the divergence test, the series diverges. 


d. Step 1. This series is not a familiar series. 
Step 2. It is not an alternating series. 
Step 3. There is no obvious series with which to compare this series. 
Step 4. Since each term is a power of n, we can apply the root test. Since 


lim, | 3 ) = lim —3— = 0, 


n> o ~n>son+tl 
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by the root test, we conclude that the series converges. 


5.23 ~ n 
fe For the series > = determine which convergence test is the best to use and explain why. 
n 


n=l 


In Table 5.3, we summarize the convergence tests and when each can be applied. Note that while the comparison test, limit 
[e) 


[e.) 
comparison test, and integral test require the series >» an to have nonnegative terms, if > an has negative terms, 
n=1 n=1 


co 
these tests can be applied to » lay| to test for absolute convergence. 
n=1 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 5 | Sequences and Series 


517 


Series or Test Conclusions Comments 


Divergence Test 


co 
For any series 3 an, evaluate 
n=1 


lim dy. 
naw 


Geometric Series 
co 


> aot 


n= 1 


p-Series 


Comparison Test 


co 
For bp a, with nonnegative 
n=1 


terms, compare with a known 


co 
series y Dy. 


n=1 


Limit Comparison Test 


co 
For > ay With positive terms, 
n=1 


co 
compare with a series > bn 
n=1 
by evaluating 
an 


L= ‘ Es ae 


lf lim _a,=0, the test 
naw 


is inconclusive. 


if lima, #0, the 


series diverges. 


If Irl< 1, the series 


converges to 
al — 71). 


If |r| >1, the series 
diverges. 


If p>1, the series 


converges. 


If p <1, the series 


diverges. 


If an < by, forall n>N 


co 
and y by, converges, 


n=1 
co 
then > dn converges. 


n=1 


If a, >b, forall n>N 


co 
and b> by, diverges, 


n=1 


co 
then > ay diverges. 


n=1 


lf L is areal number and 


co 
L#0, then x an 


n=1 


co 
and y b, both 


n=1 


converge or both diverge. 


Table 5.3 Summary of Convergence Tests 


This test cannot prove convergence 
of a series. 


Any geometric series can be 
reindexed to be written in the form 


atar+ar?+ ---, where a is the 
initial term and r is the ratio. 


For p=1, we have the harmonic 


co 
series » 1/n. 


nr=l 


Typically used for a series similar to 
a geometric or p-series. It can 


sometimes be difficult to find an 
appropriate series. 


Typically used for a series similar to 
a geometric or p -series. Often 


easier to apply than the comparison 
test. 
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Conclusions Comments 


Series or Test 


Integral Test 

If there exists a positive, 
continuous, decreasing function 
f such that a, = f(n) for all 


[oe] 
n>WN, evaluate [ f@dx. 
N 


Alternating Series 


> (-L)"*'b, or y (-1)"by 


n=1 n=1 


Ratio Test 
[2,2] 
For any series > ay with 
n=1 
nonzero terms, let 


a 
= PY n+1 
en an } 


Root Test 


co 
For any series » an, let 
n=l 


e ny | 
= lim ‘la,l. 
Pp um, Vl nl 


co 
if L=Oand > b, 


n=1 
co 
converges, then > an 
n=1 


converges. 


(es) 


If L=oo and ) by 


n=l 


co 
diverges, then pa an 


n=1 


diverges. 


ie f(@dx and > a 


n=1 
both converge or both 
diverge. 


If b, 41 <n for all 
n>1 and b,—-0, then 
the series converges. 


If O<p<1, theseries 
converges absolutely. 


If p> lorp=oo, the 
series diverges. 


If p=1, the testis 
inconclusive. 


lf O0< p<1, the series 
converges absolutely. 


If p>lorp=o, the 
series diverges. 


Table 5.3 Summary of Convergence Tests 
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Limited to those series for which the 
corresponding function f can be 


easily integrated. 


Only applies to alternating series. 


Often used for series involving 
factorials or exponentials. 


Often used for series where 
n 
lay| = Di. 
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Series or Test Conclusions Comments 


If p=1, the testis 
inconclusive. 


Table 5.3 Summary of Convergence Tests 
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Student 


Series Converging to z and 1/z 


Dozens of series exist that converge to a or an algebraic expression containing z. Here we look at several examples 


and compare their rates of convergence. By rate of convergence, we mean the number of terms necessary for a partial 
sum to be within a certain amount of the actual value. The series representations of a in the first two examples can be 


explained using Maclaurin series, which are discussed in the next chapter. The third example relies on material beyond 
the scope of this text. 


1. The series 


was discovered by Gregory and Leibniz in the late 1600s. This result follows from the Maclaurin series for 


f@M= tan~!x. We will discuss this series in the next chapter. 


Prove that this series converges. 
b. Evaluate the partial sums S, for n = 10, 20, 50, 100. 


c. Use the remainder estimate for alternating series to get a bound on the error Rp. 
d. What is the smallest value of N that guarantees |Ry| < 0.01? Evaluate Sy. 


2. The series 


aS (2n)! 
ie 62, 24" +1 M2(2n + 1) 
3 a q 
= f+ ats) tates) +t) +~| 


has been attributed to Newton in the late 1600s. The proof of this result uses the Maclaurin series for 


f(x) = sin7! x. 


a. Prove that the series converges. 


b. Evaluate the partial sums S, for n = 5, 10, 20. 
c. Compare S, to a for n=5, 10, 20 and discuss the number of correct decimal places. 


3. The series 


1_ 18 ») (4n)!(1103 + 26390n) 


*~ 9801, (nl)?306"" 


was discovered by Ramanujan in the early 1900s. William Gosper, Jr., used this series to calculate z to an 
accuracy of more than 17 million digits in the mid-1980s. At the time, that was a world record. Since that 
time, this series and others by Ramanujan have led mathematicians to find many other series representations 
for z and 1/z. 


a. Prove that this series converges. 


b. Evaluate the first term in this series. Compare this number with the value of z from a calculating 
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utility. To how many decimal places do these two numbers agree? What if we add the first two terms 
in the series? 


c. Investigate the life of Srinivasa Ramanujan (1887-1920) and write a brief summary. Ramanujan is 


one of the most fascinating stories in the history of mathematics. He was basically self-taught, with no 
formal training in mathematics, yet he contributed in highly original ways to many advanced areas of 
mathematics. 
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5.6 EXERCISES 


(es) 


Use the ratio test to determine whether 3 dn converges, 
n=1 


where a, is given in the following problems. State if the 


ratio test is inconclusive. 


317. ay = I/n! 
318. a,=10"/n! 
319. ay, =n?/2" 


320. a, =n!9/2" 


ee) 3 
2. >, ca 


n=1 


_ 3n ! 3 
a2, St 2ay? 


fz, Gn) 
co 
(2n)! 
323. 
2 nen 
co 
(2n)! 
324. 
p> (2n)” 
~ ! 
325. Hh. 
2s (nle)” 
326. Cus 
n=1 (n/le) 7 
327, (2"nt)? 
wan 


CO 
Use the root test to determine whether > dn converges, 
n=1 


where da, is as follows. 


k 
k 
2 
329, a= (2 =1) 
k* +3 


930. 2.=—— 2 — 
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331. ay =n/2" 


332. adyn=nile” 


ke 
333. a,=*_ 
ek 
k 
334, a, = Te 


335. a,=(L+2) 


1 
336. a, = ——— 
td +inb* 


(In(1 +Inn))” 
a7. gee 
a nn)" 


In the following exercises, use either the ratio test or the 


root test as appropriate to determine whether the series 
co 


> a, with given terms a, converges, or state if the test 
k=1 
is inconclusive. 


=o kl 

ot: = 7.955301) 
339. ay = 2k 

340. aoe 
2 


341. an= (1 2 i) 


k 
—(_1 1 sini ) vate 
342. a,p= ( +4 + ar) ape eech Ak (Hint: Compare 
2k 
ae to I dt ) 
1 1 1 : 

aes a= (Eh I eo +r) 

344, ay =(n'/"—1)" 
co 

Use the ratio test to determine whether > an converges, 

n=1 


or state if the ratio test is inconclusive. 
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ee) 3 
as, )) 2, 
n=19" 
ee} “ae 
346. 2 
non n! 


Use the root and limit comparison tests to determine 
CO 


whether » dn converges. 
n=1 


347. dy =1/xi, where x,41= 1y+ l 


Qritoge aie 


(Hint: Find limit of {x,}.) 


In the following exercises, use an appropriate test to 
determine whether the series converges. 


348. ee (ol!) 
nein tn tntl 
349. Cp" ash) 


va n>? +3n2+3n+1 


oo. 2 
fee eC 


351. x ea 


no at 1)” 
n nz 
352. an= (: fe -!,) (Hint: (: ne ) ~ @.) 
n n 
- 2 
353; a,=1/2%""* 
954. a= 0 
—4/(nt+2 My _ n!} 
355. dy = mi 7; ) where (7) Git 
356. a, = (7) 
357. ay= he") 
k 
k k 
358. ar = [sl (Hint: 
—(k/ink)Ink 


~ eink) 
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k 2k 
#22: a= (; + at) 


—(k/ln k) In k2 


a, =(1 +4) ) 


(Hint: 


The following series converge by the ratio test. Use 
summation by parts, 


n n 
& adbes 1 — Fn) = [ang 1 On 41 ~arbi]- Dea a4 1 — Ap 


to find the sum of the given series. 


co 
360. py oe (Hint: Take a, =k and bp = 2) hs 
=1 


(ee) 
361. s3 a where c > 1 (Hint: Take a,=k and 
k=1 


b, =c!~*K(e- 1), 


The kth term of each of the following series has a factor 
x*. Find the range of x for which the ratio test implies 
that the series converges. 


CO 

X 

364. > ee 
k=1 


365. ») ae 
366. > sal 

a 
367. Lt 


368. Does there exist a number p such that ay) 
nai" 


converges? 


369. Let 0<r<1. For which real numbers p does 
CO 

> nPr” converge? 
n=1 
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an+1 
an 


370. Suppose that lim | = p. For which values 
naw 


CO 
of p must >> 2”ay converge? 
n=1 


a 
: n+1} _ . 
371. Suppose that im, On |= p. For which values 
CO 
of r>0 is > ray guaranteed to converge? 
n=1 


372. Suppose _ that 


Sul <(n+ 1)? for all 


n=1,2,... where p is a fixed real number. For which 

[ee] 
values of p is 3 n! ap guaranteed to converge? 

n=1 
CO. = 
373. For which values of r>0,_ if any, does > rin 
n=1 
a eo eed)? 1 

converge? (Hint: > ayn= > » an.) 

n=1 k=1 — 52 

n= 
a 

374. Suppose that “+2 <r<1 for all n. Can you 


ie.2) 
conclude that >» ay converges? 
n=1 


375. Let ay = gb) where [x] is the greatest integer 
ie2) 
less than or equal to x. Determine whether ay an 
n=1 
converges and justify your answer. 
The following advanced exercises use a generalized ratio 
test to determine convergence of some series that arise in 


particular applications when tests in this chapter, including 
the ratio and root test, are not powerful enough to determine 


. a 
their convergence. The test states that if lim jn < 1/2, 
na wo n 
. a 
then > an converges, while if lim —ntls 1/2, 
naw n 


then be dp diverges. 


—~135. 2n-1 _1:3:5+: Qn—-1) 
376, Let dy = PR RST =. 


Explain why the ratio test cannot determine convergence of 
co 


» dn. Use the fact that 1 — 1/(4k) is increasing k to 
n=l 
42n 


estimate lim —. 
n>owdady 
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377. Let 


an ee 


Show that ay,,/ay < e~*/”/2. For which x > does the 
ie2) 


generalized ratio test imply convergence of >» an? 
n=1 


(Hint: Write 2a>,/a, as a product of n factors each 
smaller than 1/(1 + x/(2n)).) 


378. Let ay = Show that Gn > 0 asn-> oo. 


yinn 
dnn)™ 
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CHAPTER 5 REVIEW 


KEY TERMS 


absolute convergence — 


ie.) 
if the series > lal converges, the series > dp is said to converge absolutely 
n=1 n=1 


alternating series = | =< 
a series of the form > (-1)"*'b, or » (-1)"b,, where b, > 0, is called an alternating 


n=1 n=1 


series 
alternating series test for an alternating series of either form, if b, . 1 <b, for all integers n >1 and b, > 0, 
then an alternating series converges 


arithmetic sequence a sequence in which the difference between every pair of consecutive terms is the same is called 
an arithmetic sequence 


bounded above a sequence {a,} is bounded above if there exists a constant M such that a, < M for all positive 


integers n 


bounded below a sequence {a,,} is bounded below if there exists a constant M such that M <a, for all positive 


integers n 


bounded sequence a sequence {a,} is bounded if there exists a constant M such that |a,| < M for all positive 
integers n 
comparison test 


co co 
if 0 <a, <b» forall n> WN and Ss by converges, then > an converges; if a, > by, > 0 for 
n=1 n=1 


co co 
all n> WN and > by, diverges, then > ay diverges 


n=1 n=1 
conditional convergence _ ; ~ ; ~ ; ; ~ ; 
if the series > ay converges, but the series > la,| diverges, the series > ay is 
n=1 n=1 n=1 


said to converge conditionally 
convergence of a series a series converges if the sequence of partial sums for that series converges 
convergent sequence a convergent sequence is asequence {a,} for which there exists areal number L such that a, 

is arbitrarily close to L as long as n is sufficiently large 
divergence of a series a series diverges if the sequence of partial sums for that series diverges 
divergence test | << ; 

if lim_a, #0, then the series > an diverges 
nao 
n=1 

divergent sequence a sequence that is not convergent is divergent 


explicit formula a sequence may be defined by an explicit formula such that a, = f(n) 


geometric sequence a sequence {a,} in which the ratio a,,, | /dn is the same for all positive integers n is called a 
geometric sequence 


geometric series a geometric series is a series that can be written in the form 


CO 
> ar"~! =a+art+ar>+ar3+- 


n=1 


harmonic series the harmonic series takes the form 
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y 1 a 
Line l+Z 3 oe 
n=1 


index variable the subscript used to define the terms in a sequence is called the index 


infinite series an infinite series is an expression of the form 


CO 
a; tay+a3+ —=S y an 
n=1 
integral test — 
for a series > ay with positive terms ay, if there exists a continuous, decreasing function f such that 
n=1 


f() = ay for all positive integers n, then 


(es) 


» anand f fodx 


n=1 1 


either both converge or both diverge 


limit comparison test — — 
suppose dy, by >0 for all n>1. If lim dn/bn >L#0, then Y) dn and )) bn 
n=1 n=1 
CO ie2) 
both converge or both diverge; if im an/bn > 0 and PR bn converges, then > Gn converges. If 
n=1 n=1 
co CO 
im an/bn — oo, and d by, diverges, then > an diverges 
n= n= 


limit of a sequence the real number L to which a sequence converges is called the limit of the sequence 


monotone sequence an increasing or decreasing sequence 


p-series = 

a series of the form > 1/nP 

n=1 
partial sum — 
the kth partial sum of the infinite series > a, is the finite sum 
n=1 
k 
Sp= >» ay =a, +a,+a3+ stay 
n=1 

ratio test = ; 

for a series » a, with nonzero terms, let p= lim lan + ,/an|; if O<p <1, the series converges 

n=1 


absolutely; if » > 1, the series diverges; if » = 1, the test is inconclusive 


recurrence relation a recurrence relation is a relationship in which a term a, in a sequence is defined in terms of 


earlier terms in the sequence 


remainder estimate <= ; a ; ; : 
for a series PS an with positive terms a, and a continuous, decreasing function f such that 
n=1 


co N 
f(”) = ay for all positive integers n, the remainder Ry = »> an- » ay, satisfies the following estimate: 
n=1 n=1 


Tien foods < Ry < i f@dx 
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root test 00 
for a series > dy, let p= tim Vaal: if 0<p<1, the series converges absolutely; if » > 1, the 
n=1 


series diverges; if » = 1, the test is inconclusive 
sequence an ordered list of numbers of the form a), a5, a3,... is a sequence 


telescoping series a telescoping series is one in which most of the terms cancel in each of the partial sums 


term the number a, in the sequence {a,} is called the nth term of the sequence 


unbounded sequence a sequence that is not bounded is called unbounded 


KEY EQUATIONS 


¢ Harmonic series 


co 
dja lil1i1,... 
Lanaleztgtat 


¢ Sum of a geometric series 


b> ar" ~ |! =—4 for |r| <1 
l-r 


¢ Divergence test 


co 
Ifa, ~ Oasn > o, > a, diverges. 
n=1 


* p-series 
> 1 [converges if p > 1 
iin? \diverges if p < 1 


¢ Remainder estimate from the integral test 
(ee) 


i. _ fedde < Ry < I, fddx 


¢ Alternating series 


co 
DY 1" t by = by — by +.b3- bgt or 


n=1 


co 
Y) (-1)"by = -by $by— byt b4- 


n=1 
KEY CONCEPTS 


5.1 Sequences 


¢ To determine the convergence of a sequence given by an explicit formula a, = f(”), we use the properties of 
limits for functions. 

* If {a,} and {by} are convergent sequences that converge to A and B, respectively, and c is any real number, 
then the sequence {ca,} converges to c-A, thesequences {a, +b,} converge to A+B, the sequence {a,- by} 


converges to A-B, andthe sequence {a,/b,} converges to A/B, provided B #0. 


¢ Ifasequence is bounded and monotone, then it converges, but not all convergent sequences are monotone. 
¢ Ifasequence is unbounded, it diverges, but not all divergent sequences are unbounded. 


* The geometric sequence {r”} converges if and only if I7i< 1 or r=1. 
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5.2 Infinite Series 


¢ Given the infinite series 


[e.2) 


2 An =A, +ay+a3+- 


n=1 


and the corresponding sequence of partial sums {S,} where 


k 
S,= > An =a, +ay+a3,++ + ay, 


n=1 


the series converges if and only if the sequence {S,} converges. 


co 


* The geometric series » ar"! converges if Ir] < 1 and diverges if |r| > 1. For Irl < 1, 
n=1 


co 
n-1 a 
ar = 
pe l—-r 


¢ The harmonic series 


1 ice 
Liatltgtgte 
n=1 


diverges. 


co 
* Aseries of the form )) [by —b, 41) = [b, — bo] + [by — 3] + [D3 — bal + + [bn — On gl to 


n=1 
is a telescoping series. The Ath partial sum of this series is given by S; = b, — by 4 1. The series will converge if 


and only if lim b; 4 1 exists. In that case, 
k>o 


5.3 The Divergence and Integral Tests 


ie.2) 
° If lm an #0, then the series > ay, diverges. 
n=1 
[e.2) 
° If lm an = 0, the series > An May converge or diverge. 
n=1 
CO 
° If ~ dy is aseries with positive terms a, and f is a continuous, decreasing function such that f(n) = a, for 
n=1 


all positive integers n, then 


co 


> anand fodx 


n=1 1 


co 
either both converge or both diverge. Furthermore, if » da, converges, then the Nth partial sum approximation 
n=1 
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[ee] [oe] 
Sy is accurate up to an error Ra where f f(xdx < Ry < [ ' f(x)dx. 
N+1 


ive) 
¢ The p-series > 1/n? converges if p > 1 and diverges if p < 1. 


n=l 


5.4 Comparison Tests 


¢ The comparison tests are used to determine convergence or divergence of series with positive terms. 


(es) 


¢ When using the comparison tests, a series > dy is often compared to a geometric or p-series. 


n=1 


5.5 Alternating Series 


co 
¢ For an alternating series ~ ("by if bp 41 <5, forall k and b, > 0 as k > ow, the alternating 


n=l 


series converges. 


co co 
° If > lay| converges, then > dn converges. 


n=1 n=l 


5.6 Ratio and Root Tests 


¢ For the ratio test, we consider 


co 


If p <1, the series p> a, converges absolutely. If » > 1, the series diverges. If p= 1, the test does not 


n=I1 


provide any information. This test is useful for series whose terms involve factorials. 


¢ For the root test, we consider 


LO jim Van. 


(es) 


If p <1, the series > dn converges absolutely. If » > 1, the series diverges. If p= 1, the test does not 


n=l 


provide any information. The root test is useful for series whose terms involve powers. 


¢ Fora series that is similar to a geometric series or p — series, consider one of the comparison tests. 


CHAPTER 5 REVIEW EXERCISES 


True or False? Justify your answer with a proof or a 
counterexample. 


co 
379. If lm an =0, then d dyn converges. 
co 
380. If lm an #0, then X an diverges. 
 — 


CO [°c] 
381. If > ldy| converges, then > ay converges. 
n=1 n=1 
co co 
382. If > 2” ay, converges, then » (—2)" ay 
n=1 n=1 


converges. 


Is the sequence bounded, monotone, and convergent or 
divergent? If it is convergent, find the limit. 


530 
2 
383. a, = Stn 


384. dy = in(3) 


In(n + 1) 
385. a, =~ 
s Vn+1 
n+1 
386. a, = a 
387. dn = PulCosre) 


Is the series convergent or divergent? 


co 


1 
388. > 
Py n?>+5n+4 


co 
389.) In(2$1) 


n=1 

co Qn 
390.) 2 

n=1Nn 


= n 
a 


392. Pra + 1/n) 


n= 1 


Is the series convergent or divergent? If convergent, is it 
absolutely convergent? 


394. x ieevinw 


nol 3 
—-])"n!l 
395. Cos 
n=l n 
co 
396.) sin(2Z) 
ns] 
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[ee] 
397. >» cos(an)e~" 
n=1 
Evaluate 
~ +4 
398, 2 
n=1 7 
, 1 
os 2 @eDatd 


400. A legend from India tells that a mathematician 
invented chess for a king. The king enjoyed the game so 
much he allowed the mathematician to demand any 
payment. The mathematician asked for one grain of rice 
for the first square on the chessboard, two grains of rice 
for the second square on the chessboard, and so on. Find 
an exact expression for the total payment (in grains of 
rice) requested by the mathematician. Assuming there are 
30,000 grains of rice in 1 pound, and 2000 pounds in 1 


ton, how many tons of rice did the mathematician attempt 
to receive? 


The following problems consider a simple population 
model of the housefly, which can be exhibited by the 
recursive formula x,, ,=5xXy, where x, is the 


and b is the 


average number of offspring per housefly who survive to 
the next generation. Assume a starting population x,. 


population of houseflies at generation 7, 


401. Find am Xn ifb>1, b<1, andb=1. 


n 
402. Find an expression for S,= y x; in terms of b 
i=0 


and xg. What does it physically represent? 


403. If b =4 and x9 = 100, find Sig and lim Sn 


404. For what values of b will the series converge and 
diverge? What does the series converge to? 
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6 | POWER SERIES 


=, = —— 


time? (credit: modification of work by Robert Huffstutter, Flickr) 


Chapter Outline 


6.1 Power Series and Functions 
6.2 Properties of Power Series 
6.3 Taylor and Maclaurin Series 
6.4 Working with Taylor Series 


Introduction 


When winning a lottery, sometimes an individual has an option of receiving winnings in one lump-sum payment or receiving 
smaller payments over fixed time intervals. For example, you might have the option of receiving 20 million dollars today 
or receiving 1.5 million dollars each year for the next 20 years. Which is the better deal? Certainly 1.5 million dollars over 
20 years is equivalent to 30 million dollars. However, receiving the 20 million dollars today would allow you to invest the 
money. 


Alternatively, what if you were guaranteed to receive 1 million dollars every year indefinitely (extending to your heirs) or 
receive 20 million dollars today. Which would be the better deal? To answer these questions, you need to know how to use 
infinite series to calculate the value of periodic payments over time in terms of today’s dollars (see Example 6.7). 


co 
An infinite series of the form > C,x" is known as a power series. Since the terms contain the variable x, power series 
n=0 


can be used to define functions. They can be used to represent given functions, but they are also important because they 
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allow us to write functions that cannot be expressed any other way than as “infinite polynomials.” In addition, power series 
can be easily differentiated and integrated, thus being useful in solving differential equations and integrating complicated 
functions. An infinite series can also be truncated, resulting in a finite polynomial that we can use to approximate functional 
values. Power series have applications in a variety of fields, including physics, chemistry, biology, and economics. As we 
will see in this chapter, representing functions using power series allows us to solve mathematical problems that cannot be 
solved with other techniques. 


6.1 | Power Series and Functions 


Learning Objectives 


6.1.1 Identify a power series and provide examples of them. 


6.1.2 Determine the radius of convergence and interval of convergence of a power series. 
6.1.3 Use a power series to represent a function. 


A power series is a type of series with terms involving a variable. More specifically, if the variable is x, then all the terms 
of the series involve powers of x. As a result, a power series can be thought of as an infinite polynomial. Power series are 
used to represent common functions and also to define new functions. In this section we define power series and show how 
to determine when a power series converges and when it diverges. We also show how to represent certain functions using 
power series. 


Form of a Power Series 


A series of the form 


co 
y CnX" = Cot Cy XH Cg xX +0, 
n=0 


where x is a variable and the coefficients c, are constants, is known as a power series. The series 
co 
ltxtax7te.= > x 
n=0 


is an example of a power series. Since this series is a geometric series with ratio r = |xl, we know that it converges if 


Ix] < 1 and diverges if |x| > 1. 


Definition 


A series of the form 


— Fe 4 (6.1) 
> CnhX =CotcyXt+Cgx +> 
n=0 
is a power series centered at x = 0. A series of the form 
(6.2) 


co 
oy BAGS ON Saye =O Sie ae 
n=O 


is a power series centered at x = a. 


To make this definition precise, we stipulate that x9 =1 and (x - a)° = 1 even when x =0 and x=a, respectively. 


The series 


and 
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co 
> nix™=14+x4+2!x743lxeo4 
n=0 


are both power series centered at x = 0. The series 


$= 2" 8 yaad, @= 2", w=” 
M6 a+ 3" 2-3 3.3? 4.33 


+: 


is a power series centered at x = 2. 


Convergence of a Power Series 


Since the terms in a power series involve a variable x, the series may converge for certain values of x and diverge for other 
values of x. For a power series centered at x =a, the value of the series at x =a is given by cg. Therefore, a power 


series always converges at its center. Some power series converge only at that value of x. Most power series, however, 
converge for more than one value of x. In that case, the power series either converges for all real numbers x or converges 


co 
for all x in a finite interval. For example, the geometric series > x” converges for all x in the interval (—1, 1), but 
n=0 
diverges for all x outside that interval. We now summarize these three possibilities for a general power series. 


Theorem 6.1: Convergence of a Power Series 


(ee) 
Consider the power series » Cy (x — a)". The series satisfies exactly one of the following properties: 
rea) 


i. The series converges at x = a and diverges for all x # a. 


ii. The series converges for all real numbers x. 


iii. There exists a real number R > 0 such that the series converges if |x — al < R and diverges if |x —al| > R. 
At the values x where |x—a| = R, the series may converge or diverge. 


Proof 


Suppose that the power series is centered at a = 0. (For a series centered at a value of a other than zero, the result follows 
CO 


by letting y = x —a and considering the series > Cny”.) We must first prove the following fact: 
n=1 


(es) 


ie.) 
If there exists a real number d #4 0 such that > c,d" converges, then the series > Cyx" converges absolutely for 
n=0 n=0 


all x such that |x| < |d|. 


[es] 


Since » cnd" converges, the nth term c,d" —0 as n-—> oo. Therefore, there exists an integer N such that 
n=0 


lcnd"| <1 forall n > N. Writing 


n 
Xx 
‘d\’ 


lenx"| = lend” 


we conclude that, for all n > N, 


n 
lenx"| S Fa 


d 


The series 
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n 


ee) 
x 
», a 


oO 


is a geometric series that converges if | <1. Therefore, by the comparison test, we conclude that >» Cnx" also 
n=N 


co 
converges for |x| < |d|. Since we can add a finite number of terms to a convergent series, we conclude that > Cx" 
n=0 
converges for |x| < |d|. 


With this result, we can now prove the theorem. Consider the series 


co 


y at 


n=0 
and let S be the set of real numbers for which the series converges. Suppose that the set S = {0}. Then the series falls 
under case i. Suppose that the set S is the set of all real numbers. Then the series falls under case ii. Suppose that S 4 {0} 
and S is not the set of real numbers. Then there exists a real number x * 4 0 such that the series does not converge. Thus, 


the series cannot converge for any x such that |x| > |x*|. Therefore, the set S must be a bounded set, which means that it 


must have a smallest upper bound. (This fact follows from the Least Upper Bound Property for the real numbers, which is 
beyond the scope of this text and is covered in real analysis courses.) Call that smallest upper bound R. Since S ¥ {0}, 


the number R > 0. Therefore, the series converges for all x such that |x| < R, and the series falls into case iii. 


(es) 


If a series > Cy(x— a)” falls into case iii. of Convergence of a Power Series, then the series converges for all x 
n=0 
such that |x — al < R forsome R> 0, and diverges for all x such that |x — a| > R. The series may converge or diverge 
ie.) 


at the values x where |x — al = R. The set of values x for which the series > Cn(x— a)” converges is known as the 
n=0 


interval of convergence. Since the series diverges for all values x where |x — a| > R, the length of the interval is 2R, and 


therefore, the radius of the interval is R. The value R is called the radius of convergence. For example, since the series 
co 


> x” converges for all values x in the interval (—1, 1) and diverges for all values x such that |x| > 1, the interval of 
n=0 


convergence of this series is (—1, 1). Since the length of the interval is 2, the radius of convergence is 1. 


Definition 


co 
Consider the power series »y Cn(x— a)". The set of real numbers x where the series converges is the interval 
n=0 


of convergence. If there exists a real number R > O such that the series converges for |x — al < R and diverges 
for Ix—al|>R, then R is the radius of convergence. If the series converges only at x =a, we say the radius of 
convergence is R= 0. If the series converges for all real numbers x, we say the radius of convergence is R = co 
(Figure 6.2). 
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Diverges Converges  Diverges 


x! 


(a) 


Converges 


(b) 


Diverges Converges Diverges 


x 
a-—R a a+R 
(c) 
[ec] 
Figure 6.2 Fora series > Cn(x— a)” graph (a) shows a 
n=0 


radius of convergence at R= 0, graph (b) shows a radius of 
convergence at R = oo, and graph (c) shows a radius of 


convergence at R. For graph (c) we note that the series may or 
may not converge at the endpoints x =a+R and x=a-R. 


To determine the interval of convergence for a power series, we typically apply the ratio test. In Example 6.1, we show 
the three different possibilities illustrated in Figure 6.2. 


Example 6.1 


Finding the Interval and Radius of Convergence 


For each of the following series, find the interval and radius of convergence. 


< n 
a. oT 
n-0 nN: 
co 
b. > nix” 
n=0 
(e— 2)" 
? 2 (n+ 13" 
Solution 


a. To check for convergence, apply the ratio test. We have 


536 Chapter 6 | Power Series 


atl 
(n+ 1)! 


Molin FI)! x7 


(n+1)-n! x” 


for all values of x. Therefore, the series converges for all real numbers x. The interval of convergence is 
(—oo, co) and the radius of convergence is R = oo. 


b. Apply the ratio test. For x #0, we see that 


: lim |(n + 1)x| 


x], lim (n +1) 


=H. 


Therefore, the series diverges for all x #0. Since the series is centered at x = 0, it must converge 
there, so the series converges only for x # 0. The interval of convergence is the single value x = 0 and 


the radius of convergence is R = 0. 
c. In order to apply the ratio test, consider 


-gttl 

+23"! 
n>ool (x—2)" 
(n+ 193” 


P= 


(x—2)"t! @+1)3" 
(n+ 293"! (- 2)" 


(x — 2)(n + 1) 
3(n + 2) 


= lim 
nao 


naw 


— k-2l| 


3 


The ratio p < 1 if |Ix—2| <3. Since |x — 2| <3 implies that -3 <x—2 <3, the series converges 
absolutely if —1 <x <5. Theratio p > 1 if |x—2|> 3. Therefore, the series diverges if x < —1 or 
x > 5. The ratio test is inconclusive if p = 1. The ratio p = 1 if and only if x =—1 or x=5. We 


need to test these values of x separately. For x = —1, the series is given by 
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Since this is the alternating harmonic series, it converges. Thus, the series converges at x = —1. For 
x=5, the series is given by 


co 
er es ee es ee 
Dies na ae ar 


This is the harmonic series, which is divergent. Therefore, the power series diverges at x =5. We 
conclude that the interval of convergence is [—1, 5) and the radius of convergence is R = 3. 


6.1 : . : Syn 
Find the interval and radius of convergence for the series > +, 


n=l 


Sy 


Representing Functions as Power Series 


Being able to represent a function by an “infinite polynomial” is a powerful tool. Polynomial functions are the easiest 
functions to analyze, since they only involve the basic arithmetic operations of addition, subtraction, multiplication, and 
division. If we can represent a complicated function by an infinite polynomial, we can use the polynomial representation to 
differentiate or integrate it. In addition, we can use a truncated version of the polynomial expression to approximate values 
of the function. So, the question is, when can we represent a function by a power series? 


Consider again the geometric series 
~ (6.3) 
ltxtxtegers > ae 
n=0 
Recall that the geometric series 


a+ar+ar? +ar>+-- 


converges if and only if |r| < 1. In that case, it converges to 7 a = Therefore, if |Ix|< 1, the series in Example 6.3 
converges to 7 1 = and we write 
Lt rxtx $x3 4-0 = 7d for pl <1. 
As a result, we are able to represent the function f(x) = ck by the power series 
Leese a when lel <1, 
We now show graphically how this series provides a representation for the function f(x) = ck by comparing the graph 


of f with the graphs of several of the partial sums of this infinite series. 


Example 6.2 


Graphing a Function and Partial Sums of its Power Series 
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N. 
Sketch a graph of f(x) = i 1 ; and the graphs of the corresponding partial sums Sj, (x) = y x” for 
= n=0 


N = 2, 4, © on the interval (—1, 1). Comment on the approximation S'jy as N increases. 


Solution 


From the graph in Figure 6.3 you see that as Nincreases, Sy becomes a better approximation for f(x) = ck 


for x in the interval (—1, 1). 


-1 -0.5 0.5 a. 
Figure 6.3 The graph shows a function and three 
approximations of it by partial sums of a power series. 


6.2 N 
fe Sketch a graph of f(x) = 1 5 and the corresponding partial sums Sj,(x) = by x2" for 
n=0 


N = 2, 4, 6 on the interval (—1, 1). 


Next we consider functions involving an expression similar to the sum of a geometric series and show how to represent 
these functions using power series. 


Example 6.3 


Representing a Function with a Power Series 


Use a power series to represent each of the following functions f. Find the interval of convergence. 


a fo=— 
1+ x? 
2 
b. f(x) =— 
f daz 
Solution 


a. You should recognize this function f as the sum of a geometric series, because 
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1 = 
Lae 1 -(-x°) 


a 


Using the fact that, for I7| < 1, i 


is the sum of the geometric series 


co 
> ar" =atartar?+-, 
n=0 


we see that, for |-x>| <l, 


1+ x 1- (-x°) 


n=0 
S14? 49°39 


Since this series converges if and only if |-x? | <1, the interval of convergence is (—1, 1), and we 


have 
1 
1l+x 


b. This function is not in the exact form of a sum of a geometric series. However, with a little algebraic 
manipulation, we can relate f to a geometric series. By factoring 4 out of the two terms in the denominator, 


=1—-x3 475-49 +... for ial < 1. 


3 


we obtain 
, aoe 
4-x? 4(4 =“) 
= x 
= xe 
4(1-@)) 
Therefore, we have 
x x? 
4" 41-@)) 
x2 
4 


The series converges as long as <1 (mote that when = 1 the series does not converge). 


Solving this inequality, we conclude that the interval of convergence is (—2, 2) and 
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ie) 
x2 _ yon +2 
4— x2 = qntl 
ee Se ae 
4 42 43 


for |x| < 2. 


3 
fe &3 Represent the function f(x) = 5 = using a power series and find the interval of convergence. 


In the remaining sections of this chapter, we will show ways of deriving power series representations for many other 
functions, and how we can make use of these representations to evaluate, differentiate, and integrate various functions. 
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6.1 EXERCISES 


In the following exercises, state whether each statement is 
true, or give an example to show that it is false. 


[ee] 
1. If > dyx" converges, then a,x" > 0 as n> oo. 
n=1 


co 
2. » dnx" converges at x = 0 for any real numbers 
n=1 
An. 
3. Given any sequence a,, there is always some 
co 


R>O,_ possibly very small, such that bY Gyx” 


n=l 


converges on (—R, R). 


[e.e) 
4. If > anx" has radius of convergence R>O and 
n=1 


if |b,| <la,| for all n, then the radius of convergence of 


co 
> b,x" is greater than or equal to R. 
n=1 


(es) 


5. Suppose that > Gn (x — 3)” converges at x = 6. 
n=0 


At which of the following points must the series also 


converge? Use the fact that if > an (x — c)” converges at 


x, then it converges at any point closer to c than x. 


a x=1 

b x=2 

a x=3 

d. x=0 

e x=5.99 

f. x = 0.000001 


oo 
6. Suppose that > an(x+1)” converges at x = —2. 
n=0 


At which of the following points must the series also 


converge? Use the fact that if > dn (x — cc)" converges at 


x, then it converges at any point closer to c than x. 


a x=2 

b x=-l 

a x=-3 

d. x=0 

e x=0.99 

f. x = 0.000001 
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In the following exercises, suppose that 


a 
n+1 
ena | 1 as 


n — oo. Find the radius of convergence for each series. 


co 
7. > ae” 
n=0 
RT dy x" 
e > a 
n=0 
CO. nn 
Anu x 
9. oy = 
n=0 


n=0 10” 
co 

i“, Yo aeenye 
n=0 
[ee] 

12 > an( 4)" x2” 
n=0 


In the following exercises, find the radius of convergence 


R and interval of convergence for > anx" with the given 


coefficients dy. 


n=1 
< n 
_yyn xt 
4. ¥ Cb . 
n=1 
~< n 
i. 
,=1 - 


= n 
16. 2 
vy ee 


wT Ke xk 
18. >) kx 


Sk Lk 
i Dee 
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10” x” 
a. dx 


n 

—])?_sx%__ 

oe: 2X : In(2n) 
n= 1 


In the following exercises, find the radius of convergence 
of each series. 


WS (kt)? xk 
23. x rat 


S71 (2n)!x” 


24. 
nen 


n=1 


[ee] 
k! i 
20 2 [aera 


[e.0) 
2-4-6---2k k 
26. ORE X 


CO 
27. > ey where (= Hae pI 


In the following exercises, use the ratio test to determine 
the radius of convergence of each series. 


2. Sor 


oo 3n ! iS) 
30. > 20 aly? en 


va, (Gn)! 
Sn! 
31: Bex” 
>> n™ 
ie2) 
(2n)! in 
32. x 
pa n2n 
ie2) 
In the following exercises, given that fa xe 


with convergence in (—1, 1), find the power series for 


each function with the given center a, and identify its 
interval of convergence. 
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aot eee int L = ——_l1 
33. f(x)=3;4a=1 (Aint: == Toe). 
13. 
34. f(x)= ;a=0 
f=, 
35. f(x) =—*;a=0 
i fate 
1 
36. f(x= ;a=0 
f 1+x? 
37. f= a=0 
. x)= [a= 
1+x? 


38. f@) = 54 -a=1 


39. fx)= 7415450. 


1 
40. f(~y= ;a=0 
f 1- 4x? 


41. f(Xy= its ;a=0 


1 — 4x2’ 
0 #jS—= 
: x) = —— 
5—4x4x2 


Use the next exercise to find the radius of convergence of 
the given series in the subsequent exercises. 


1/n 


43. Explain why, if lanl > r> 0, then 


lay x" |!"  Ixir < 1 whenever [xl < a and, therefore, 


1 


CO 
the radius of convergence of » anx" is R=. 


wel 


= n 
a 
n= 


17 


[e2) 
poi 
a 2 Gez5) * 
s 22-1) x 
46. <a —-!] x 
Y=) 


47. >. ay = (nl —1) x" 
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CO 


48. Suppose that p(x) = » dyx" such that a, =0 if 
n=0 


nis even. Explain why p(x) = p(—x). 


co 


49. Suppose that p(x) = > anx" such that ay = 0 if 
n=0 


nis odd. Explain why p(x) = —p(—x). 


(es) 


50. Suppose that p(x) = >) a,x" converges on 
n=0 


(—1, 1]. Find the interval of convergence of p(Ax). 


(es) 


51. Suppose that p(x) = » anx" 
n=0 


(—1, 1]. Find the interval of convergence of p(2x — 1). 


converges on 


(es) 


In the following exercises, suppose that p(x) = y a,x" 
n=0 


an+1 
an 


satisfies lim = 1 where a, > 0 for each n. State 
naw 


whether each series converges on the full interval 
(-—1, 1), or if there is not enough information to draw a 


conclusion. Use the comparison test when appropriate. 


CO 
52. y, nx 
53. >» aie 

=0 

-_ f 
54. > a7, x" (Hint: x = +\x?) 


n=0 


co 
2 
n oi = . 522 
55. p2 a,2x° (Hint: Let by =ay if k=n” for 
n=0 
some n, otherwise b; = 0.) 


56. Suppose that p(x) is a polynomial of degree N. Find 


CO 
the radius and interval of convergence of >» p(n)x". 
n=1 


57. [T] Plot the graphs of 1 


i and of the partial sums 


N 
Sy = >. x” for n=10, 20,30 on the interval 
n=0 


[—0.99, 0.99]. Comment on the approximation of wk 


1 
by Sy near x =—1 andnear x = 1 as N increases. 
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58. [T] Plot the graphs of —In(1 — x) and of the partial 


N 
sums Sj = b x for n = 10, 50, 100 on the interval 


n=1 


[—0.99, 0.99]. Comment on the behavior of the sums near 


x =-—1 andnear x = 1 as N increases. 
N 

n 

59. [T] Plot the graphs of the partial sums S;, = >» ar 
n=1N 
for n=10,50,100 on the interval [—0.99, 0.99]. 
Comment on the behavior of the sums near x = —1 and 
near x = 1 as N increases. 
60. [T] Plot the graphs of the partial sums 
N 
Sy= ) sinnx” for n= 10, 50, 100 on the interval 
n=1 


[—0.99, 0.99]. Comment on the behavior of the sums near 


x =-—1 andnear x = | as N increases. 

61. [T] Plot the graphs of the partial sums 
il Fa ntl 

Sy= Dd Garepr for 2=3,5,10 on the 

interval [—2z, 2]. Comment on how these plots 


approximate sinx as N increases. 


62. [T] Plot the graphs of the partial sums 


N 
2 
Sy = > (-1)" + = for n = 3, 5, 10 on the interval 
me Gn! 


[—2z, 2a]. Comment on how these plots approximate 


cosx as N increases. 
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6.2 | Properties of Power Series 


Learning Objectives 


6.2.1 Combine power series by addition or subtraction. 
6.2.2 Create a new power series by multiplication by a power of the variable or a constant, or by 


substitution. 
6.2.3 Multiply two power series together. 
6.2.4 Differentiate and integrate power series term-by-term. 


In the preceding section on power series and functions we showed how to represent certain functions using power series. 
In this section we discuss how power series can be combined, differentiated, or integrated to create new power series. This 
capability is particularly useful for a couple of reasons. First, it allows us to find power series representations for certain 
elementary functions, by writing those functions in terms of functions with known power series. For example, given the 


power series representation for f(x) = i we can find a power series representation for f’ (x) = aca? Second, 
Xx, 


1-x a= 
being able to create power series allows us to define new functions that cannot be written in terms of elementary functions. 
This capability is particularly useful for solving differential equations for which there is no solution in terms of elementary 
functions. 


Combining Power Series 


If we have two power series with the same interval of convergence, we can add or subtract the two series to create a new 
power series, also with the same interval of convergence. Similarly, we can multiply a power series by a power of x or 
evaluate a power series at x” for a positive integer m to create a new power series. Being able to do this allows us to find 


power series representations for certain functions by using power series representations of other functions. For example, 
1 


since we know the power series representation for f(x) = Tuy Wwe can find power series representations for related 
functions, such as 
3x 1 
= and y = : 
Oe ae ea) 


In Combining Power Series we state results regarding addition or subtraction of power series, composition of a power 
series, and multiplication of a power series by a power of the variable. For simplicity, we state the theorem for power series 
centered at x = 0. Similar results hold for power series centered at x = a. 


Theorem 6.2: Combining Power Series 


co co 
Suppose that the two power series ys Cyx" and Ds d,x" converge to the functions f and g, respectively, on a 
n=0 n=0 


common interval I. 


(oe) 
i. The power series »S (Cyx" +d,x") converges to f +g onl. 
n=0 


co 
ii. For any integer m > O and any real number b, the power series D2 bx” cnx" converges to bx” f(x) on I. 
n=0 


co 
iii. For any integer m > 0 and any real number b, the series Ds Cn(bx”™)” converges to f(bx”™) for all x such 
n=0 


that bx” is in I. 
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Proof 
co 


co co 
We prove i. in the case of the series > (Cnx" +dyx"). Suppose that 2 Cnx" and » dnx" converge to the 


n=0 n=0 n=0 


functions f and g, respectively, on the interval J. Let x be a point in I and let Sj (x) and Ty (x) denote the Nth partial sums 


co co 
of the series > cnx" and > d,x", respectively. Then the sequence {Sy (x)} converges to f(x) and the sequence 
n=0 n=0 


co 
{Ty (x)} converges to g(x). Furthermore, the Nth partial sum of > (Cnx" + dyx") is 


n=0 
N N N 

» (Cyx" +d,x") = > Cpx + > d,x" 

n=0 n=0 n=0 
Because 

lim (Sv) + Ty) = lim Sy) + lim Ty (x) 
= f(x) + g(), 
co 
we conclude that the series > (Cyx" + d,x") converges to f(x) + g(x). 
n=0 


We examine products of power series in a later theorem. First, we show several applications of Combining Power Series 
and how to find the interval of convergence of a power series given the interval of convergence of a related power series. 


Example 6.4 


Combining Power Series 


co 
Suppose that 2 a,x" is a power series whose interval of convergence is (—1, 1), and suppose that 
n=0 


co 
> b,x" is a power series whose interval of convergence is (—2, 2). 


n=0 
co 
a. Find the interval of convergence of the series y (dn x" + by x"). 
n=0 
co 
b. Find the interval of convergence of the series > an3" x". 
n=0 
Solution 
(ee) 
a. Since the interval (—1, 1) is a common interval of convergence of the series ¥ dyx" and 
n=0 


oO 


CO 
»» b,x", the interval of convergence of the series > (Qnx" + b,x") is (-1, 1). 
n=0 n=0 
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co 
b. Since >» a,x" is a power series centered at zero with radius of convergence 1, it converges for all x in 
n=0 


the interval (—1, 1). By Combining Power Series, the series 
CO co 
» an3"x" = 3 an (3x)" 
n=0 n=0 


converges if 3x is in the interval (—1, 1). Therefore, the series converges for all x in the interval 


44 


6.4 ~ 
fej Suppose that » a,x" has an interval of convergence of (—1, 1). Find the interval of convergence of 
n=0 
od n 
x 
ps an (5) 
n=0 


In the next example, we show how to use Combining Power Series and the power series for a function f to construct 
1 


1-x 


power series for functions related to f. Specifically, we consider functions related to the function f(x) = and we use 


the fact that 


[e<) 
|_. DY x alextg xg oyee 
1-x &4 


for |x| < 1. 


Example 6.5 


Constructing Power Series from Known Power Series 


1 
1l-x 


Use the power series representation for f(x) = combined with Combining Power Series to construct 
a power series for each of the following functions. Find the interval of convergence of the power series. 


—_ 3x 
oe) 1+x2 


= 1 
b. FE) = GoHE=3 


Solution 


a. First write f(x) as 


mot 
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1 
1-x 


Using the power series representation for f(x) = and parts ii. and iii. of Combining Power 


Series, we find that a power series representation for f is given by 


co n co 
> 34{-2x7) = )) 3p th 
n=0 n=0 


Since the interval of convergence of the series for 7 = is (-1, 1), the interval of convergence for 


this new series is the set of real numbers x such that |x7| <1. Therefore, the interval of convergence is 
(-1, 1. 


To find the power series representation, use partial fractions to write f(x) = as the sum 


1 
(1 — x)(« — 3) 


of two fractions. We have 


a SB 12 5, 1/2. 
(x — 1)(x - 3) x-1l x-3 
a YD 2 

l-x 3-x 

_ 1/2 1/6 

1-x a 


First, using part ii. of Combining Power Series, we obtain 


co 


1/2 _ lon 
a for |x| < 1. 


Then, using parts ii. and iii. of Combining Power Series, we have 


1 [o-e} n 
; Me = d, 1x) for |x| < 3. 


Since we are combining these two power series, the interval of convergence of the difference must be the 
smaller of these two intervals. Using this fact and part i. of Combining Power Series, we have 


aaa 2 b-e 


where the interval of convergence is (—1, 1). 


1 (1 — x)(« - 2) 
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fe 6.5 Use the series for f@wm= = on |x| <1 to construct a series for —— Determine the 


interval of convergence. 


In Example 6.5, we showed how to find power series for certain functions. In Example 6.6 we show how to do the 


opposite: given a power series, determine which function it represents. 


Example 6.6 
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Finding the Function Represented by a Given Power Series 


CO 
Consider the power series > 2”x". Find the function f represented by this series. Determine the interval of 
n=0 


convergence of the series. 


Solution 


Writing the given series as 


we can recognize this series as the power series for 


ee | 
f (x) i 1 mak ax 
Since this is a geometric series, the series converges if and only if |2x|< 1. Therefore, the interval of 
convergence is (-4. 4) 


* 6.6 ~ 
fe Find the function represented by the power series y Pi Determine its interval of convergence. 
n=0 


Recall the questions posed in the chapter opener about which is the better way of receiving payouts from lottery winnings. 
We now revisit those questions and show how to use series to compare values of payments over time with a lump sum 
payment today. We will compute how much future payments are worth in terms of today’s dollars, assuming we have the 
ability to invest winnings and earn interest. The value of future payments in terms of today’s dollars is known as the present 
value of those payments. 


Example 6.7 


Chapter Opener: Present Value of Future Winnings 


> ote - 
Figure 6.4 (credit: modification of work by Ro 
Huffstutter, Flickr) 


Suppose you win the lottery and are given the following three options: (1) Receive 20 million dollars today; (2) 
receive 1.5 million dollars per year over the next 20 years; or (3) receive 1 million dollars per year indefinitely 
(being passed on to your heirs). Which is the best deal, assuming that the annual interest rate is 5%? We answer 
this by working through the following sequence of questions. 
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a. How much is the 1.5 million dollars received annually over the course of 20 years worth in terms of 
today’s dollars, assuming an annual interest rate of 5%? 
b. Use the answer to part a. to find a general formula for the present value of payments of C dollars received 
each year over the next n years, assuming an average annual interest rate r. 
c. Find a formula for the present value if annual payments of C dollars continue indefinitely, assuming an 
average annual interest rate r. 
d. Use the answer to part c. to determine the present value of 1 million dollars paid annually indefinitely. 
e. Use your answers to parts a. and d. to determine which of the three options is best. 
Solution 
a. Consider the payment of 1.5 million dollars made at the end of the first year. If you were able to 
receive that payment today instead of one year from now, you could invest that money and earn 5% 
interest. Therefore, the present value of that money P satisfies P, (1 + 0.05) = 1.5 million dollars. We 
conclude that 
— 15 _ “WW: : 
P,= 1.05 $1.429 million dollars. 
Similarly, consider the payment of 1.5 million dollars made at the end of the second year. If you 
were able to receive that payment today, you could invest that money for two years, earning 5% 
interest, compounded annually. Therefore, the present value of that money P» satisfies 
Pot 0.05) = 1.5 million dollars. We conclude that 
P, =—13_, = $1.361 million dollars. 
(1.05) 
The value of the future payments today is the sum of the present values P, P5, ..., Pog of each of those 
annual payments. The present value P; satisfies 
1.5 
P,=—. 
* .05)* 
Therefore, 
1.5 1.5 1.5 
1.05 (1.05)? (1.05)70 
= $18.693 million dollars. 
b. Using the result from part a. we see that the present value P of C dollars paid annually over the course of 
n years, assuming an annual interest rate r, is given by 
pa C40 4g © _ dolla, 
I+r (+r)? +r)" 
c. Using the result from part b. we see that the present value of an annuity that continues indefinitely is given 


by the infinite series 


co 
p= ) —¢ __ 
n=o(Ltr)"*! 
We can view the present value as a power series in r, which converges as long as r 4 | <1. Since 


r>0, this series converges. Rewriting the series as 
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= r&b Ly 


we recognize this series as the power series for 


= 1 —__1 _1+r 
(rea | 


= a 
1l+r l+r 


We conclude that the present value of this annuity is 


_~_C 1l4+r_C 
aes: ror" 


d. From the result to part c. we conclude that the present value P of C = 1 million dollars paid out every 


year indefinitely, assuming an annual interest rate r= 0.05, is given by 
joe Te : 
P= 0.05 20 million dollars. 


e. From part a. we see that receiving $1.5 million dollars over the course of 20 years is worth $18.693 
million dollars in today’s dollars. From part d. we see that receiving $1 million dollars per year 
indefinitely is worth $20 million dollars in today’s dollars. Therefore, either receiving a lump-sum 
payment of $20 million dollars today or receiving $1 million dollars indefinitely have the same present 
value. 


Multiplication of Power Series 


We can also create new power series by multiplying power series. Being able to multiply two power series provides another 
way of finding power series representations for functions. 
The way we multiply them is similar to how we multiply polynomials. For example, suppose we want to multiply 
co 
n_ 2 
be CyX = CoACyX+HCoxX +e 
n=0 


and 
co 
DY) dnx" = dy t+ dyxtdyx* +. 
n=0 
It appears that the product should satisfy 


» x" Y ays = (cot cyxtcgx* $+): (dg tdyxt+dyx* ++) 
=0 1 


= Cody + (cydg tcgd,)x + (cody tc, d, +Cgdy)x" + one 


co 
In Multiplying Power Series, we state the main result regarding multiplying power series, showing that if > Chix’ 
n=0 


co 
and > dynx" converge on a common interval J, then we can multiply the series in this way, and the resulting series also 
n=0 
converges on the interval I. 
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Theorem 6.3: Multiplying Power Series 


co co 
Suppose that the power series Sy Cnx" and > d,x" converge to f and g, respectively, on a common interval I. 


n=0 n=0 
Let 
en =Codn+c,d,_,+Cod,_9+° +¢,_ 14d, +Cndo 
n 
= ») Cdn — 
Ke) 
Then 
co co co 
> ns" dna") = > Ost” 
=10) = (0) ped 
and 


co 
>» €,x" converges to f(x)- g(x) on I. 
n=0 


(e<) co co 
The series ys é,x” is known as the Cauchy product of the series »s Cyx” and y tlpoe” 
n=0 n=0 n=0 


We omit the proof of this theorem, as it is beyond the level of this text and is typically covered in a more advanced course. 
We now provide an example of this theorem by finding the power series representation for 


using the power series representations for 


Example 6.8 


Multiplying Power Series 


Multiply the power series representation 
1 co 
= n 
La 2 = 
n=0 
=ltxtx? exo pe 


for |x| < 1 with the power series representation 


for |x| < 1 to construct a power series for f(x) = on the interval (—1, 1). 


(1 = (1 - x’) 
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Solution 
We need to multiply 


(tuto? taht 1 ta? tat 4x64) 
Writing out the first several terms, we see that the product is given by 
(L+x?taxttxOt lt (xt ah ttl te) (x7 xt 4x6 $8 $4 (8 4 427 $274 --) 
=1+xe (i+ De? +0 er 4 41 4 et 4 41 4 1 4 
= 14 x4 2x74 2x9 43x44 3x74 +, 


1 


=) 
= and y= 


1-x 


both converge on the interval (—1, 1), the series for the 


Since the series for y = i 5) 


product also converges on the interval (—1, 1). 


fe Beh Multiply the series —1_ = ») x” by itself to construct a series for ———1___ 
= a, yep (= a0 =x) 
Differentiating and Integrating Power Series 
CO 
Consider a power series > Cnx" =Cotc;x+c x? 4 ++ that converges on some interval I, and let f be the function 
n=0 


defined by this series. Here we address two questions about /f. 


¢ Is f differentiable, and if so, how do we determine the derivative f’? 
¢ How do we evaluate the indefinite integral J f(xdx? 


We know that, for a polynomial with a finite number of terms, we can evaluate the derivative by differentiating each term 
separately. Similarly, we can evaluate the indefinite integral by integrating each term separately. Here we show that we can 
do the same thing for convergent power series. That is, if 


FQ) = Cnx" =cgteyxt tax” Se 
converges on some interval J, then 
f' () =, + 2cyx43e3x° 4° 
and 


2 3 
[fodax= CtHegx ter tena +. 


Evaluating the derivative and indefinite integral in this way is called term-by-term differentiation of a power series and 

term-by-term integration of a power series, respectively. The ability to differentiate and integrate power series term- 

by-term also allows us to use known power series representations to find power series representations for other functions. 
1 


For example, given the power series for f(x) = Tox We can differentiate term-by-term to find the power series for 
[@M= —.. Similarly, using the power series for g(x) = ae we can integrate term-by-term to find the power 


(1 — x) 
series for G(x) = In(1 +x), an antiderivative of g. We show how to do this in Example 6.9 and Example 6.10. First, 


we state Term-by-Term Differentiation and Integration for Power Series, which provides the main result regarding 
differentiation and integration of power series. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 6 | Power Series 553 


Theorem 6.4: Term-by-Term Differentiation and Integration for Power Series 


co 
Suppose that the power series y Cy (x — a)" converges on the interval (a —R, a+ R) forsome R > 0. Let f be 
n=0 


the function defined by the series 


(es) 


f@ = DY) ena)” 


n=0 
=¢gt¢,@—a) +e,(x-a)* +¢3(x—-a) +-- 


for |x—a|<R. Then f is differentiable on the interval (a— R, a+ R) and we can find /f’ by differentiating the 


series term-by-term: 


(ee) 


f'@® = ¥ nea-a@""! 


n=1 


Gia en an) eo 


for |x — al < R. Also, to find / f(x)dx, we can integrate the series term-by-term. The resulting series converges on 


(a—R,a+R), and we have 


= es} (amr) ake 
[fodx SS DD 
2 3 
=C+eo(x-a) +e, 25D 4c, 259 ++ 


for Ix-—al<R. 


The proof of this result is beyond the scope of the text and is omitted. Note that although Term-by-Term Differentiation 
and Integration for Power Series guarantees the same radius of convergence when a power series is differentiated 
or integrated term-by-term, it says nothing about what happens at the endpoints. It is possible that the differentiated and 
integrated power series have different behavior at the endpoints than does the original series. We see this behavior in the 
next examples. 


Example 6.9 


Differentiating Power Series 


a. Use the power series representation 


fe) =z 


x 
es) 


D2 


n=0 
Lt xt ta3 +e 


for |x| < 1 to find a power series representation for 


1 


g(x) = d=02 


on the interval (—1, 1). Determine whether the resulting series converges at the endpoints. 
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[e.2) 
b. Use the result of part a. to evaluate the sum of the series > n+ : 
n=0 
Solution 
a. Since g(x) = l 2 is the derivative of f(x) = ch. we can find a power series representation for 
g by differentiating the power series for f term-by-term. The result is 
1 
ga) =—Z 
(1-2)? 
— d(_1i 
- AG - J 
yd 
_ n 
= 2/2 @) 
n= 
= #11 txt $x) + +) 
=O0+1+4+2x4+ 3x7 +4734 -. 
ie.) 
= ¥ tix" 
n=0 


for |x| < 1. Term-by-Term Differentiation and Integration for Power Series does not guarantee 


anything about the behavior of this series at the endpoints. Testing the endpoints by using the divergence 
test, we find that the series diverges at both endpoints x = +1. Note that this is the same result found in 


Example 6.8. 


b. From part a. we know that 


» @+dx"=—1 
n=0 1-x) 
Therefore, 
Y ttt = Dnt v(dy’ 
ntl =) (n+ Vz 
n=0 a" n=0 (7) 
___1 
2 
1 
(1-4) 
=e 
2 
3 
(3) 
= 16 
9° 
6.8 1 — 
Differentiate the series a-»2 = > (n + 1)x” term-by-term to find a power series representation for 
—xXx n=0 
2 


qm on the interval (—1, 1). 
—Xx 
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Example 6.10 


Integrating Power Series 


For each of the following functions f, find a power series representation for f by integrating the power series for 
f’ and find its interval of convergence. 


a. f(x) =Ind +x) 


b. f(x) =tan7!x 


Solution 


a. For f(x) =In(1 +4), the derivative is f’ (x) = = We know that 


1l+x 


1 = 1 
1+x 1 —(-x) 


=) cx" 
n=0 


Sl=e¢x7 2? 4 


for |x| < 1. To find a power series for f(x) = In(1 +x), we integrate the series term-by-term. 


[f @ax = [(lnxtP- +d 


2 3 4 
= ee. cae ee, cee a 
=C+x ar ee eas 
Since f(x) =In(1 +.) is an antiderivative of a it remains to solve for the constant C. Since 


In(1 +0) =0, wehave C = 0. Therefore, a power series representation for f(x) = In(1 +x) is 


2 3 4 
a BE Ke 
In(li+x) =x a +*3 ae 
co 1 n 
= Yep 


n= 1 


for |x| < 1. Term-by-Term Differentiation and Integration for Power Series does not guarantee 
anything about the behavior of this power series at the endpoints. However, checking the endpoints, we 
find that at x = 1 the series is the alternating harmonic series, which converges. Also, at x = —1, the 
series is the harmonic series, which diverges. It is important to note that, even though this series converges 
at x= 1, Term-by-Term Differentiation and Integration for Power Series does not guarantee 
that the series actually converges to In(2). In fact, the series does converge to In(2), but showing this 


fact requires more advanced techniques. (Abel’s theorem, covered in more advanced texts, deals with this 
more technical point.) The interval of convergence is (—1, 1]. 


b. The derivative of f(x) = tan~! x is fWwe= i 1 5: We know that 
+x 
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1 = 1 
14%" 1- (-x?) 
= n 
= 2 (’) 
n=0 


tee ae 


1 


for |x| < 1. To find a power series for f(x) = tan” x, we integrate this series term-by-term. 


Since tan~! (0) =0, wehave C =0. Therefore, a power series representation for f(x) = tan~! x is 


3 5 7 
ly ny Hy HL 
tan x = 3 5 7 
— 2n+1 
=) cps 
= 2n+1 
n=0 


for |x| < 1. Again, Term-by-Term Differentiation and Integration for Power Series does not 


guarantee anything about the convergence of this series at the endpoints. However, checking the endpoints 
and using the alternating series test, we find that the series converges at x = 1 and x = —1. As discussed 


in part a., using Abel’s theorem, it can be shown that the series actually converges to tan~!(1) and 


tan7! (-—1) at x=1 and x=-1, respectively. Thus, the interval of convergence is [—1, 1]. 


6.9 = 
fe Integrate the power series In(1 + x) = y ei Pe term-by-term to evaluate J. In(1 + x)dx. 


n=1 


Up to this point, we have shown several techniques for finding power series representations for functions. However, how 
do we know that these power series are unique? That is, given a function f and a power series for f at a, is it possible that 
there is a different power series for f at a that we could have found if we had used a different technique? The answer to this 
question is no. This fact should not seem surprising if we think of power series as polynomials with an infinite number of 
terms. Intuitively, if 


cotcyxtegx? te =dyt+d,x+d)x*+-- 


for all values x in some open interval I about zero, then the coefficients c, should equal d, for n > 0. We now state this 
result formally in Uniqueness of Power Series. 


Theorem 6.5: Uniqueness of Power Series 


co co 
Let >) Cn (x— a)" and yy d,(x — a)” be two convergent power series such that 
n=0 n=0 


ys Ca) ») d(x — a)” 
n=0 ca0 
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for all x in an open interval containing a. Then c, =d, forall n> 0. 


Proof 
Let 


f@ = 6) ey) @—a@) +e,@—a)" +e,@—a)" + ves 
= dy +d,(x-a)+d>(x-a)* +d3(x-a)? +. 
Then f(a) = co = do. By Term-by-Term Differentiation and Integration for Power Series, we can differentiate 
both series term-by-term. Therefore, 
f' (@) =e, 4+ 2c9(% — a) + 3€3(% - a+ a5 
= d, +2dy(x— a) +3d3(x—a)?+--, 
and thus, f’ (a) =c, = dj. Similarly, 


f"@) = 2c.4+3-2e3(x-a)+-- 
= 2d, +3-2d3(x—-—a)+ ore 


implies that f"(a) = 2c) = 2d, and therefore, c,=d>. More generally, for any _ integer 


n>0, f(a) =n'c, =n!d,, and consequently, c, =d, forall n> 0. 


In this section we have shown how to find power series representations for certain functions using various algebraic 
operations, differentiation, or integration. At this point, however, we are still limited as to the functions for which we can 
find power series representations. Next, we show how to find power series representations for many more functions by 
introducing Taylor series. 
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6.2 EXERCISES 


co 
n 
63. If f(x) = pat and g(x) = > eo px, find 
the power series of 4 (x) + g(x)) and of dF (x) — g(x). 
64. If C _ on as _ tnt 
= L Gar O= Li One? 


find the power series of C(x) + S(x) and of C(x) — S(x). 


In the following exercises, use partial fractions to find the 
power series of each function. 


4 
 “Gaaaa 
3 
OS ee ea 1) 
5 
a ee 
(e* + 4)(x? = 1) 
68. 30 


In the following exercises, express each series as a rational 
function. 


1 
69. +. 
p>. 
y 1 
1: Die 
n=|1%xX 
x 1 
71. — 
g=1G=3)""? 
3 1 
72, —1 
pe 3y Gee 


The following exercises explore applications of annuities. 


73. Calculate the present values P of an annuity in which 
$10,000 is to be paid out annually for a period of 20 years, 
assuming interest rates of r=0.03,r=0.05, and 


r = 0.07. 


74. Calculate the present values P of annuities in which 
$9,000 is to be paid out annually perpetually, assuming 
interest rates of r = 0.03, r= 0.05 and r = 0.07. 
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75. Calculate the annual payouts C to be given for 20 
years on annuities having present value $100,000 assuming 
respective interest rates of r=0.03,7r=0.05, and 


r = 0.07. 


76. Calculate the annual payouts C to be given perpetually 
on annuities having present value $100,000 assuming 
respective interest rates of r=0.03,r=0.05, and 


r = 0.07. 


77. Suppose that an annuity has a present value 
P = 1 million dollars. What interest rate r would allow 


for perpetual annual payouts of $50,000? 


78. Suppose that an annuity has a present value 
P = 10 million dollars. What interest rate r would allow 


for perpetual annual payouts of $100,000? 


In the following exercises, express the sum of each power 
series in terms of geometric series, and then express the 
sum as a rational function. 


79. Cae HP a ae ae 


powers xok, x3k- a and xk ~ ae 


(Hint: Group 


Oh: xex ax ax 4a? ee! og! -3 he (Hint: 
4k 4k -1 


Group powers x", x , etc.) 
OL. 2=e ae 4 Sa ae ee (Hint: Group 
powers x3, x3*-1) and x3*-?.) 
2 3 4 5 x6 
Ke pO vate 
82. a+ a8 +46 +377 eye (Hint: Group 
. 3k : 3k-1 ie 3k -—2 
powers (3) 5 (4) , and (4) .) 


In the following exercises, find the power series of 
f(x)g(x) given fand g as defined. 


83. f(x) = zy x", g(x) = 


Ay” 


84. f(x)= »» x", g(x) = yt +x", Express the 
n=1 n=1 
n 
coefficients of f(x)g(x) in terms of H, = > 1. 
k=1 


oe n 


85. fa=ax= D (2) 


n=1 
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(es) 


86. f(x) =eg~= 93 nx” 


wed. 


In the following exercises, differentiate the given series 
expansion of f term-by-term to obtain the corresponding 
series expansion for the derivative of f. 


a7. f@)=zlLe= Ys" 


33. f@set es” 


l-x n=0 


In the following exercises, integrate the given series 
expansion of f term-by-term from zero to x to obtain the 


corresponding series expansion for the indefinite integral of 


f. 


89. fa= —3_, _ ») (-1)"(2n) x2" ~ ! 
(1 + ‘| wed 


co 
90. f(x) =e? > (-1)" x2" +1 
n=0 


+x 


In the following exercises, evaluate each infinite series by 
identifying it as the value of a derivative or integral of 
geometric series. 


CO (es) 


91. Evaluate > A as f’ (4) where f(x) = py x”. 


nr=1 


92. Evaluate ys Aas f’ (4) where f(x) = 3 0%, 
n=0 


An 
eet? 


93. Evaluate »» asf” (4) where 


f@= = x”. 


») (is 
aij ntl 


f@= Pe a = 


x 


94. Evaluate 


1 
as [ f(dt where 
0 


In the following exercises, given that ]_ by x", 


1-x 


use term-by-term differentiation or integration to find 
power series for each function centered at the given point. 
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95. f(x) = Inx centered at x=1 (Hint: 
x=1-(—-x)) 
96. In(1—~x) at x=0 
97. In(1—x*) at x=0 
= 2x = 
98. f(x)= ST at x= 0 
(1-x*) 
99. f(x) =tan7'(x?) at x=0 
100. f(x) =In(1 +x?) at x=0 
Xx 
101. f() = p. Intdt where 
0 
ics} n 
n@= cpr &5b 
n=1 
102. [T] Evaluate the power series expansion 


co 
Ind+xy= )) -1)"-!22 at x=1 to show that 


n=1 
In(2) is the sum of the alternating harmonic series. Use the 


alternating series test to determine how many terms of the 
sum are needed to estimate In(2) accurate to within 0.001, 


and find such an approximation. 


103. [T] Subtract the infinite series of In(1 — x) from 


In(1 + x) to get a power series for in(4 + ) Evaluate 
at x= = What is the smallest N such that the Nth partial 


sum of this series approximates In(2) with an error less 
than 0.001? 


In the following exercises, using a substitution if indicated, 
express each series in terms of elementary functions and 
find the radius of convergence of the sum. 


104. x ase) 
k=0 


SI 3k 
105.) 2 


co -k 
106. )) (142?) using yee 1. 


107. )) 2-* using y=27* 
k=] 
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= n 
108. Show that, up to powers x? and y*, E(x) = >» it 
n=0 ~~ 
satisfies E(x + y) = EQ)EQ). 
— n 
109. Differentiate the series E(x) = > a term-by- 
n= 


term to show that E(x) is equal to its derivative. 


(es) 


110. Show that if f(x) = D3 a,x" is a sum of even 
n= 0 


x 
powers, that is, a, = O if nis odd, then F = i f(@dt is 
0 


a sum of odd powers, while if fis a sum of odd powers, then 
F is asum of even powers. 


111. [T] Suppose that the coefficients a, of the series 
co 


¥ aga" 


are defined by the recurrence relation 


n=0 
an-1 an-2 
an = For dg=0 and a,;=1 
‘i it tna) 0 ear 
N 
n 
compute and plot the sums Sj, = wa Gnx for 
n=0 


N = 2, 3, 4,5 on [-1, 1]. 


112. [T] Suppose that the coefficients a, of the series 
co 


> dy,x" are defined by the recurrence relation 


n=0 
an-1 an-2 
ay, = —— —- —.. For a =1 and a = 0, 
nv n(n — 1) : : 
N 
compute and plot the sums S,y= > a,x" for 
n=0 
N = 2, 3, 4,5 on [—1, 1]. 
113. [T] Given the power series expansion 
[ee] 
n 
In(l +x) = > (-1)"— 1 determine how many 
n=1 
terms N of the sum evaluated at x = —1/2 are needed to 


approximate In(2) accurate to within 1/1000. Evaluate the 


N 
n 
corresponding partial sum >> (-1)"~ a 
n=1 
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114. [T] Given the power _ series 


“4 ») oP sak ‘ial 
tan = La} key use the alternating series 


test to determine how many terms N of the sum evaluated at 
ea 
4 


to within 1/1000. Evaluate the corresponding partial sum 


N 
> (ext 
aah 2k+ 1° 


expansion 


x = 1 are needed to approximate tan7! (1) == accurate 


115. [T] Recall that tan! (+) = é Assuming an exact 
value of (4). estimate eZ by evaluating partial sums 


Sy (+) of the power series expansion 


V3. 


(es) 


2k+1 
-1 oe _1)kx cil : 
tan” (x) = Z Re 1) aT at x ice What is the 
smallest number N such that 6S, (4) approximates 7 


accurately to within 0.001? How many terms are needed for 
accuracy to within 0.00001? 
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6.3 | Taylor and Maclaurin Series 


Learning Objectives 


6.3.1 Describe the procedure for finding a Taylor polynomial of a given order for a function. 


6.3.2 Explain the meaning and significance of Taylor’s theorem with remainder. 
6.3.3 Estimate the remainder for a Taylor series approximation of a given function. 


In the previous two sections we discussed how to find power series representations for certain types of 
functions—specifically, functions related to geometric series. Here we discuss power series representations for other types 
of functions. In particular, we address the following questions: Which functions can be represented by power series and 
how do we find such representations? If we can find a power series representation for a particular function f and the series 


converges on some interval, how do we prove that the series actually converges to f? 


Overview of Taylor/Maclaurin Series 


Consider a function f that has a power series representation at x = a. Then the series has the form 


\ 2 (6.4) 
> Cn (x — a)” =cgt+c,(x-—a) +c7(x-a) abunge 2 
n=0 


What should the coefficients be? For now, we ignore issues of convergence, but instead focus on what the series should be, 
if one exists. We return to discuss convergence later in this section. If the series Equation 6.4 is a representation for f at 


x =a, we certainly want the series to equal f(a) at x =a. Evaluating the series at x =a, we see that 


co 
» Cn(x—a)" =cy+c,(@—a)t+e,(a—a)? ++ 
n=0 


= Co. 


Thus, the series equals f(a) if the coefficient cy = f(a). In addition, we would like the first derivative of the power series 


to equal f’(a) at x =a. Differentiating Equation 6.4 term-by-term, we see that 
co 
ay Cn(x - a =c,+ 2c, —- a) + 3c3(x- dr eee: 


Therefore, at x =a, the derivative is 


co 
2 
HY entx- 0)" = C1, +2c7(a— a) + 3c3(a—- a) poada 
= Cy. 


Therefore, the derivative of the series equals f’(a) if the coefficient c, = f’ (a). Continuing in this way, we look 


for coefficients c, such that all the derivatives of the power series Equation 6.4 will agree with all the corresponding 
derivatives of f at x =a. The second and third derivatives of Equation 6.4 are given by 


5 co 
op en(s—a)"]= 2ep-43-2es(0— a) + 4-3eq(0— 02+ 
x\n =0 
and 
3 co 
“(2 en(s—a)"]= 3-25 44-3 2eqe= a) 45-4 Seg (= 0)? 
x \n=0 


Therefore, at x =a, the second and third derivatives 
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LLY ents 0] = 2c) +3+2c3(a—a) + 4-3c4(a—a)? + 
= 2c) 
and 
ly ents a)"| = 3-2¢3,+4-3-2cy(a—a)+5-4- 3c5(a—a)” di, 
= 3:23 


f"(@) 
2 


_f"@ m 


equal f"(a) and f(a), respectively, if cy = and c a ) -2. More generally, we see that if f has a power 


fw ) 


series representation at x =a, then the coefficients should be given by c, = . That is, the series should be 


co p(n) » 
by LO, ay" = fat f @e-a+ Lo OD, a 24 LO. a+. 
n=0 . ! 


This power series for f is known as the Taylor series for f at a. If x =0, then this series is known as the Maclaurin 


series for f. 


Definition 


If f has derivatives of all orders at x =a, then the Taylor series for the function f at a is 
> if 


The Taylor series for f at 0 is known as the Maclaurin series for /f. 


(n) n) (6.5) 


LO - a)" = fla +f @O@-a+LOq-a?+.. +a a+ 


Later in this section, we will show examples of finding Taylor series and discuss conditions under which the Taylor series 
for a function will converge to that function. Here, we state an important result. Recall from Uniqueness of Power 
Series that power series representations are unique. Therefore, if a function f has a power series at a, then it must be 


the Taylor series for f at a. 


Theorem 6.6: Uniqueness of Taylor Series 
Ifa function f has a power series at a that converges to f on some open interval containing a, then that power series 


is the Taylor series for f ata. 


The proof follows directly from Uniqueness of Power Series. 


To determine if a Taylor series converges, we need to look at its sequence of partial sums. These partial sums are finite 
polynomials, known as Taylor polynomials. 


Visit the MacTutor History of Mathematics archive to read brief biographies of Brook Taylor 


(http:/www.openstaxcollege.org/|/20_BTaylor) and Colin Maclaurin 
(http://www.openstaxcollege.org/I/20_CMaclaurin) and how they developed the concepts named after 
them. 


Taylor Polynomials 


The nth partial sum of the Taylor series for a function f at a is known as the nth Taylor polynomial. For example, the Oth, 
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1st, 2nd, and 3rd partial sums of the Taylor series are given by 
Po) = f@, 
P@=f@t+f@e-a, | 
p22) = fla) +f’ @x- a + OMa- a), 


P30 =fO+f Oe-a+Fu- a? + B- 0%, 


respectively. These partial sums are known as the Oth, 1st, 2nd, and 3rd Taylor polynomials of f at a, respectively. If 
x =a, then these polynomials are known as Maclaurin polynomials for f. We now provide a formal definition of Taylor 


and Maclaurin polynomials for a function /. 


Definition 


If f has n derivatives at x =a, then the nth Taylor polynomial for f at a is 


WW mw (n) 
Pa) = fa + f @x-a) + FO - a)? + Ba a) +--+ 9-0)” 


The nth Taylor polynomial for f at 0 is known as the nth Maclaurin polynomial for f. 


We now show how to use this definition to find several Taylor polynomials for f(x) = Inx at x = 1. 


Example 6.11 


Finding Taylor Polynomials 


Find the Taylor polynomials po, py, pz and p3 for f(x) =Inx at x =1. Use a graphing utility to compare 
the graph of f with the graphs of po, pj, p and p3. 


Solution 


To find these Taylor polynomials, we need to evaluate f and its first three derivatives at x = 1. 


f(x) = Inx fd) = 0 

fest fM=1 

f@ = -4 fd) = -1 
Xx 

fx) = 3 fm) = 2 


Therefore, 
Po) fC) = 0, 
Pi) = f+ f Oa-)=x-1, 


pre) = f+ fDe-)+Ma- py? =@--te-1, 


pe) = f+ Me-0+Mo-1?+ Leap? 


= 1) -4- 17 +4a- 13, 


564 


The graphs of y = f(x) and the first three Taylor polynomials are shown in Figure 6.5. 


yp Pal) = & 1) ~ Z0e~ 1 + Ge 1)" 


f(x) = In(x) 


Po(x) = 0 
4 x 


p(x) = x - 1) - 4 


Figure 6.5 The function y = Inx and the Taylor polynomials 
Po P1> P2 and p3 at x =1 are plotted on this graph. 


fe 6.10 Find the Taylor polynomials po, py, p> and p3 for f(x) = + at x= 1, 


x 
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We now show how to find Maclaurin polynomials for e“, sinx, and cosx. As stated above, Maclaurin polynomials are 


Taylor polynomials centered at zero. 


Example 6.12 


Finding Maclaurin Polynomials 


For each of the following functions, find formulas for the Maclaurin polynomials pg, p,, p2 and p3. Finda 


formula for the nth Maclaurin polynomial and write it using sigma notation. Use a graphing utilty to compare the 


graphs of pg, Py, P2 and p3 with f. 
a. f(x) =e* 
b. f(x) = sinx 


c. f(x) =cosx 


Solution 
a. Since f(x) =e*, weknowthat f(x) =f’ (x) =f") =: = fo (x) = e” for all positive integers n. 
Therefore, 


fO=f' O=f'O=--=f™O=1 
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for all positive integers n. Therefore, we have 
Po) = fO=1, 
Pi) = fO)+f' O)x=1+x, 


pra) = FO) +f Oxt LP? = 140th, 


ra@) = f+ Ox+L 074503 


uw mw (n) 
Pa) = f+ f'Ox+L Ox? +O +. +O 


= l+xt2-+¢45¢--4+4> 
n 
- yx 
7 
Foyt 


The function and the first three Maclaurin polynomials are shown in Figure 6.6. 


Figure 6.6 The graph shows the function y = e* and the 
Maclaurin polynomials po, P1, Pz and p3. 


b. For f(x) = sinx, the values of the function and its first four derivatives at x = O are given as follows: 


f(x) = sinx f(0) 
f'(@) = cosx f'@) = 1 
f"(®) = —sinx f"(0) 
fx) = —cosx f"™0) = -1 
f%@ = sinx f%O = 0. 


| 
=) 


| 
i) 


(2m) 


Since the fourth derivative is sinx, the pattern repeats. That is, f° ©(0)=0 and 


fem*) 0) =(-1)™ for m > 0. Thus, we have 
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Po (x) = 9, 
Piw=0+x =x, 
Po(x%) =0+x4+0=x, 


3 
p3(x) =0+x+0-x? =x-4, 
3 
pa) =0+x4+0-dx? +0=x-4, 
3 5 
psx) =OFx+0-Fx 404205 =x-F 4H, 
and for m > 0, 
Pom+1) = Pam 42) 
3 5 m+1 
=;xy-+ 4X4 _ m_X 
= ear sr CD" Cae M 
~ 2k+1 
= » (-1)s$ +. 
Fam Qk+ DI 


Graphs of the function and its Maclaurin polynomials are shown in Figure 6.7. 


at 


f(x) = sin(x) 


P(x) 


Figure 6.7 The graph shows the function y = sinx and the 
Maclaurin polynomials p;, p3 and ps. 
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c. For f(x) =cosx, the values of the function and its first four derivatives at x = O are given as follows: 


f(x) = cosx f(0) = 1 
f'@ = -sinx ff’) = 0 
fx) = -cosx f"0) = -1 
fx) = sinx #0) = 0 
f Oo = cosx f°) = 1, 


Since the fourth derivative is sinx, the pattern repeats. In other words, f an (0) =(—1)” and 
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f Cm+) _ 0 for m > 0. Therefore, 
Po(x) = 1, 
p\@)=1+0=1, ; 
py(a) =140-Ax? = 1-4, 
2 
p3@)=14+0-dx?+0=1-4%, 
2 4 
pa@)=14+0-Ax? +04 da42 1-244, 
2 4 
psx) =1+0-4x? +04 4x44051-2 44, 
and for n > 0, 
P2m(X) = Pom +1) 
4 2m 
= Sion te ane _yym_x 
Bort ap Pe oa 
‘ 2k 
= by (-1)% 
= 5) 


Graphs of the function and the Maclaurin polynomials appear in Figure 6.8. 


y 
at p,(x) 
3+ 


oA 


f(x) = cos(x) 


Figure 6.8 The function y = cosx and the Maclaurin 


polynomials py, Pz and py are plotted on this graph. 


fe 6.11 Find formulas for the Maclaurin polynomials po, py, Pz and p3 for f(x) = a Find a formula for 


ae 


the nth Maclaurin polynomial. Write your anwer using sigma notation. 


Taylor’s Theorem with Remainder 


Recall that the nth Taylor polynomial for a function f at a is the nth partial sum of the Taylor series for f at a. Therefore, 
to determine if the Taylor series converges, we need to determine whether the sequence of Taylor polynomials {p,} 


converges. However, not only do we want to know if the sequence of Taylor polynomials converges, we want to know if it 
converges to f. To answer this question, we define the remainder R, (x) as 
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Rn(x) = Ff) — pn). 
For the sequence of Taylor polynomials to converge to f, we need the remainder R,, to converge to zero. To determine 


if R, converges to zero, we introduce Taylor’s theorem with remainder. Not only is this theorem useful in proving that 
a Taylor series converges to its related function, but it will also allow us to quantify how well the nth Taylor polynomial 
approximates the function. 


Here we look for a bound on |R,|. Consider the simplest case: n = 0. Let po be the Oth Taylor polynomial at a for a 
function f. The remainder Ro satisfies 
Ro(x) = f@) — po® 
= f@) — f@. 
If f is differentiable on an interval I containing a and x, then by the Mean Value Theorem there exists a real number c 
between a and x such that f(x) — f(a) = f’ (c)@ — a). Therefore, 


Ro) = f’ (OM - a). 


Using the Mean Value Theorem in a similar argument, we can show that if f is n times differentiable on an interval I 
containing a and x, then the nth remainder R,, satisfies 


(n+ 1) 
Ry(a) = x — a" 


for some real number c between a and x. It is important to note that the value c in the numerator above is not the center a, 
but rather an unknown value c between a and x. This formula allows us to get a bound on the remainder R,. If we happen to 


know that | if wert) (| is bounded by some real number M on this interval I, then 


IRn (ol < Gel or 


for all x in the interval I. 
We now state Taylor’s theorem, which provides the formal relationship between a function f and its nth degree Taylor 
polynomial p,,(x). This theorem allows us to bound the error when using a Taylor polynomial to approximate a function 


value, and will be important in proving that a Taylor series for f converges to f. 


Theorem 6.7: Taylor’s Theorem with Remainder 


Let f bea function that can be differentiated 1 + 1 times on an interval J containing the real number a. Let p, be the 


nth Taylor polynomial of f at a and let 
Rn(x) = FQ) — Pn 


be the nth remainder. Then for each x in the interval J, there exists a real number c between a and x such that 


(n+1) 
Ral) = Fx — a") 


If there exists a real number M such that | lif ee) (0 <M forall x EJ, then 


for all x in I. 
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Proof 


Fix a point x € 7 and introduce the function g such that 


wu” (n) 
a0 =f) - f0- F O@-9- Ma 9?- . -L Oa rR, 


(x- qyttl 


We claim that g satisfies the criteria of Rolle’s theorem. Since g is a polynomial function (in 6), it is a differentiable function. 
Also, g is zero at t= a and t = x because 


” (n) 
= f(x) — pn(x) — Rn(x) 
= 0, 
gx) = f()—f@-0----0 
= 0. 


Therefore, g satisfies Rolle’s theorem, and consequently, there exists c between a and x such that g’(c) =0. We now 


calculate g’. Using the product rule, we note that 


(n) (n) (n+ 1) 
d\f (t) =] (t) n-1 rei mu n 
ge ae -»*|- aye ae" 


Consequently, 


vo =-ro+o-roe-ol+[row-9-5ee-o7]+ 


(n) (n+ 1) 
He Ooe-yrt-L Og - on] H+ DR OT oy 


(n—1)! antl 


Notice that there is a telescoping effect. Therefore, 
(n+ 1) 


= -L 96-9" + (nt DR, eT 


By Rolle’s theorem, we conclude that there exists a number c between a and x such that g’(c) = 0. Since 


(n+ 1) n 
go) =~ On" 40+ DRL) - 2 oe 
we conclude that 
(n+ 1) n 
(c) n = 
~L Dn oy + (n+ DR, (oT = 


Adding the first term on the left-hand side to both sides of the equation and dividing both sides of the equation by n + 1, 


we conclude that 


as desired. From this fact, it follows that if there exists M such that | Vi ee (| < M for all x in I, then 


Ril < Gi My gn td 


M 
+D! 


Not only does Taylor’s theorem allow us to prove that a Taylor series converges to a function, but it also allows us to 
estimate the accuracy of Taylor polynomials in approximating function values. We begin by looking at linear and quadratic 
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approximations of f(x) = ¥e at x = 8 and determine how accurate these approximations are at estimating V11. 


Example 6.13 


Using Linear and Quadratic Approximations to Estimate Function Values 


Consider the function f(x) = ea 
a. Find the first and second Taylor polynomials for f at x = 8. Use a graphing utility to compare these 


polynomials with f near x = 8. 


b. Use these two polynomials to estimate vm. 


c. Use Taylor’s theorem to bound the error. 


Solution 


a. For f(x) = ye, the values of the function and its first two derivatives at x = 8 areas follows: 


fa) = f@) = 2 
‘f 1 y i 
f'@) 328 f' (8) 12 


uw =) uw 1 
f"() 773 f"(8) ~T44" 


Thus, the first and second Taylor polynomials at x = 8 are given by 
Pi) = f(8)+ f' (8) - 8) 
cdl yes 
2+ has 8) 


px) = f8) +f’ @x- 8) + Fa — 9)? 


1 ¢y— 9) — 1 yy 9)? 
2+ 75% 8) agg 8)*. 


The function and the Taylor polynomials are shown in Figure 6.9. 
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10 12 14 16 18* 


Figure 6.9 The graphs of f(x) = 4% and the linear and 


quadratic approximations p (x) and p>(x). 


b. Using the first Taylor polynomial at x = 8, we can estimate 


VT pi) =24+ hat = 8) = 2.95. 


Using the second Taylor polynomial at x = 8, we obtain 


oT» =e oo ee ee ee ee 
V1 & po (11) =2+ prt! 8) ARQ! ! 8)* = 2.21875. 
c. By Uniqueness of Taylor Series, there exists ac in the interval (8, 11) such that the remainder when 


approximating v1 by the first Taylor polynomial satisfies 


R, A) = Lou 38). 


We do not know the exact value of c, so we find an upper bound on R, (11) by determining the maximum 


value of f” on the interval (8, 11). Since f"(x) = — the largest value for |f”(x)| on that 


2 
9x 9/3” 


interval occurs at x = 8. Using the fact that f”(8) = we obtain 


__l 
144° 


1 _gy2- 
IR, AD] < pqageay (ll - 8)? = 0.03125. 


Similarly, to estimate R>(11), we use the fact that 


R, (11) = Fo 28), 


Since f(x) = aS the maximum value of f” on the interval (8, 11) is (8) = 0.0014468. 
x 


Therefore, we have 
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IR (11 < HOOT O81 — 8)° x 0.0065104. 


6.12 Find the first and second Taylor polynomials for f(x) = vx at x=4. Use these polynomials to 


estimate V6. Use Taylor’s theorem to bound the error. 


Example 6.14 


Approximating sin x Using Maclaurin Polynomials 


From Example 6.12b., the Maclaurin polynomials for sinx are given by 


Pom +1) = Pam +2) 


3 5 7 2m+1 
=;y—-X+ 4X4 X14... —])"_4 ____ 
sa am TO Om a en 
for m=0, 1, 2, .... 
a. Use the fifth Maclaurin polynomial for sinx to approximate sin(-4) and bound the error. 


b. For what values of x does the fifth Maclaurin polynomial approximate sinx to within 0.0001? 


Solution 
a. The fifth Maclaurin polynomial is 


3 5 
ps(x) =x- 34+ 4. 


Using this polynomial, we can estimate as follows: 
inf-4) ~ _ 
sin( 7) POEs (4) 


3 
=e 37s) ~ ats) 
~ 0.173648. 


To estimate the error, use the fact that the sixth Maclaurin polynomial is p¢(x) = p5(x) and calculate a 


bound on R¢ (4). By Uniqueness of Taylor Series, the remainder is 


18 


(7) 7 
Re(¥5) =f ate) 


for some c between 0 and 13° Using the fact that | ba @ (x)| <1 for all x, we find that the magnitude of 


the error is at most 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 6 | Power Series 573 


ah (4) <9.8x 10712, 


7! \18 
b. We need to find the values of x such that 
1,47 
7 Ixl° < 0.0001. 


Solving this inequality for x, we have that the fifth Maclaurin polynomial gives an estimate to within 
0.0001 as long as |x| < 0.907. 


fe 6.13 Use the fourth Maclaurin polynomial for cosx to approximate cos(5), 


Now that we are able to bound the remainder R,(x), we can use this bound to prove that a Taylor series for f at a 


converges to f. 


Representing Functions with Taylor and Maclaurin Series 


We now discuss issues of convergence for Taylor series. We begin by showing how to find a Taylor series for a function, 
and how to find its interval of convergence. 


Example 6.15 


Finding a Taylor Series 


1 


Find the Taylor series for f(x) =~ at x = 1. Determine the interval of convergence. 


Solution 


For f(x) = i the values of the function and its first four derivatives at x = 1 are 


fa) = 4 fa) = 1 

f@ = -4+ 7). =-1 
x 

f@ = 3 fr) = 2! 

fr@) = -322 fm) = -3! 


xX 
fq = 4:32 7-day = a 


That is, we have f (1) = (-1)"n! forall n > 0. Therefore, the Taylor series for f at x = 1 is given by 
ee) (n) es) 
1 
YE Me-n"= Y epre@-0". 
n=0 . n=0 


To find the interval of convergence, we use the ratio test. We find that 
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leneil _ | a 


lad [(-D"@—- "| 


Thus, the series converges if |x — 1| < 1. That is, the series converges for 0 < x < 2. Next, we need to check 


the endpoints. At x = 2, we see that 


Gy@-n"= } ei 
0 n=0 


n= 


diverges by the divergence test. Similarly, at x = 0, 


y (-1)"-)"= »» (-1)*" = > 1 
n=0 n=0 n=0 


diverges. Therefore, the interval of convergence is (0, 2). 


fe 6.14 Find the Taylor series for f(x) = 4 at x = 2 and determine its interval of convergence. 


We know that the Taylor series found in this example converges on the interval (0, 2), but how do we know it actually 
converges to f? We consider this question in more generality in a moment, but for this example, we can answer this 


question by writing 


pontertes 


ie.2) 
That is, f can be represented by the geometric series >, (1 — x)". Since this is a geometric series, it converges to 1 as 


x 
n=0 
long as |1 — x| < 1. Therefore, the Taylor series found in Example 6.15 does converge to f(x) = 1 on (0, 2). 
We now consider the more general question: if a Taylor series for a function f converges on some interval, how can we 
determine if it actually converges to f? To answer this question, recall that a series converges to a particular value if and 
only if its sequence of partial sums converges to that value. Given a Taylor series for f at a, the nth partial sum is given by 


the nth Taylor polynomial p,. Therefore, to determine if the Taylor series converges to f, we need to determine whether 
lim pn (x) = FO. 
Since the remainder Ry, (x) = f(x) — pn(x), the Taylor series converges to f if and only if 
lm Rn (x) = 0. 


We now State this theorem formally. 


Theorem 6.8: Convergence of Taylor Series 


Suppose that f has derivatives of all orders on an interval I containing a. Then the Taylor series 


co .(n) 
Xs ii Ny ~a)" 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 6 | Power Series 575 


converges to f(x) for all x in lif and only if 
im n(x) =0 


for all x in I. 


With this theorem, we can prove that a Taylor series for f at a converges to f if we can prove that the remainder 


R,(x) > 0. To prove that R,(x) > 0, we typically use the bound 


n+1 


IRn(x)| < Ix — al 


M 
(n+ 1)! 


from Taylor’s theorem with remainder. 


In the next example, we find the Maclaurin series for e* and sinx and show that these series converge to the corresponding 
functions for all real numbers by proving that the remainders R,(x) > O for all real numbers x. 


Example 6.16 


Finding Maclaurin Series 


For each of the following functions, find the Maclaurin series and its interval of convergence. Use Taylor’s 
Theorem with Remainder to prove that the Maclaurin series for f converges to f on that interval. 


a. e& 
b. sinx 
Solution 


a. Using the nth Maclaurin polynomial for e* found in Example 6.12a., we find that the Maclaurin series 
for e* is given by 


To determine the interval of convergence, we use the ratio test. Since 


langle’ *! ont 


lanl (n+)! i? ntl 


we have 


slim Bal = jim A = 0 
for all x. Therefore, the series converges absolutely for all x, and thus, the interval of convergence is 
(—oo, co). To show that the series converges to e* for all x, we use the fact that f (x) =e* for all 
n > 0 and e* is an increasing function on (—oo, oo). Therefore, for any real number b, the maximum 
value of e* for all |x| < b is e?. Thus, 


b 
RnQOl S Goal" 
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Since we just showed that 


converges for all x, by the divergence test, we know that 


n+1 
x 


iG eat > 


for any real number x. By combining this fact with the squeeze theorem, the result is : lim R n(x) = 


b. Using the nth Maclaurin polynomial for sinx found in Example 6.12b., we find that the Maclaurin 
series for sinx is given by 


yan 
yc "One Dt 


n=0 


In order to apply the ratio test, consider 


lanza) i"*3 n+)! _ Ix|? 
lanl Qn+3)! yan! — Qn +3)Qn +2) 


Since 


lim IxI? =0 
n> bo (On + 3)(2n + 2) 


for all x, we obtain the interval of convergence as (—oo, co). To show that the Maclaurin series converges 


to sinx, look at R,(x). For each x there exists a real number c between 0 and x such that 


(n+ 1) 
R,(a) = Os marie antl 


(n+ 1) 


Since | Va (| < 1 for all integers n and all real numbers c, we have 


Baa 
IRn(x)| < (ntI)! rs ue 


for all real numbers x. Using the same idea as in part a., the result is am Rn (x) = 0 for all x, and 


therefore, the Maclaurin series for sinx converges to sinx for all real x. 


6.15 Find the Maclaurin series for f(x) = cosx. Use the ratio test to show that the interval of convergence is 


(—oo, co). Show that the Maclaurin series converges to cosx for all real numbers x. 
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Student 


Proving that e is Irrational 


In this project, we use the Maclaurin polynomials for e* to prove that e is irrational. The proof relies on supposing that 
e is rational and arriving at a contradiction. Therefore, in the following steps, we suppose e = r/s for some integers r 


and s where s # 0. 


x 


1. Write the Maclaurin polynomials Po), P1(&), P2(X), P3(x), P4() for e*%. Evaluate 


Po), P1 (1), p2(), p31), p4(1) to estimate e. 


2. Let R,(x) denote the remainder when using p,(x) to estimate e*. Therefore, Ry,(x) = e* — py(x), 
and R,() =e- pp). Assuming that C= = for integers or and = s, _ evaluate 
Ro (1), Ry (1), RoC), R3 (1), Ry (1). 

3. Using the results from part 2, show that for each remainder Ro(1), R,(1), Ro (1), R3(1), R4 (1), we can 
find an integer k such that kKR,,(1) is an integer for n = 0, 1, 2, 3, 4. 

4. Write down the formula for the nth Maclaurin polynomial p,(x) for e“ and the corresponding remainder 


Ry (x). Show that sm!R, (1) is an integer. 


5. Use Taylor’s theorem to write down an explicit formula for R, (1). Conclude that R,,(1) #0, and therefore, 
sm'R, (1) #0. 


6. Use Taylor’s theorem to find an estimate on R,(1). Use this estimate combined with the result from part 5 to 


show that |sn!R, (1)| < nate T" Conclude that if n is large enough, then |sn!R, (1)| < 1. Therefore, sn!R, (1) 


is an integer with magnitude less than 1. Thus, sm!R,(1) = 0. But from part 5, we know that sn!R,(1) # 0. 


We have arrived at a contradiction, and consequently, the original supposition that e is rational must be false. 
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6.3 EXERCISES 


In the following exercises, find the Taylor polynomials of 
degree two approximating the given function centered at 
the given point. 


116. f(x) =1ltx4+x7 at a= 1 
117. f(x) =1ltx4+x? at a=-1 
118. f(x) =cos(2x) ata=a2 
119. f(x) = sin(2x) at a= 5 
120. f(x)=vx ata=4 


121. f(x) =Inx ata=1 
122. f@=1ata=1 
123. f(x)=e* ata=1 


In the following exercises, verify that the given choice of 


n+l 


n in the remainder estimate |R,| < wtp — a) ; 


where M is the maximum value of | Va oe ” (2) on the 


interval between a and the indicated point, yields 


IRnl < —1__ Find the value of the Taylor polynomial p, 


1000° 
of f at the indicated point. 


124. [T] ¥10;a=9,n=3 
125. [T] (28)!7;a=27,n=1 
126. [T] sin(6); a = 2z,n=5 


127. [T]e?; a=0,n=9 


128. [T] cos(#}; a=0,n=4 


129. [T] In(2); a= 1, n = 1000 


130. Integrate the approximation 
miwiol we i luated at mm t 
sint © — 6 +720 5040 evaluate a fe) 


1 x. 
approximate 7 SIDA, 
0 
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131. Integrate the approximation 


2 


i 2 6 
ew lt+xt44--4+ 4 evaluated at -x* to 


2 720 


Doge 
approximate 7d e dx. 
0 


In the following exercises, find the smallest value of n such 


that the remainder estimate |R,| < Gaal “e 


M 
~ (n+ 1)! 
, : (n+ 1) 
where M is the maximum value of | if (2) on the 


interval between a and the indicated point, yields 


IRy| < —1 _ on the indicated interval. 


1000 


132. f(x) =sinx on [—a, z],a=0 
= _f = 
133. f(x) =cosx on [ 7 xl a=0 


134. f(x) =e7?* on [-1, 1], a=0 
135. f(x) =e~ on [-3, 3],a=0 


In the following exercises, the maximum of the right-hand 


WwW 
side of the remainder estimate |R,| < marl ole? on 


[a—R,a+R] occurs at a or a+R. Estimate the 


maximum value of R such that marl Ole? <0.1 on 


[a — R, a+ R] by plotting this maximum as a function of 


136. [T] e“ approximated by 1+ x,a=0 
137. [T] sinx approximated by x, a = 0 
138. [T] Inx approximated by x-1,a=1 
139. [T] cosx approximated by 1, a=0 


In the following exercises, find the Taylor series of the 
given function centered at the indicated point. 


140. x* ata=-l 

2 3 = 
141. l+x+x°+x° ata=-1 
142. sinx ata=az 


143. cosx ata=2 
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144. sinx at x= 


NIP 


145. cosx atx= 


Na 


146. e* ata=-1 


147. e* ata=1 


148. 


= te Dj : 1 
Gb at a = 0 (Hint: Differentiate ic x 


149. 1 


G_D at a=0 


150. F(x) = i cos(vidt; f(t) = 2 CD" at 


a=0 (Note: f is the Taylor series of cos(vf).) 


In the following exercises, compute the Taylor series of 
each function around x = 1. 


151. f(x) = 
152. f(x)=x? 
153. f(x) =(«-2)? 


154. f(x) =Inx 


155. f(y == 

156. 
f= ae 7 

157. = ——__4___ 
I) 4x —2x?-1 


158. f(x)=e* 
159. f(x) =e* 


[T] In the following exercises, identify the value of x such 
co 


that the given series os ay, is the value of the Maclaurin 
n=0 


series of f(x) at x. Approximate the value of f(x) using 
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n 
161, a 
n=0 us 


y1 (-1)" 20)" 


162. (ny! 


n=0 


ie (—1)" (22)2" +1 


a Qn+D! 


n=0 


The eee tre make use of the functions 


x2 x4 
S5(x) =x ae on and Ca) = 1-455 on 


[—z, a]. 
164. [T] Plot sin? x —(S5(x)? 


n [—z, z]. Compare 


the maximum difference with the square of the Taylor 
remainder estimate for sinx. 


165. [T] Plot cos*x— (C4()? 0 


the maximum difference with the square of the Taylor 
remainder estimate for cosx. 


mn [—z, a]. Compare 


166. [T] Plot |2S5(x)C4(x) — sin(2x)| on [—a, z]. 

S5 (4) 
167. [T] Compare Cy@) on [—1, 1] to tanx. Compare 
this with the Taylor eee estimate for the 


approximation of tanx by x + x a 2 


168. [T] Plot where 


e* — e4(x) 
xx 

éeg(x) = 14+x4+5>- 7 +S 6 + 

maximum error with the Taylor remainder estimate. 


on [0, 2]. Compare the 


169. (Taylor approximations and root finding.) Recall that 
Sn) 
f' Ga) 


= 0 near the input x9. 


Newton’s method x, 4) =Xy- approximates 


solutions of f(x) 

a. If f and g are inverse functions, explain why a 
solution of g(x) =a isthe value f(a) of f. 

b. Let 


Pn(x) be the Nth degree Maclaurin 


polynomial of e*. Use Newton’s method to 


approximate solutions of pay(x)—2=0 for 
N =4, 5, 6. 
c. Explain why the approximate roots of 


Pn(x) — 2 =0 are approximate values of In(2). 


In the following exercises, use the fact that if 
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CO 
q(x) = >» an(x—c)" converges in an _ interval 
n= 1 


containing c, then Jim q(x) = dy to evaluate each limit 


using Taylor series. 


170. lim gosx 1 


a a 0 x 
: In(1 = =) 

171. lim 

x70 x2 

v) 
x 2 

17. dim eee 

x 0 x4 


173. lim cos(vx) — 1 
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6.4 | Working with Taylor Series 


Learning Objectives 


6.4.1 Write the terms of the binomial series. 
6.4.2 Recognize the Taylor series expansions of common functions. 


6.4.3 Recognize and apply techniques to find the Taylor series for a function. 
6.4.4 Use Taylor series to solve differential equations. 
6.4.5 Use Taylor series to evaluate nonelementary integrals. 


In the preceding section, we defined Taylor series and showed how to find the Taylor series for several common functions 
by explicitly calculating the coefficients of the Taylor polynomials. In this section we show how to use those Taylor series 
to derive Taylor series for other functions. We then present two common applications of power series. First, we show how 
power series can be used to solve differential equations. Second, we show how power series can be used to evaluate integrals 
when the antiderivative of the integrand cannot be expressed in terms of elementary functions. In one example, we consider 


2 
fi e * dx, an integral that arises frequently in probability theory. 


The Binomial Series 


Our first goal in this section is to determine the Maclaurin series for the function f(x) = (1 +x)” for all real numbers rr. 
The Maclaurin series for this function is known as the binomial series. We begin by considering the simplest case: r isa 
nonnegative integer. We recall that, for r = 0, 1, 2, 3, 4, f(x) = (1 + x)” can be written as 


f@=(+%°=1, 

fy) =(4+xn!=14%, 

f@) =( +x)? =142x4 x’, 

f@) =(14x)? = 143x4 3x7 42°, 

fx) = (1 +x)4 = 14 4x + 6x7 + 4x3 x4, 
The expressions on the right-hand side are known as binomial expansions and the coefficients are known as binomial 
coefficients. More generally, for any nonnegative integer r, the binomial coefficient of x” in the binomial expansion of 


(1+ x)” is given by 


(i) ae we oe 
em 


and 


fe) =U+x)’ (6.7) 
= (0) +G + Q)? + GP to HG ert + Oe 
dln" 


For example, using this formula for r= 5, we see that 


f@) =(d+x° 


=(5)'+G) +O)? + GP + G+ Ge 

= (s+ a) aia) ale a 

_ 5! 5! 512, 51.3, 5! 4, 515 
= ost + fia +a +m tan +s 


= 14+5x+ 10x? + 10x37 4+ 5x44x°. 


We now consider the case when the exponent r is any real number, not necessarily a nonnegative integer. If r is not a 
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nonnegative integer, then f(x) = (1 + x)” cannot be written as a finite polynomial. However, we can find a power series 
for f. Specifically, we look for the Maclaurin series for f. To do this, we find the derivatives of f and evaluate them at 
x=0. 


f@~) = (4+x" f@) = 1 

fi@ = rdtyn’! OQ =r 

f') = rr-)d+x"~* f'0) = rr-1) 
f'@ = rr-Y)C-2Dd+H"73 f"O) = rr-)r-2) 


f° = (r-Dr-D(r-ntYAtH"™" FO = rr-DE-DO-—ntD 
We conclude that the coefficients in the binomial series are given by 
FO _ rr —Yr—-2)(r—-nt D (6.8) 
ni n! . 


(r+ 1) 


We note that if r is a nonnegative integer, then the (7+ 1)st derivative f is the zero function, and the series 


terminates. In addition, if r is a nonnegative integer, then Equation 6.8 for the coefficients agrees with Equation 6.6 for 


the coefficients, and the formula for the binomial series agrees with Equation 6.7 for the finite binomial expansion. More 
generally, to denote the binomial coefficients for any real number r, we define 


(")= rr -Dr- 2) -nt+ by 


n! 


With this notation, we can write the binomial series for (1 + x)’ as 


~ = = Yeap (6.9) 
(")e” = 14 ret r(r Dy ass 4 Mea eta Dn dese, 
i 


n= 


We now need to determine the interval of convergence for the binomial series Equation 6.9. We apply the ratio test. 
Consequently, we consider 


longi) ~b@ =D) 
lanl (n+! Irv — Dr —2)(r —n + Dill” 
— Ir —nilxl 
Int 1° 
Since 
tim @n+il _ Ini <1 
n>o |a,l a 


if and only if |x| < 1, we conclude that the interval of convergence for the binomial series is (—1, 1). The behavior at 
the endpoints depends on r. It can be shown that for r > O the series converges at both endpoints; for -1 <7 <0, the 
series converges at x = 1 and diverges at x = —1; and for r < —1, the series diverges at both endpoints. The binomial 
series does converge to (1 +x)’ in (—1, 1) for all real numbers r, but proving this fact by showing that the remainder 
R,(x) > 0 is difficult. 


Definition 


For any real number r, the Maclaurin series for f(x) = (1+ x)’ is the binomial series. It converges to f for 


|x| < 1, and we write 
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(bay = 2 Ci" 


(r—1)\2 
l 


=japal ae oa lla bel (teicee DEI T an 


n! 


for |x| < 1. 


We can use this definition to find the binomial series for f(x) = V1 +x and use the series to approximate ‘1.5. 


Example 6.17 


Finding Binomial Series 


a. Find the binomial series for f(x) = V1+- x. 


b. Use the third-order Maclaurin polynomial p3(x) to estimate V1.5. Use Taylor’s theorem to bound the 
error. Use a graphing utility to compare the graphs of f and p3. 


Solution 


a. Here r= 4. Using the definition for the binomial series, we obtain 


Vitex =1 +44 0001) ae foe 

1. tty, 119s... ED * 18S Or 9) es. 

aX aT ra +3) x + al yn Xo + 
co 1 

_ (-1)"*¢ 1-3-5--(2n — 3) 

=1+ > = 5H 5 ae 


n=l 


=1+ 


b. From the result in part a. the third-order Maclaurin polynomial is 


p3Qy)=1+ da — ee + ae 
Therefore, 
V1.5 =V1+05 
Pe L ads 2, 1, 3 
w1lt+ 7(0.5) g (0.5) + 1600-5) 
x 1.2266. 


From Taylor’s theorem, the error satisfies 


(4) 
R, (0.5) = L205) 


15 


Hatne and the maximum value of 


for some c between O and 0.5. Since fF (x)= - 
| if 4) (| on the interval (0, 0.5) occurs at x = 0, we have 


[R3(0.5)| < +5,(0.5)4 ~ 0.00244. 
4)2 
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fej 6.16 Find the binomial series for f@m= it 


The function and the Maclaurin polynomial p3 are graphed in Figure 6.10. 


f(x) = 1 +x 


05 115 2 25 3 35% 
Figure 6.10 The third-order Maclaurin polynomial p(x) 


provides a good approximation for f(x) = V1+.x for x near 


zero. 


ad +x)? 


Common Functions Expressed as Taylor Series 


At this point, we have derived Maclaurin series for exponential, trigonometric, and logarithmic functions, as well as 
functions of the form f(x) =(1+.x)’. In Table 6.1, we summarize the results of these series. We remark that the 
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convergence of the Maclaurin series for f(x) =In(1+.x) at the endpoint x=1 and the Maclaurin series for 


f[@= tan~! x at the endpoints x = 1 and x = —1 relies on a more advanced theorem than we present here. (Refer to 


Abel’s theorem for a discussion of this more technical point.) 
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Function Maclaurin Series Interval of Convergence 


-l<x<l 
; oe 


cae 


Table 6.1 Maclaurin Series for Common Functions 


Earlier in the chapter, we showed how you could combine power series to create new power series. Here we use these 
properties, combined with the Maclaurin series in Table 6.1, to create Maclaurin series for other functions. 


Example 6.18 


Deriving Maclaurin Series from Known Series 


Find the Maclaurin series of each of the following functions by using one of the series listed in Table 6.1. 
a. f(x) =cosvx 


b. f(x) = sinhx 


Solution 


a. Using the Maclaurin series for cosx we find that the Maclaurin series for cosvx is given by 
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») (=D" vx)" _ s (=1)"x" 
Peay (2n)! Pet (2n)! 
2 3 4 
—_ X Xx Xx xX 
=1 “art ar é@rt ar 


This series converges to cosvx for all x in the domain of cosvx; that is, for all x > 0. 


b. To find the Maclaurin series for sinhx, we use the fact that 


ex-e * 


sinhx = 7 


Using the Maclaurin series for e*, we see that the nth term in the Maclaurin series for sinhx is given 


by 
x" _ x)" 
n! n! 
n 
For n even, this term is zero. For n odd, this term is ax. Therefore, the Maclaurin series for sinhx 
has only odd-order terms and is given by 
— 2n+1 3 5 
ee 
fa Cree 3! 5! 


fe 6.17 Find the Maclaurin series for sin(x’). 


We also showed previously in this chapter how power series can be differentiated term by term to create a new power series. 
1 
Vl+x 


directly from the definition, but differentiating the binomial 


In Example 6.19, we differentiate the binomial series for V1 +x term by term to find the binomial series for 


1 
Vl+x 


Note that we could construct the binomial series for 


series for V1 + x is an easier calculation. 


Example 6.19 


Differentiating a Series to Find a New Series 


Use the binomial series for V1 +x to find the binomial series for 1 : 
Vl+x 


Solution 


The two functions are related by 
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1 


so the binomial series for is given b 
iag °° 
1 =24 4x 
l+x dx 


co 
SP eS aGne i 
=1+ “Qn= Dn 


n=1 


fe 6.18 Find the binomial series for f@m= —_1., 
(1+ x) 


In this example, we differentiated a known Taylor series to construct a Taylor series for another function. The ability to 
differentiate power series term by term makes them a powerful tool for solving differential equations. We now show how 
this is accomplished. 


Solving Differential Equations with Power Series 
Consider the differential equation 
y'(@)=y. 
Recall that this is a first-order separable equation and its solution is y= Ce*. This equation is easily solved using 


techniques discussed earlier in the text. For most differential equations, however, we do not yet have analytical tools to 


solve them. Power series are an extremely useful tool for solving many types of differential equations. In this technique, we 
co 


look for a solution of the form y = » Cyx" and determine what the coefficients would need to be. In the next example, 
n=0 


we consider an initial-value problem involving y’ = y to illustrate the technique. 


Example 6.20 


Power Series Solution of a Differential Equation 


Use power series to solve the initial-value problem 
y=y, y(0)=3. 


Solution 
Suppose that there exists a power series solution 
co 
y(x) = > CnX" = Cyt x + 9x7 + 05x? +egxt +. 
n=0 
Differentiating this series term by term, we obtain 
y =cy+2cgx+ aes +4ce4x? peti 
If y satisfies the differential equation, then 


Co text cgx* +0¢3x° te =e, + 2egx+ 3c3x7 +4e,x° te, 


Using Uniqueness of Power Series on the uniqueness of power series representations, we know that these 
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series can only be equal if their coefficients are equal. Therefore, 


Co= Ch 
C1 = 2p, 
c7= 3¢3, 


C3 =4cy4, 


Using the initial condition y(O) = 3 combined with the power series representation 
= 2 3 
V(X) = Cg A CEXHCAX” +C3X? +08, 


we find that cg = 3. We are now ready to solve for the rest of the coefficients. Using the fact that cp = 3, we 


have 
cy =cg=3=4, 
O12 3) 2/3. 
a as aT 
pi ee Se 
ee ae 
bp ee 
ee (ae ee eee (i 
Therefore, 
y =3[1+ Het ape? + ap ge + | 
< n 
= Xx 
=3 5 
n=0 


You might recognize 


as the Taylor series for e*. Therefore, the solution is y = 3e*. 


fe 6.19 Use power series to solve y’ = 2y, y(0)=5. 


We now consider an example involving a differential equation that we cannot solve using previously discussed methods. 
This differential equation 


y' —xy=0 


is known as Airy’s equation. It has many applications in mathematical physics, such as modeling the diffraction of light. 
Here we show how to solve it using power series. 


Example 6.21 
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Power Series Solution of Airy’s Equation 


Use power series to solve 


Vesa t 


with the initial conditions y(0) =a and y’(0) = b. 


Solution 
We look for a solution of the form 

CO 

y= y CnX" =Cotc;x+ bux + eax? + eqns see 
n=0 

Differentiating this function term by term, we obtain 

yo = cy t+2egx+ 3c3x7 + Acyx? tee, 

y= 2-1en +3+2cgx44-3c4x7 $0. 
If y satisfies the equation y” = xy, then 


2-1eg+3+2egx44-3e4x7 + = =A(cgtepxtegx? +034 + ), 


Using Uniqueness of Power Series on the uniqueness of power series representations, we know that 
coefficients of the same degree must be equal. Therefore, 


2-le, =0, 
3+2c3 =, 
4-3c4=Ccy, 
5-4¢5 =C, 


More generally, for n > 3, we have n-(n— 1)cy=c, _ 3. In fact, all coefficients can be written in terms of 


Cg and cj. To see this, first note that c, = 0. Then 


at) 
“o> Buy 
Cc 
C473 
For C5, Cg, C7, we see that 
cs= 54 =0, 
% C3 a) 
67 6:5 6-5-3+2’ 
Z C4 _ Cy 
oan Ee 7-6-4-3 


Therefore, the series solution of the differential equation is given by 


c c c c 
y=cgteyxt Ox? +203 4 yt 4 0.x . 7 1 : 


ey a Po  seag ' 


The initial condition y(0) =a implies cy = a. Differentiating this series term by term and using the fact that 
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y’ (0) =b, weconclude that c; = b. Therefore, the solution of this initial-value problem is 


3 6 4 7 
= xX 4 xX 4... pa ee ap. Cea 
y=o(l+ a5 4+ e254 )reer+rezat ) 


fe 6.20 Use power series to solve y” + xy = 0 with the initial condition y(0) =a and y’ (0) =b. 


Evaluating Nonelementary Integrals 


Solving differential equations is one common application of power series. We now turn to a second application. We show 
how power series can be used to evaluate integrals involving functions whose antiderivatives cannot be expressed using 
elementary functions. 


2 
One integral that arises often in applications in probability theory is jh e * dx. Unfortunately, the antiderivative of the 


2 
integrand e~* is not an elementary function. By elementary function, we mean a function that can be written using a 


finite number of algebraic combinations or compositions of exponential, logarithmic, trigonometric, or power functions. We 
remark that the term “elementary function” is not synonymous with noncomplicated function. For example, the function 


3 
f@= x? —3x+e* —sin(5x+4) isan elementary function, although not a particularly simple-looking function. Any 
integral of the form f f(x)dx where the antiderivative of f cannot be written as an elementary function is considered a 


nonelementary integral. 


Nonelementary integrals cannot be evaluated using the basic integration techniques discussed earlier. One way to evaluate 
such integrals is by expressing the integrand as a power series and integrating term by term. We demonstrate this technique 


2 
by considering f e* dx. 


Example 6.22 


Using Taylor Series to Evaluate a Definite Integral 


2 
a. Express [ e * dx asan infinite series. 


1 eae . . 
b. Evaluate 7 e dx to within an error of 0.01. 
0 


Solution 


2 
a. The Maclaurin series for e~* is given by 
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4 6 2n 
2,x x nx 
Pe og apt eee Wl a ee 


ll 
~~ 
| 
a 
— 
~ 
=p 


Therefore, 
_2 4 6 Qn 
fe * dx = |(1-P +p ete an 
3 5 7 2n+1 
= a ee iy ehh ss 
=Che a Pear gant Gaeta to 


b. Using the result from part a. we have 


12 
—x _;,_1 11 1 _.., 
[yer = 1-34 9-7 at ae 


The sum of the first four terms is approximately 0.74. By the alternating series test, this estimate is 


accurate to within an error of less than x 0.0046296 < 0.01. 


gilt 
216 


1 


6.21 
fe Express yi cosvxdx as an infinite series. Evaluate Ba cosvxdx to within an error of 0.01. 
0 


2 
As mentioned above, the integral f e* dx arises often in probability theory. Specifically, it is used when studying data 


sets that are normally distributed, meaning the data values lie under a bell-shaped curve. For example, if a set of data values 
is normally distributed with mean yw and standard deviation o, then the probability that a randomly chosen value lies 


between x =a and x = b is given by 


b 
i fee 1)? (207) (6.10) 
e dx. 
o\2n 
a 


(See Figure 6.11.) 
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a b b x 
Figure 6.11 If data values are normally distributed with mean yw and standard 


deviation o, the probability that a randomly selected data value is between a 


1 -@- 1) (207) 


and b is the area under the curve y = ——e between x =a 
oV2n 


and x=b. 


To simplify this integral, we typically let z = = This quantity z is known as the z score of a data value. With this 
simplification, integral Equation 6.10 becomes 
(6.11) 


In Example 6.23, we show how we can use this integral in calculating probabilities. 


Example 6.23 


Using Maclaurin Series to Approximate a Probability 


Suppose a set of standardized test scores are normally distributed with mean yw = 100 and standard deviation 


2 
o = 50. Use Equation 6.11 and the first six terms in the Maclaurin series for e~~ i 


probability that a randomly selected test score is between x = 100 and x = 200. Use the alternating series test 


to approximate the 


to determine how accurate your approximation is. 


Solution 
Since « = 100, 0 = 50, and we are trying to determine the area under the curve from a= 100 to b = 200, 


integral Equation 6.11 becomes 


2.2 
1 —27/2 
—hl/e dz. 
Bel 


2 
The Maclaurin series for e~* / is given by 
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n=0 
> 4 6 yon 
= 1]-—*_+4_4_- 4_ +». +(-1)” aa 
alt 2.90 933i a In 
co 
= ~1)"_x 
2, 2" -n! 
Therefore, 
=Z 7124 _ 
defen - 


6 2n 
1 z z z nz 
1- + — jae (—] pee dd. 
dal ai oor ga! a Le Jac 
1 
V2n 


C 2 2 z? Dt gntl 
i ‘soa Gea goa a 


2 2 11 
1 —2°/2 — _l 8, 32_ 128, 512 _  ~=2 ae 
pal de 1(:- 6140 336° 3456 47.95.51 ) 
Using the first five terms, we estimate that the probability is approximately 0.4922. By the alternating series 
test, we see that this estimate is accurate to within 


A 0.00546 
Vn 13-29-61 


Analysis 
If you are familiar with probability theory, you may know that the probability that a data value is within two 
standard deviations of the mean is approximately 95%. Here we calculated the probability that a data value is 


between the mean and two standard deviations above the mean, so the estimate should be around 47.5%. The 
estimate, combined with the bound on the accuracy, falls within this range. 


2 
os ~*"/2 to estimate the probability that a randomly 


Use the first five terms of the Maclaurin series for e 
selected test score is between 100 and 150. Use the alternating series test to determine the accuracy of this 


estimate. 


Another application in which a nonelementary integral arises involves the period of a pendulum. The integral is 
m2 


| dO 
9 \l—k?sin?@ 


An integral of this form is known as an elliptic integral of the first kind. Elliptic integrals originally arose when trying to 
calculate the arc length of an ellipse. We now show how to use power series to approximate this integral. 


Example 6.24 


Period of a Pendulum 


The period of a pendulum is the time it takes for a pendulum to make one complete back-and-forth swing. For a 
pendulum with length ZL that makes a maximum angle @ mx with the vertical, its period T is given by 
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rash) 


where g is the acceleration due to gravity and k = sin( 2m) (see Figure 6.12). (We note that this formula 


jae sin? 


for the period arises from a non-linearized model of a pendulum. In some cases, for simplification, a linearized 
model is used and sin@ is approximated by @.) Use the binomial series 


ie (-1)" 1-3-5+: ‘Qn —1) in 
ee 
to estimate the period of this pendulum. Specifically, approximate the period of the pendulum if 
a. you use only the first term in the binomial series, and 


b. you use the first two terms in the binomial series. 


Equilibrium 
position 
Figure 6.12 This pendulum has length L and makes a 
maximum angle @max with the vertical. 


Solution 


We use the binomial series, replacing x with —k? sin?@. Then we can write the period as 


_ pal2 
Pa aye 14+14k2sin29 + 4:344 sin40 + --- Jao. 
ar 2 2127 
a. Using just the first term in the integrand, the first-order estimate is 
m2 
= dni. 
T x aan do = 2n\\E. 


If Omax is small, then k = sin( “max is small. We claim that when k is small, this is a good estimate. 


To justify this claim, consider 
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n/2 
| (: 442 sin29 4 1:3 k4 sinto + ao 
‘ 2 2127 


Since |sinx| < 1, this integral is bounded by 
a/2 


1,24 1:3 74 Jao < (4 1-374 -) 
| ( “on? * 71 | 


Furthermore, it can be shown that each coefficient on the right-hand side is less than 1 and, therefore, 
that this expression is bounded by 


2 2 
ak 24744...)— ak*,_ 1 
si +k +kt +--+) 7 poe 
which is small for k small. 


b. For larger values of @max, we can approximate 7 by using more terms in the integrand. By using the 


first two terms in the integral, we arrive at the estimate 


T x aEf" (1 + 44? sin? 00 
0 


The applications of Taylor series in this section are intended to highlight their importance. In general, Taylor series are 
useful because they allow us to represent known functions using polynomials, thus providing us a tool for approximating 
function values and estimating complicated integrals. In addition, they allow us to define new functions as power series, 
thus providing us with a powerful tool for solving differential equations. 
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6.4 EXERCISES 


In the following exercises, use appropriate substitutions to 
write down the Maclaurin series for the given binomial. 


174. A —x)'4 


175, (1+ 2 


i7g. Gog 


177. (1=—2x)%8 


In the following exercises, use the substitution 
r 
Po r x-—a : . . 
(b+ x)’ =(b+a) (1 + Bae a) in the binomial 


expansion to find the Taylor series of each function with the 
given center. 


178. Vx+2 at a=0 


179. Vx2+2 ata=0 


180. Vx+2 ata=1 


181. 2x — x2 at 
2x —x?=1-(x-1)”) 

182. (x—8)!9 ata=9 

183. vx ata=4 


184. x! at a=27 
185. vx at x=9 


In the following exercises, use the binomial theorem to 
estimate each number, computing enough terms to obtain 
an estimate accurate to an error of at most 1/1000. 


186. [T] (15)!4 using (16 — x) 4 
187. [T] (1001)! using (1000 + x)! 


In the following exercises, use the binomial approximation 
|e ae ae a A 

2 8 16 128 256 
approximate each number. Compare this value to the value 
given by a scientific calculator. 


1-x7x for lxl< 1 to 


188. [T] 5 using x =4 in 1 —x)!? 
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189. [T] V5 = 5x75 using x=§ in I —x)!? 


190. [T] V3= 7 using x= in (1 —x)!? 


191. [T] V6 using x =3 in I —x)!? 


192. Integrate the binomial approximation of V1 — x to 


x 
find an approximation of [ V1 — tdt. 
0 


193. [T] Recall that the graph of V1 — x* is an upper 


semicircle of radius 1. Integrate the binomial 


approximation of V1 — x up to order 8 from x = —1 to 


x = 1 to estimate 5 


In the following exercises, use the expansion 
Wop Jods PR N04 
(1 + x) =1+3x gt + 37x 343% + to 


write the first five terms (not necessarily a quartic 
polynomial) of each expression. 


194. (1+4x)!?:a=0 
195. (1+4x)*3:a=0 


196. (3+2x)!3:a=-1 


197. (x?-+6x+ 10) a=-3 


198. Use 
das 1 ie dx? + 2x3 — HOt + + with 


x = 1 to approximate a", 


199. Use the approximation 
_ 2/3 _ 4 2x x2 _ 4x3 = 1x4 _ 14x> _ 
OO lag Bi 24g a 


|x| < 1 to approximate Pen ae 


13 
200. Find the 25th derivative of f(x)=(1+.x7) at 
x=0. 


4 25 
201. Find the 99 th derivative of f(x) = (1 +.*) 


In the following exercises, find the Maclaurin series of each 
function. 
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202. fxyy= xe>* 
203. f= 


204. f(x) = Sina 


_ sin(vx) 
205. fix)=—===, > 0), 
206. f(x) = sin(x?) 

3 

207. f(x) =e* 
208. fM= cos” x using the identity 
cos?x = 4 + Fc0s (2x) 
209. f@M= sin? x using the identity 
sin? x = 4- 4cos (2x) 


In the following exercises, find the Maclaurin series of 


Xx 
F(X) = ie f(t)dt by integrating the Maclaurin series of 


f term by term. If f is not strictly defined at zero, you 


may substitute the value of the Maclaurin series at zero. 


Z ») pe” 
a nm 


210. F(x) = [ ent ae f() =e 
0 


211. F — 1 : = 1 = ~1)" 2n 
Gy Stan 5. FG) 2 Yen 


212. F(x) = tanh 


CO 
Bee ae oe a 


co (1) 9% 
213. F(x)=sin“!x, fi) =—L—-= DY 2 7 


Vi-r?  k=0 
214. 
Xs : co 
Foy = f la; fo = SBE = >» ("4 


2n 


Ont Dd! 


D185: Pa) = f cos(vDat fO= 2 Dar 


216. 


xX co 
— | Lecost,,. — l=cost _ ey eee ee 
rod= | Pitde fi) = l= P= Dl CD" Gay 
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217. F(x) = { nd+og ee ey +) a 
0 


; f= pa ei 


In the following exercises, compute at least the first three 
nonzero terms (not necessarily a quadratic polynomial) of 
the Maclaurin series of /. 


218. f(x) = sin(x + 2) = sinxcos(4 )+ cos xsin(2) 


4 4 4 


219. f(x) = tanx 
220. f(x) = In(cosx) 
221. f(x) =e*cosx 


222. f(x) = ein 


223. f(x= sec? x 


224. f(x) = tanhx 
— tanvx ‘ 
225. f(x= VE (see expansion for tanx) 


In the following exercises, find the radius of convergence 
of the Maclaurin series of each function. 


226. In(1 +x) 


1 
227. 
1+x? 


228. tan~!x 


229. In(1 + x’) 


230. Find the Maclaurin series of sinhx = £ De 
231. Find the Maclaurin series of coshx = © +e 


232. Differentiate term by term the Maclaurin series of 
sinhx and compare the result with the Maclaurin series of 


coshx. 
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wg 2k+1 
233. [T] Let S,(o= )) (-1l**—— and 
k=0 


Qk+ 1)! 
n 


2k 
= > (-1)* Ob! denote the 
n=0 . 


Maclaurin polynomials of degree 2n +1 of sinx and 


Cy(x) respective 


degree 2n of cosx. Plot the errors Dns _ tans for 
Cy (x) 
n= : ec) and compare them to 
Be Dire: Wie! _£ 2 
xa 4 Be 4 Ue tanx on (-4, 2) 


234. Use the identity 2sinxcosx = sin(2x) to find the 


power series expansion of sin*x at x=0. (Hint: 


Integrate the Maclaurin series of sin(2x) term by term.) 


CO 
235. If y= » a,x", find the power series expansions 
n=0 
of xy’ and x“y’. 


(es) 


236. [T] Suppose that y= > a,x* 
k=0 


satisfies 


y’ =—2xy and — = 0. Show that a>, , =0 for all 


k and that a3,4.= Plot the partial sum S59 of 


ea + a 
y on the interval [—4, 4]. 


237. [T] Suppose that a set of standardized test scores 
is normally distributed with mean u = 100 and standard 


deviation o = 10. Set up an integral that represents the 
probability that a test score will be between 90 and 110 


and use the integral of the degree 10 Maclaurin 


2 
polynomial of ee 


to estimate this probability. 
Von p y 


238. [T] Suppose that a set of standardized test scores 
is normally distributed with mean u = 100 and standard 
deviation o = 10. Set up an integral that represents the 
probability that a test score will be between 70 and 130 


and use the integral of the degree 50 Maclaurin 


2 
polynomial of -He~*"/? 


\2a 


to estimate this probability. 


[ee) 
239. [T] Suppose that > a,x" converges to a function 
n=0 


f()=1, f/)=0, and 


—f(x). Finda formula for a, and plot the partial 


f@) such that 
f"@= 
sum Sj for N = 20 on [—5S, 5]. 
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CoO 
240. [T] Suppose that > anx" converges to a function 
n=0 


f@ such that (0) 
f’'@ a 
sum Sj, for N = 10 on [-5, 5]. 


=0, f’()=1, and 
— f(x). Finda formula for a, and plot the partial 


co 


241. Suppose that > a,x" converges to a function 
n=0 
y such that y”’—y’+y=0 where y(0)=1 and 
y’(O) = 0. Find a formula that relates a,,45, 4,44, and 
dy and compute dg, ..., a5. 
co 
242. Suppose that > a,x" converges to a function 
n=0 
y such that y”—y’+y=0 where y(0)=0O and 


y’ (0) = 1. Find a formula that relates a, 45, 4,4, and 


dy and compute ay, ..., a5. 


b 
The error in approximating the integral i f(t)dt by that 
a 
of a Taylor approximation [ P,(t)dt is at most 
a 


b 
[ R,@dt. In the following exercises, the Taylor 
a 


n+1 


remainder estimate Ry, <—“—~—Ilx — al guarantees 


< G+ +7 
that the integral of the Taylor polynomial of the given ae 


approximates the integral of f with an error less than =~ Ta 0° 


a. Evaluate the integral of the appropriate Taylor 
polynomial and verify that it aera the CAS 


value with an error less than a 


b. Compare the accuracy of the polynomial integral 
estimate with the remainder estimate. 


2 4 
HEX 
31 I 
may assume that the absolute value of the ninth derivative 
of sunt is bounded by 0.1.) 


” sint -x x8 
243, [T] if: Sintgr, P, = 1- +2; (You 
0 


244. [T] 


a 4 6 22 
es dx; pyy =1-x°+4--X4-.-— (You 
0 


2. - 3 11! 
may assume that the absolute value of the 23rd derivative 


2 
of e~* isless than 2x 10!4,) 


The following exercises deal with Fresnel integrals. 
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245. The Fresnel integrals are defined by 


C(x) = J cos(t?)a and S(x) = Jf sin(??)at Compute 


the power series of C(x) and S(x) and plot the sums 
Cy() and S,j(x) of the first N = 50 nonzero terms on 
[0, 27]. 


246. [T] The Fresnel integrals are used in design 
applications for roadways and railways and_ other 
applications because of the curvature properties of the 
curve with coordinates (C(t), S(t). Plot the curve 


(C50, S59) for O<t<2z, the coordinates of which 


were computed in the previous exercise. 


1/4 
247. Estimate [ \x — x?dx by approximating V1 — x 
0 
using the binomial 
2 3 


y—-X XO XL 5x4 _ Ix? 
2 8 16 2128 256° 


approximation 


248. [T] Use Newton’s approximation of the binomial 


V1 — x to approximate z as follows. The circle centered 


at (4 0) with radius 4 has upper semicircle 


phe 
y = vxV1 — x. The sector of this circle bounded by the x 


-axis between x =O and x= 4 and by the line joining 


1 3 1 4 


(4 3) corresponds to rs of the circle and has area 54° 


\3 


This sector is the union of a right triangle with height ae 


and base + and the region below the graph between x = 0 


4 


and x =. To find the area of this region you can write 


4 
y=vxVl-—x=vxx (binomial expansion of V1 — x 


and integrate term by term. Use this approach with the 
binomial approximation from the previous exercise to 
estimate z. 


a 2 
249. Use the approximation x 2n\K{1 +E) to 


approximate the period of a pendulum having length 10 


meters and maximum angle Omax =e where 


k= sin( 2m), Compare this with the small angle 


. | 
estimate T + 2n\ 


oa |] 
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250. Suppose that a pendulum is to have a period of 
2 seconds and a maximum angle of Omax = Use 


ra 2 
i ~) 2a\ (1 + te) to approximate the desired length of 


the pendulum. What length is predicted by the small angle 


estimate T ~ ane? 


a2 4 
251. Evaluate ‘i sin"@d@ in the approximation 
0 


—a/2 
aE fe dy? eats Bat eh: 0. 
T=4\8| (144 sin O+ gk sin” 0+ )ao to 


obtain an improved estimate for T. 


252. [T] An equivalent formula for the period of a 


pendulum with amplitude O max is 
> Omax 
T@ = 2,2 |L dé where L is 
(max) Vg ‘i Vcos 0 — cos(@ max) 
the pendulum length and g is the gravitational acceleration 
constant. When Ginx = 5 we get 
a 121 + ie + e + isi) Integrate this 
Veost — 1/2 213" "720 . 
approximation to estimate 7() in terms of Z and g. 


Assuming g = 9.806 meters per second squared, find an 


approximate length L such that 7(Z) = 2 seconds. 


3 
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CHAPTER 6 REVIEW 


KEY TERMS 


binomial series the Maclaurin series for f(x) = (1 + x)’; itis given by 


ee) 
(+x)'= ([)et = bt ret Mg Dent Dy. for |x| < 1 
0 ! 


2! 


n= 
interval of convergence the set of real numbers x for which a power series converges 


Maclaurin polynomial a Taylor polynomial centered at 0; the nth Taylor polynomial for f at 0 is the nth Maclaurin 


polynomial for f 
Maclaurin series a Taylor series for a function f at x =O is known asa Maclaurin series for f 


nonelementary integral an integral for which the antiderivative of the integrand cannot be expressed as an elementary 
function 


power series 


[ec] co 
a series of the form >, Cnx" is a power series centered at x = 0; a series of the form = Cn (x — a)” 
n=0 n=0 


is a power series centered at x =a 


radius of convergence if there exists a real number R > 0 such that a power series centered at x = a converges for 
Ix — al < R and diverges for |x —a| > R, then Ris the radius of convergence; if the power series only converges at 
x =a, the radius of convergence is R = 0; if the power series converges for all real numbers x, the radius of 


convergence is R = co 


Taylor polynomials the nth Taylor polynomial for f at x=a is 


" (n) 
Pax) = fa) +f’ @a-a + QOe- a+ + Oe -a" 


n: 


Taylor series a power series at a that converges to a function f on some open interval containing a 


Taylor’s theorem with remainder for a function f and the nth Taylor polynomial for f at x= a, the remainder 


(n+ 1) 
Rn (x) = f(x) — pn(x) satisfies Ry (x) = foots ayy 


: ‘ : = +1 
for some c between x and aq; if there exists an interval I containing a and a real number M such that | if wen (| <M 


for all x in I, then |R,(x)| < “44x - al"*! 
term-by-term differentiation of a power series a technique for evaluating the derivative of a power series 
co 
>» Cyn(x— a)" by evaluating the derivative of each term separately to create the new power series 
n=0 
co 
> NCy(x— a)” ; 
n=1 
term-by-term integration of a power series = rs 
a technique for integrating a power series > Cyn(x-—a)” by 
n=0 


(«c—a"t! 


co 
integrating each term separately to create the new power series C + > Cn aa 


n=0 
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KEY EQUATIONS 


Power series centered at x = 0 
oO 
n 2 
CyX = CotCyX+CgxX +e 
n=0 


Power series centered at x =a 
(os) 


» Cn(x— a)" =cg tc, (x—a) +0e,(4—-a)* +» 
n=0 


Taylor series for the function f at the point x =a 


co (n) ” (n) 
>, LO - a)" = f(a+f' (@ax-a) +52 — a)? +o +O, - a)" +0 


n=0 


KEY CONCEPTS 


6.1 Power Series and Functions 


For a power series centered at x = a, one of the following three properties hold: 


i. The power series converges only at x = a. In this case, we say that the radius of convergence is R = 0. 


ii. The power series converges for all real numbers x. In this case, we say that the radius of convergence is 
R=o. 


iii. There is a real number R such that the series converges for |x — al < R and diverges for |x—a|>R. In 
this case, the radius of convergence is R. 
If a power series converges on a finite interval, the series may or may not converge at the endpoints. 


The ratio test may often be used to determine the radius of convergence. 


1 
1-x 


co 
The geometric series b> x= 
n=0 


for |x| < 1 allows us to represent certain functions using geometric series. 


6.2 Properties of Power Series 


co CO 
Given two power series >, Cnx" and > dnx" that converge to functions f and g on a common interval J, 
n=0 n=0 


the sum and difference of the two series converge to f +g, respectively, on J. In addition, for any real number b 


co 


co 
and integer m > 0, the series » bx"™ cnx" converges to bx” f(x) and the series > Cn(bx"")" converges 
n=0 n=0 


to f(bx’") whenever bx” is in the interval I. 


Given two power series that converge on an interval (—R, R), the Cauchy product of the two power series 


converges on the interval (—R, R). 


Given a power series that converges to a function f on an interval (—R, R), the series can be differentiated term- 


by-term and the resulting series converges to f’ on (—R, R). The series can also be integrated term-by-term and 


the resulting series converges to [ f(x)dx on (-R, R). 


6.3 Taylor and Maclaurin Series 


Taylor polynomials are used to approximate functions near a value x =a. Maclaurin polynomials are Taylor 
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polynomials at x = 0. 
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¢ The nth degree Taylor polynomials for a function f are the partial sums of the Taylor series for /. 


¢ Ifafunction f has a power series representation at x = a, then it is given by its Taylor series at x = a. 


e A Taylor series for f converges to f if and only if im Rn (x) = 0 where R, (x) = f(x) — py (X). 


* The Taylor series for e“, sinx, and cosx converge to the respective functions for all real x. 


6.4 Working with Taylor Series 


* The binomial series is the Maclaurin series for f(x) = (1 + x)’. It converges for |x| < 1. 


¢ Taylor series for functions can often be derived by algebraic operations with a known Taylor series or by 


differentiating or integrating a known Taylor series. 


¢ Power series can be used to solve differential equations. 


¢ ‘Taylor series can be used to help approximate integrals that cannot be evaluated by other means. 


CHAPTER 6 REVIEW EXERCISES 


True or False? In the following exercises, justify your 
answer with a proof or a counterexample. 
253. If the radius of convergence for a power series 
co 

y anx" is 5, then the radius of convergence for the 
n=0 

ie.) 

series bs nanx"! isalso 5. 


r= 1 


254. Power series can be used to show that the derivative 
co 


of e* ise”. (Hint: Recall that e* = > ty") 


255. For small values of x, sinx © x. 


256. The radius of convergence for the Maclaurin series of 
f(x) = 3” is 3. 


In the following exercises, find the radius of convergence 
and the interval of convergence for the given series. 


co 


257. )) n%(x-1)" 
n=0 
co 
258 x" 
is n 
n=0” 
co 3 n 
259. tes 
p> 12” 
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> 2° n 
260. (x - 
4 a e) 


In the following exercises, find the power series 
representation for the given function. Determine the radius 
of convergence and the interval of convergence for that 
series. 


x2 
261. f(x) = 5 


262, f(x) =—Sxt+2 _ 
2x* —3x+1 

In the following exercises, find the power series for the 
given function using term-by-term differentiation or 
integration. 


263. f(x) = tan! (2x) 


264. f(x) = —+—, 
(2 + ) 


In the following exercises, evaluate the Taylor series 
expansion of degree four for the given function at the 
specified point. What is the error in the approximation? 


265. f(x) =x°-2x7+4,a=-3 


nee ee 


266. f(x) =e 4 


In the following exercises, find the Maclaurin series for the 
given function. 
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267. f(x) = cos(3x) 
268. f(x) =In(x+ 1) 
In the following exercises, find the Taylor series at the 


given value. 


269. f(x) =sinx,a= 


Na 


270. f(x)=3,a=1 
In the following exercises, find the Maclaurin series for the 
given function. 


) 
271. f(x)=e* -1 
272. f(x) =cosx — xsinx 


In the following exercises, find the Maclaurin series for 


Xx 

F(X) = [ f(Hdt by integrating the Maclaurin series of 
0 

f(x) term by term. 


273. f(x) = Sinz 
274. f(x)=1-e* 


275. Use power series to prove Euler’s formula: 


e = cosx +isinx 


The following exercises consider problems of annuity 
payments. 


276. For annuities with a present value of $1 million, 


calculate the annual payouts given over 25 years assuming 
interest rates of 1%, 5%, and 10%. 


277. A lottery winner has an annuity that has a present 
value of $10 million. What interest rate would they need 


to live on perpetual annual payments of $250,000? 


278. Calculate the necessary present value of an annuity 
in order to support annual payouts of $15,000 given over 


25 years assuming interest rates of 1%, 5%, and 10%. 
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Figure 7.1 The chambered nautilus is a marine animal that lives in the tropical Pacific Ocean. Scientists think they have 
existed mostly unchanged for about 500 million years.(credit: modification of work by Jitze Couperus, Flickr) 
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Chapter Outline 


7.1 Parametric Equations 

7.2 Calculus of Parametric Curves 

7.3 Polar Coordinates 

7.4 Area and Arc Length in Polar Coordinates 
7.5 Conic Sections 


Introduction 


The chambered nautilus is a fascinating creature. This animal feeds on hermit crabs, fish, and other crustaceans. It has a 
hard outer shell with many chambers comnected in a spiral fashion, and it can retract into its shell to avoid predators. When 
part of the shell is cut away, a perfect spiral is revealed, with chambers inside that are somewhat similar to growth rings in 
a tree. 


The mathematical function that describes a spiral can be expressed using rectangular (or Cartesian) coordinates. However, 
if we change our coordinate system to something that works a bit better with circular patterns, the function becomes much 
simpler to describe. The polar coordinate system is well suited for describing curves of this type. How can we use this 
coordinate system to describe spirals and other radial figures? (See Example 7.14.) 


In this chapter we also study parametric equations, which give us a convenient way to describe curves, or to study the 
position of a particle or object in two dimensions as a function of time. We will use parametric equations and polar 
coordinates for describing many topics later in this text. 


7.1 | Parametric Equations 


Learning Objectives 


7.1.1 Plot a curve described by parametric equations. 


7.1.2 Convert the parametric equations of a curve into the form y = f(x). 


7.1.3 Recognize the parametric equations of basic curves, such as a line and a circle. 
7.1.4 Recognize the parametric equations of a cycloid. 


In this section we examine parametric equations and their graphs. In the two-dimensional coordinate system, parametric 
equations are useful for describing curves that are not necessarily functions. The parameter is an independent variable that 
both x and y depend on, and as the parameter increases, the values of x and y trace out a path along a plane curve. For 
example, if the parameter is t (a common choice), then t might represent time. Then x and y are defined as functions of time, 
and (x(t), y(t)) can describe the position in the plane of a given object as it moves along a curved path. 


Parametric Equations and Their Graphs 


Consider the orbit of Earth around the Sun. Our year lasts approximately 365.25 days, but for this discussion we will use 
365 days. On January 1 of each year, the physical location of Earth with respect to the Sun is nearly the same, except for 


leap years, when the lag introduced by the extra 4 day of orbiting time is built into the calendar. We call January 1 “day 1” 


of the year. Then, for example, day 31 is January 31, day 59 is February 28, and so on. 


The number of the day in a year can be considered a variable that determines Earth’s position in its orbit. As Earth revolves 
around the Sun, its physical location changes relative to the Sun. After one full year, we are back where we started, and a 
new year begins. According to Kepler’s laws of planetary motion, the shape of the orbit is elliptical, with the Sun at one 
focus of the ellipse. We study this idea in more detail in Conic Sections. 
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January 1 
(t= 1) 


October 1 
(t = 274) 


Figure 7.2 Earth’s orbit around the Sun in one year. 


Figure 7.2 depicts Earth’s orbit around the Sun during one year. The point labeled F', is one of the foci of the ellipse; the 


other focus is occupied by the Sun. If we superimpose coordinate axes over this graph, then we can assign ordered pairs to 
each point on the ellipse (Figure 7.3). Then each x value on the graph is a value of position as a function of time, and each 
y value is also a value of position as a function of time. Therefore, each point on the graph corresponds to a value of Earth’s 
position as a function of time. 


Ya 


January 1 
(t= 1) 


(x(), yO) 


October 1 
(t = 274) 


Figure 7.3 Coordinate axes superimposed on the orbit of 
Earth. 


We can determine the functions for x(¢) and y(t), thereby parameterizing the orbit of Earth around the Sun. The variable 


t is called an independent parameter and, in this context, represents time relative to the beginning of each year. 


A curve in the (x, y) plane can be represented parametrically. The equations that are used to define the curve are called 


parametric equations. 


Definition 
If x and y are continuous functions of t on an interval I, then the equations 


x = x(t) and y = y(t) 


are called parametric equations and t is called the parameter. The set of points (x, y) obtained as t varies over the 
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interval I is called the graph of the parametric equations. The graph of parametric equations is called a parametric 
curve or plane curve, and is denoted by C. 


Notice in this definition that x and y are used in two ways. The first is as functions of the independent variable t. As t varies 
over the interval J, the functions x(¢) and y(t) generate a set of ordered pairs (x, y). This set of ordered pairs generates the 


graph of the parametric equations. In this second usage, to designate the ordered pairs, x and y are variables. It is important 
to distinguish the variables x and y from the functions x(t) and y(f). 


Graphing a Parametrically Defined Curve 


Sketch the curves described by the following parametric equations: 
a xH=t-l, ya=2t+4, -3<t<2 
b. xQ=-3, yQ=2t+1, -2<1<3 


c x) =4cost, yH=4sintz, O<t<2z 


Solution 
a. To create a graph of this curve, first set up a table of values. Since the independent variable in both x(t) 
and y(f) is t, let t appear in the first column. Then x(t) and y(t) will appear in the second and third 
columns of the table. 


The second and third columns in this table provide a set of points to be plotted. The graph of these points 
appears in Figure 7.4. The arrows on the graph indicate the orientation of the graph, that is, the direction 
that a point moves on the graph as t varies from —3 to 2. 
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=2 

x(t) =t-1 
y(t) = 2t+ 4 
-3=t=2 


Figure 7.4 Graph of the plane curve described by the 


parametric equations in part a. 


b. To create a graph of this curve, again set up a table of values. 


The second and third columns in this table give a set of points to be plotted (Figure 7.5). The first point 
on the graph (corresponding to tf = —2) has coordinates (1, —3), and the last point (corresponding 


to t= 3) has coordinates (6, 7). As t progresses from —2 to 3, the point on the curve travels along a 


parabola. The direction the point moves is again called the orientation and is indicated on the graph. 
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+t 
xt)=2:— 3 6+ 
y(t) = 2t+1 
-2=t=3 Sy 
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Figure 7.5 Graph of the plane curve described by the 
parametric equations in part b. 


c. In this case, use multiples of 2/6 for t and create another table of values: 


po 
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The graph of this plane curve appears in the following graph. 


tt 
x(t) = 4cost 5 = 
y(t) = 4sint i= > 
O=st=27 


Figure 7.6 Graph of the plane curve described by the 
parametric equations in part c. 


This is the graph of a circle with radius 4 centered at the origin, with a counterclockwise orientation. The 
starting point and ending points of the curve both have coordinates (4, 0). 


fe 7.1 Sketch the curve described by the parametric equations 
x(t) =3t+2, yQ=P-1, -3<1t<2. 


Eliminating the Parameter 


To better understand the graph of a curve represented parametrically, it is useful to rewrite the two equations as a single 
equation relating the variables x and y. Then we can apply any previous knowledge of equations of curves in the plane to 
identify the curve. For example, the equations describing the plane curve in Example 7.1b. are 


xf) =17-3, y(t)=2t+1, -2<1 <3. 


Solving the second equation for t gives 


This can be substituted into the first equation: 


a et pe ale ere 
cane a, | = 4. 


This equation describes x as a function of y. These steps give an example of eliminating the parameter. The graph of this 
function is a parabola opening to the right. Recall that the plane curve started at (1, —3) and ended at (6, 7). These 


terminations were due to the restriction on the parameter t. 
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Eliminating the Parameter 


Eliminate the parameter for each of the plane curves described by the following parametric equations and describe 
the resulting graph. 


a x)= V2t+4, yO=2t+1, —-2<t<6 


b. x =4cost, y(t)=3sint, O<t<22 


Solution 


a. To eliminate the parameter, we can solve either of the equations for t. For example, solving the first 
equation for t gives 


x = V2t+4 

x? = 2t+4 
x7-4 = 21 
2 

— xr-4 

t= 7 


this 


2 
Note that when we square both sides it is important to observe that x > 0. Substituting t = + 7 4 


into y(t) yields 


yt) = 2t4+1 
2 
= x“ -4 
y= 2( 7 jet 
= x7-441 
y= x7 = 3, 


This is the equation of a parabola opening upward. There is, however, a domain restriction because 
of the limits on the parameter t. When f=-2, x= \2(-2)+4=0, and when ¢=6, 


x = \2(6) +4 =4. The graph of this plane curve follows. 
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x(t) = \2t+ 4 
y(t) = 2t+1 
—-2=t=6 


Figure 7.7 Graph of the plane curve described by the 
parametric equations in part a. 


b. Sometimes it is necessary to be a bit creative in eliminating the parameter. The parametric equations for 
this example are 


x(t) = 4cost and y(t) = 3 sint. 


Solving either equation for t directly is not advisable because sine and cosine are not one-to-one functions. 
However, dividing the first equation by 4 and the second equation by 3 (and suppressing the f) gives us 


cost = Sand sint = 3. 


2 


Now use the Pythagorean identity cos*t+sin*t = 1 and replace the expressions for sinf and cost 


with the equivalent expressions in terms of x and y. This gives 


2 2 
i) +) = 


This is the equation of a horizontal ellipse centered at the origin, with semimajor axis 4 and semiminor 
axis 3 as shown in the following graph. 
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x(t) = 4cost 
y(t) = 3sint 4 
O=t=27 


Figure 7.8 Graph of the plane curve described by the 
parametric equations in part b. 


As t progresses from 0 to 22, a point on the curve traverses the ellipse once, in a counterclockwise 


direction. Recall from the section opener that the orbit of Earth around the Sun is also elliptical. This is a 
perfect example of using parameterized curves to model a real-world phenomenon. 


7.2 Eliminate the parameter for the plane curve defined by the following parametric equations and describe 
the resulting graph. 


x)=24+3, yQ=t-1, 2<t<6 
ft 


So far we have seen the method of eliminating the parameter, assuming we know a set of parametric equations that describe 
a plane curve. What if we would like to start with the equation of a curve and determine a pair of parametric equations for 
that curve? This is certainly possible, and in fact it is possible to do so in many different ways for a given curve. The process 
is known as parameterization of a curve. 


Parameterizing a Curve 


Find two different pairs of parametric equations to represent the graph of y = O43, 


Solution 
First, it is always possible to parameterize a curve by defining x(t) =, then replacing x with t in the equation 


for y(t). This gives the parameterization 


x(t) =, y(t) = 207-3. 
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Since there is no restriction on the domain in the original graph, there is no restriction on the values of t. 


We have complete freedom in the choice for the second parameterization. For example, we can choose 
x(t) = 3t — 2. The only thing we need to check is that there are no restrictions imposed on x; that is, the range 


of x(t) is all real numbers. This is the case for x(t) = 3t-—2. Now since y= 2x? — 3, we can substitute 


x(t) = 3t —2 for x. This gives 


y(t) = 2(3t—2)7-2 
= 2(91? — 121 +.4)-2 
= 1817 — 244+ 8-2 
= 1817 — 241 + 6. 
Therefore, a second parameterization of the curve can be written as 


x(t) = 3t — 2 and y(t) = 18f7 — 241+ 6. 


fe 7.3 Find two different sets of parametric equations to represent the graph of y = x? + 2x. 


Cycloids and Other Parametric Curves 


Imagine going on a bicycle ride through the country. The tires stay in contact with the road and rotate in a predictable 
pattern. Now suppose a very determined ant is tired after a long day and wants to get home. So he hangs onto the side of 
the tire and gets a free ride. The path that this ant travels down a straight road is called a cycloid (Figure 7.9). A cycloid 
generated by a circle (or bicycle wheel) of radius a is given by the parametric equations 


x(t) =a(t—sint), y(t) =a(1 —cos?). 
To see why this is true, consider the path that the center of the wheel takes. The center moves along the x-axis at a constant 
height equal to the radius of the wheel. If the radius is a, then the coordinates of the center can be given by the equations 
x)=at, ytHh=a 


for any value of ¢. Next, consider the ant, which rotates around the center along a circular path. If the bicycle is moving 


from left to right then the wheels are rotating in a clockwise direction. A possible parameterization of the circular motion of 
the ant (relative to the center of the wheel) is given by 


x(t)=—-asint, y(t) =—acost. 
(The negative sign is needed to reverse the orientation of the curve. If the negative sign were not there, we would have to 
imagine the wheel rotating counterclockwise.) Adding these equations together gives the equations for the cycloid. 
x(t) =a(t—sint), y(t) =a(1 —cos?). 
y 


x 
Figure 7.9 A wheel traveling along a road without slipping; the point on 
the edge of the wheel traces out a cycloid. 


Now suppose that the bicycle wheel doesn’t travel along a straight road but instead moves along the inside of a larger wheel, 
as in Figure 7.10. In this graph, the green circle is traveling around the blue circle in a counterclockwise direction. A point 
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on the edge of the green circle traces out the red graph, which is called a hypocycloid. 
+t 


6+ 
x(t) = 3cos t+ cos 3t 


°T w(t) = 3sint — sin 3t 


Figure 7.10 Graph of the hypocycloid described by the parametric 
equations shown. 


The general parametric equations for a hypocycloid are 
a a—b 
x(t) = (a—b)cost+b cos b )e 


y(t) = (a—b)sint—b sin(4—2) t. 


These equations are a bit more complicated, but the derivation is somewhat similar to the equations for the cycloid. In this 
case we assume the radius of the larger circle is a and the radius of the smaller circle is b. Then the center of the wheel 
travels along a circle of radius a—b. This fact explains the first term in each equation above. The period of the second 
trigonometric function in both x(t) and y(t) is equal to Jab. 


The ratio & is related to the number of cusps on the graph (cusps are the corners or pointed ends of the graph), as illustrated 


b 
in Figure 7.11. This ratio can lead to some very interesting graphs, depending on whether or not the ratio is rational. 
Figure 7.10 corresponds to a=4 and b= 1. The result is a hypocycloid with four cusps. Figure 7.11 shows some 
a 


b 
number of cusps, so they never return to their starting point. These are examples of what are known as space-filling curves. 


other possibilities. The last two hypocycloids have irrational values for “. In these cases the hypocycloids have an infinite 
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Figure 7.11 Graph of various hypocycloids corresponding to 
different values of a/b. 
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Student 


The Witch of Agnesi 


Many plane curves in mathematics are named after the people who first investigated them, like the folium of Descartes 
or the spiral of Archimedes. However, perhaps the strangest name for a curve is the witch of Agnesi. Why a witch? 


Maria Gaetana Agnesi (1718-1799) was one of the few recognized women mathematicians of eighteenth-century Italy. 
She wrote a popular book on analytic geometry, published in 1748, which included an interesting curve that had been 
studied by Fermat in 1630. The mathematician Guido Grandi showed in 1703 how to construct this curve, which he 
later called the “versoria,” a Latin term for a rope used in sailing. Agnesi used the Italian term for this rope, “versiera,” 
but in Latin, this same word means a “female goblin.” When Agnesi’s book was translated into English in 1801, the 
translator used the term “witch” for the curve, instead of rope. The name “witch of Agnesi” has stuck ever since. 


The witch of Agnesi is a curve defined as follows: Start with a circle of radius a so that the points (0, 0) and (0, 2a) 


are points on the circle (Figure 7.12). Let O denote the origin. Choose any other point A on the circle, and draw the 
secant line OA. Let B denote the point at which the line OA intersects the horizontal line through (0, 2a). The vertical 


line through B intersects the horizontal line through A at the point P. As the point A varies, the path that the point P 
travels is the witch of Agnesi curve for the given circle. 


Witch of Agnesi curves have applications in physics, including modeling water waves and distributions of spectral 
lines. In probability theory, the curve describes the probability density function of the Cauchy distribution. In this 
project you will parameterize these curves. 


ya 


Figure 7.12 As the point A moves around the circle, the point P traces out the witch of 
Agnesi curve for the given circle. 


1. On the figure, label the following points, lengths, and angle: 
a. Cis the point on the x-axis with the same x-coordinate as A. 
b. x is the x-coordinate of P, and y is the y-coordinate of P. 
c. Eis the point (0, a). 
d. Fis the point on the line segment OA such that the line segment EF is perpendicular to the line segment 
OA. 


e. bis the distance from O to F. 


f. cis the distance from F to A. 
g. dis the distance from O to B. 
h. @ is the measure of angle ZCOA. 


The goal of this project is to parameterize the witch using @ as a parameter. To do this, write equations for x 
and y in terms of only 0. 
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2. Show that d= 24. 
sin 0 


3. Note that x =dcos@. Show that x =2acot@. When you do this, you will have parameterized the 
x-coordinate of the curve with respect to @. If you can get a similar equation for y, you will have parameterized 
the curve. 


4. Interms of 0, what is the angle 2EOA? 


5. Show that b+ c= 2a cos(3 — 0) 


6. Show that y = 2a cos(E — 0) sin 0. 


7. Show that y = 2a sin?@. You have now parameterized the y-coordinate of the curve with respect to 0. 


8. Conclude that a parameterization of the given witch curve is 
x = 2acot 0, y =2asin?0, —0 <0<o. 


8a3 


9. Use your parameterization to show that the given witch curve is the graph of the function f(x) = Foner) 
x" +4a 


620 


Student 


Travels with My Ant: The Curtate and Prolate Cycloids 


Earlier in this section, we looked at the parametric equations for a cycloid, which is the path a point on the edge of a 
wheel traces as the wheel rolls along a straight path. In this project we look at two different variations of the cycloid, 
called the curtate and prolate cycloids. 


First, let’s revisit the derivation of the parametric equations for a cycloid. Recall that we considered a tenacious ant 
trying to get home by hanging onto the edge of a bicycle tire. We have assumed the ant climbed onto the tire at the very 
edge, where the tire touches the ground. As the wheel rolls, the ant moves with the edge of the tire (Figure 7.13). 


As we have discussed, we have a lot of flexibility when parameterizing a curve. In this case we let our parameter t 
represent the angle the tire has rotated through. Looking at Figure 7.13, we see that after the tire has rotated through 
an angle of t, the position of the center of the wheel, C = (xc, yc), is given by 


Xc=atandyc =a. 
Furthermore, letting A = (x4, y,) denote the position of the ant, we note that 
Xc—X, =asintandyc—y, =acost. 


Then 
Xq=Xc—asint = at—asint = a(t —sint) 


YA =Yco 7 acost =a—acost=a(1 —cost). 


y Yh 
A 
oe Yelon 
Yal-- at 
A’ 
' 
' 
n . oa, e 
(a) (b) 


Figure 7.13 (a) The ant clings to the edge of the bicycle tire as the tire rolls along 
the ground. (b) Using geometry to determine the position of the ant after the tire has 
rotated through an angle of t. 


Note that these are the same parametric representations we had before, but we have now assigned a physical meaning 
to the parametric variable t. 


After a while the ant is getting dizzy from going round and round on the edge of the tire. So he climbs up one of the 
spokes toward the center of the wheel. By climbing toward the center of the wheel, the ant has changed his path of 
motion. The new path has less up-and-down motion and is called a curtate cycloid (Figure 7.14). As shown in the 
figure, we let b denote the distance along the spoke from the center of the wheel to the ant. As before, we let t represent 
the angle the tire has rotated through. Additionally, we let C = (xc, yc) represent the position of the center of the 


wheel and A = (x4, y,) represent the position of the ant. 
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(a) (b) 


(c) 
Figure 7.14 (a) The ant climbs up one of the spokes toward the center of the wheel. (b) 
The ant’s path of motion after he climbs closer to the center of the wheel. This is called a 
curtate cycloid. (c) The new setup, now that the ant has moved closer to the center of the 
wheel. 


1. What is the position of the center of the wheel after the tire has rotated through an angle of t? 


2. Use geometry to find expressions for x~ — x, and for yc— yy. 


3. On the basis of your answers to parts 1 and 2, what are the parametric equations representing the curtate 
cycloid? 
Once the ant’s head clears, he realizes that the bicyclist has made a turn, and is now traveling away from his 
home. So he drops off the bicycle tire and looks around. Fortunately, there is a set of train tracks nearby, headed 
back in the right direction. So the ant heads over to the train tracks to wait. After a while, a train goes by, 
heading in the right direction, and he manages to jump up and just catch the edge of the train wheel (without 
getting squished!). 
The ant is still worried about getting dizzy, but the train wheel is slippery and has no spokes to climb, so he 
decides to just hang on to the edge of the wheel and hope for the best. Now, train wheels have a flange to keep 
the wheel running on the tracks. So, in this case, since the ant is hanging on to the very edge of the flange, the 
distance from the center of the wheel to the ant is actually greater than the radius of the wheel (Figure 7.15). 
The setup here is essentially the same as when the ant climbed up the spoke on the bicycle wheel. We let 
b denote the distance from the center of the wheel to the ant, and we let t represent the angle the tire has 
rotated through. Additionally, we let C = (xc, yc) represent the position of the center of the wheel and 


A = (x4, Yq) represent the position of the ant (Figure 7.15). 


When the distance from the center of the wheel to the ant is greater than the radius of the wheel, his path of 
motion is called a prolate cycloid. A graph of a prolate cycloid is shown in the figure. 
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YA nd 
A 
_ 
x x 
A 
(a) (b) 


(c) 
Figure 7.15 (a) The ant is hanging onto the flange of the train wheel. (b) The new 
setup, now that the ant has jumped onto the train wheel. (c) The ant travels along a 
prolate cycloid. 


4. Using the same approach you used in parts 1— 3, find the parametric equations for the path of motion of the 
ant. 


5. What do you notice about your answer to part 3 and your answer to part 4? 
Notice that the ant is actually traveling backward at times (the “loops” in the graph), even though the train 
continues to move forward. He is probably going to be really dizzy by the time he gets home! 
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7.1 EXERCISES 


For the following exercises, sketch the curves below by 
eliminating the parameter t. Give the orientation of the 
curve. 


1 x=42t, y=ttl 

2. x=cos(f), y = sin(f), (0, 27] 

3. x=2t+4, y=r-1 

4. x=3-t, y=2t-3,15<t<3 


For the following exercises, eliminate the parameter and 
sketch the graphs. 
5. x= 2P, y=t*+1 


For the following exercises, use technology (CAS or 
calculator) to sketch the parametric equations. 


6 [T]x=Pt+t y=r-1 
7. [T] x=el, yser-1 
8. [T] x=3cost, y=4sint 


9. [T] x=sect, y=cost 


For the following exercises, sketch the parametric 
equations by eliminating the parameter. Indicate any 
asymptotes of the graph. 


10. x=e', yse"4] 

11. x= 6sin(20), y = 4cos(20) 

12. x=cosé, y=2sin(20) 

13. x=3-2cosé, y=—-5+3sin0 
14. x=4+4+2cos@é, y=-1+sind 
15. x=sect, y=tant 

16. x=In(21), y=07 

17. x=e!, y as pet 


18. x=e 7! y=e™ 


19. x=2°, y=3lnt 
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20. x=4sec0, y=3tand 


For the following exercises, convert the parametric 
equations of a curve into rectangular form. No sketch is 
necessary. State the domain of the rectangular form. 


21. x=P-1, y= 
1 t 
= : = ,t>-l 
20 Tay OTF: 


23. x=4cosd, y=3sin8, t € (0, 2z] 
24. x=cosht, y=sinht 

25. x=2t-—3, y=6t-7 

26. Yar, yest 
27. x=1+cost, y=3-sint 
28. x=Vt, y=2t+4 


29. x=sect, ystant 2<1< 3 


30. x=2cosht, y=4sinht 
31. x=cos(2t), y=sint 

32. x=4t+3, y= 1617-9 
33. x=27, y=2Int,¢>1 
34. y=P, y=3lne,r>1 


35. x=t", y=nint,t>1, where n is a natural 


number 


x = In(50) 
36. y= In(t?) where | <t<e 


x = 2 sin(8r) 
37. y = 2 cos(82) 
x = tant 


38. y= sec*t—1 


For the following exercises, the pairs of parametric 
equations represent lines, parabolas, circles, ellipses, or 
hyperbolas. Name the type of basic curve that each pair of 
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equations represents. 


x=3t+4 
39. y=5t-2 
x-4=5t 
40. yt2=t 
x=2t+1 
41. y=t?-3 
x=3cost 
42. y=3sint 
x = 2 cos(3t) 


43.) = 2 sin(31) 


x = cosht 
44. y =sinht 

x=3cost 
45. y=4sint 

x = 2 c0s(3t) 


46. = 5 sin(3r) 


x = 3 cosh(4r) 
47. = A sinh(42) 


x = 2cosht 
48. = 2sinht 
x=h+rcosé 


49. Show that y=k+rsing Tepresents the equation of 
a circle. 


50. Use the equations in the preceding problem to find a 
set of parametric equations for a circle whose radius is 5 
and whose center is (—2, 3). 


For the following exercises, use a graphing utility to graph 
the curve represented by the parametric equations and 
identify the curve from its equation. 


x=6+sind 
51. [T] y= 1—cos@ 

x=2t—2sint 
52. [T] y=2-2cost 

x=t—O.5sint 
53. [T] y=1-1.5cost 
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54. An airplane traveling horizontally at 100 m/s over 
flat ground at an elevation of 4000 meters must drop an 
emergency package on a target on the ground. The 
trajectory of the package is given by 


x = 1001, y= —4,917 + 4000, t > 0 where the origin is 


the point on the ground directly beneath the plane at the 
moment of release. How many horizontal meters before the 
target should the package be released in order to hit the 
target? 


55. The trajectory of a bullet is given by 


X = Vo (cos @) ty = vg (sin a) t — tg where 


Vg = 500 m/s, g=98 =9.8 m/s2, and 
a = 30 degrees. When will the bullet hit the ground? How 
far from the gun will the bullet hit the ground? 


56. [T] Use technology to sketch the curve represented by 
x = sin(42), y = sin(32), 0 <t < 2z. 


57: [T] Use technology to sketch 
x =2tan(‘), y=3sec(), -t#<t<a. 


58. Sketch the curve known as an epitrochoid, which gives 
the path of a point on a circle of radius b as it rolls on 
the outside of a circle of radius a. The equations are 


x=(a+b)cost—c: coy] 2PM 


(a seul 


y = (a+ b)sint = c+ sin] 


Leta =1,b=2,c=1. 


59. [T] Use technology to sketch the spiral curve given by 
x =tcos(f), y=tsin(t) from —2a2 <t < 22. 


60. [T] Use technology to graph the curve given by the 
parametric equations 
x =2cot(), y = 1 —cos(2t), —a/2 <t < a/2. This 


curve is known as the witch of Agnesi. 
61. [T] Sketch the curve given by parametric equations 


x = cosh(f) 
y= sinh(f) where —2 < t < 2: 
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7.2 | Calculus of Parametric Curves 


Learning Objectives 


7.2.1 Determine derivatives and equations of tangents for parametric curves. 


7.2.2 Find the area under a parametric curve. 
7.2.3 Use the equation for arc length of a parametric curve. 
7.2.4 Apply the formula for surface area to a volume generated by a parametric curve. 


Now that we have introduced the concept of a parameterized curve, our next step is to learn how to work with this concept 
in the context of calculus. For example, if we know a parameterization of a given curve, is it possible to calculate the slope 
of a tangent line to the curve? How about the arc length of the curve? Or the area under the curve? 


Another scenario: Suppose we would like to represent the location of a baseball after the ball leaves a pitcher’s hand. If 
the position of the baseball is represented by the plane curve (x(f), y(t)), then we should be able to use calculus to find 


the speed of the ball at any given time. Furthermore, we should be able to calculate just how far that ball has traveled as a 
function of time. 


Derivatives of Parametric Equations 


We start by asking how to calculate the slope of a line tangent to a parametric curve at a point. Consider the plane curve 
defined by the parametric equations 


x) =2t+3, yO=3t-4, —2<1r<3. 


The graph of this curve appears in Figure 7.16. It is a line segment starting at (—1, —10) and ending at (9, 5). 


x(t) = 2t+ 3 
y(t) = 3t- 4 
-—2sts3 


Figure 7.16 Graph of the line segment described by the given 
parametric equations. 
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We can eliminate the parameter by first solving the equation x(t) = 2t+ 3 fort: 


x(t) = 2t+3 
x-3 = 2t 
= x=3. 
pia 
Substituting this into y(7), we obtain 
y(t) = 3t-4 
= x—3)_ 
a 3 2 ) - 
= SH 9 
a ae 
=. 3h 217 
a uae % 


dy _ dyldt _ 3 
dx dx/ldt~ 2’ 


This is no coincidence, as outlined in the following theorem. 


Theorem 7.1: Derivative of Parametric Equations 


Consider the plane curve defined by the parametric equations x = x(t) and y = y(t). Suppose that x’ (7) and y’ (t) 


exist, and assume that x’ (t) # 0. Then the derivative ® is given by 
dy _ dy/ldt _ y'(t) (7.1) 


dx dxldt~ x'(t) 


Proof 


This theorem can be proven using the Chain Rule. In particular, assume that the parameter t can be eliminated, yielding 
a differentiable function y = F(x). Then y(t) = F(x(‘)). Differentiating both sides of this equation using the Chain Rule 


yields 
y =F’ ))x' CO, 
so 
; _y¥® 
F' (x@)) = r) 


But F’ (x(t) = ae which proves the theorem. 


Equation 7.1 can be used to calculate derivatives of plane curves, as well as critical points. Recall that a critical point of 
a differentiable function y = f(x) is any point x = xq such that either f’ (x9) =0 or f’ (xg) does not exist. Equation 


7.1 gives a formula for the slope of a tangent line to a curve defined parametrically regardless of whether the curve can be 
described by a function y = f(x) or not. 


Example 7.4 
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Finding the Derivative of a Parametric Curve 


Calculate the derivative = for each of the following parametrically defined plane curves, and locate any critical 
points on their respective graphs. 

a x)=t?-3, y=2t-1, -3<1<4 

b. x(f)=2t+1, y)=P-3t+4, -2<1<5 


c. x(t)=S5cost, y)=S5sint, O<t<2a 


Solution 
a. To apply Equation 7.1, first calculate x’ (ft) and y’(f): 


x’ (t) = 2t 
y'()=2. 
Next substitute these into the equation: 
dy _ dyldt 
dx dx/dt 
Oe 
dx 2t 
dy _1 
dx tf 


This derivative is undefined when ¢ = 0. Calculating x(0) and y(O) gives x(0) = (0)? —3=-3 and 
y(0) = 2(0) — 1 = —1, which corresponds to the point (—3, —1) on the graph. The graph of this curve 


is a parabola opening to the right, and the point (—3, —1) is its vertex as shown. 


+ + + + + 

6 —-4 10 12 14% 
= x(t) =2+3 
y(t) = 2t—1 


—-3=t=4 


Figure 7.17 Graph of the parabola described by parametric 
equations in part a. 


b. To apply Equation 7.1, first calculate x’(f) and y'(): 


x'/() =2 
y(t) = 30? -3. 
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Next substitute these into the equation: 


dy _ dyldt 

dx dx/dt 

dy _ 3r7-3 

dx 2° 
This derivative is zero when t = +1. When t = —1 we have 


x(-1) = 2-1) + 1 = —-Land y(-1) = (1° —3(-1)+4=-14+3+4=6, 


which corresponds to the point (—1, 6) on the graph. When t = | we have 


x(1) = 2(1) +1 = 3and y(1) = (1)? - 3(1) +4 = 1-344 =2, 


which corresponds to the point (3, 2) on the graph. The point (3, 2) is arelative minimum and the point 


(—1, 6) is a relative maximum, as seen in the following graph. 


x(t) = 2t+1 
y(t) = 8 — 3t+4 
—-2=<t=2 


t= -2 t=1 
+ + + + + + + + + 
-~6 -4 -2 9| 2 4 6 8 10 12% 
—2+4 
—4+ 
-6+ 
—8+ 


Figure 7.18 Graph of the curve described by parametric 
equations in part b. 


c. To apply Equation 7.1, first calculate x’(f) and y'(f): 


x’ (t) = —5 sint 


y'(@) =Scost. 
Next substitute these into the equation: 

dy _ dyldt 
dx dx/dt 
dy _ Scost 
dx —5sint 
dy _ 

ax =-cott. 


This derivative is zero when cost=0 and is undefined when sint=0. This gives 


t=0,4, a, 32, and 27 as critical points for t. Substituting each of these into x(f) and y(t), we obtain 
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These points correspond to the sides, top, and bottom of the circle that is represented by the parametric 
equations (Figure 7.19). On the left and right edges of the circle, the derivative is undefined, and on the 
top and bottom, the derivative equals zero. 


X(t) = 5cost 
y(t) = 5sint 
O=t=27 


37 
t= > 
—~6+ 2 


Figure 7.19 Graph of the curve described by parametric 
equations in part c. 


fe 7.4 Calculate the derivative dy/dx for the plane curve defined by the equations 
xQ=t-4t, y)=2-6r, -2<t<3 


and locate any critical points on its graph. 
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Example 7.5 


Finding a Tangent Line 


Find the equation of the tangent line to the curve defined by the equations 


x(t) =t?-3, y)=2t-1, -3<t<4whent=2. 


Solution 
First find the slope of the tangent line using Equation 7.1, which means calculating x’ (f) and y’(s): 


x’ (t) = 2t 
y(t) =2. 
Next substitute these into the equation: 
dy _ dyldt 
dx dx/dt 
aD 
dx 2t 
dy _1 
dx 
When ¢ = 2, ay - 4, so this is the slope of the tangent line. Calculating x(2) and y(2) gives 


x(2) = (2)? -3 = land y(2) = 2(2) - 1 = 3, 
which corresponds to the point (1, 3) on the graph (Figure 7.20). Now use the point-slope form of the equation 
of a line to find the equation of the tangent line: 
Y-Yo = mMx— xo) 
y-3 = 1x - 1) 


2 
29 Jeol 
y-3 = at-5 


Figure 7.20 Tangent line to the parabola described by the 
given parametric equations when f = 2. 
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mt 7.5 Find the equation of the tangent line to the curve defined by the equations 


xQ)=t—4t, yt) =2°-6t, -2<t<3whent=5. 


Second-Order Derivatives 


Our next goal is to see how to take the second derivative of a function defined parametrically. The second derivative of a 
function y = f(x) is defined to be the derivative of the first derivative; that is, 


ay _ fa 
dx2 adxLdxJ 


_ dy _ dyldt : F . ey AY ey enc. 
Since dx dxlae WES replace the y on both sides of this equation with dx’ This gives us 
i ee (2) _ (dldt)(dy/dx) (7.2) 
dx2 dx\dx)"—— dxldt_—* 


If we know dy/dx as a function of t, then this formula is straightforward to apply. 


Example 7.6 


Finding a Second Derivative 


Calculate the second derivative d? yldx? for the plane curve defined by the parametric equations 


x(t) = 1° — 3, y(t) = 2-1, -3 << 4. 


Solution 

From Example 7.4 we know that ay = 2 = 1 Using Equation 7.2, we obtain 
d?y _ (didt)(dyldx) _ (d/dt)(A/t) _ ~r-2 _ 
de adxidt ~ 22% ~ 4 9 


fe 7.6 Calculate the second derivative d” yldx? for the plane curve defined by the equations 
xf) =1?-4t, yQ=2-6, -2<1<3 


and locate any critical points on its graph. 


Integrals Involving Parametric Equations 


Now that we have seen how to calculate the derivative of a plane curve, the next question is this: How do we find the 
area under a curve defined parametrically? Recall the cycloid defined by the equations x(t) =t-—sint, y(t)=1-cost. 


Suppose we want to find the area of the shaded region in the following graph. 
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6+ x(t) = t — sint 
y(t) = 1 — cost 
34 
' : : ' - 0 7 
Sar 3a 7 3a Sar 
“39 > ar > 7 > | 3 wT 2a 3 37 
—3+ 


Figure 7.21 Graph of a cycloid with the arch over [0, 27] 
highlighted. 


To derive a formula for the area under the curve defined by the functions 


x=x(t), y=y), ax<t<b, 


we assume that x(t) is differentiable and start with an equal partition of the interval a<t<b. Suppose 


tg=a<ty <ty < +++ <t,=b and consider the following graph. 


at 


x(t.) x(t,) x(t, 
Figure 7.22 Approximating the area under a parametrically 
defined curve. 


We use rectangles to approximate the area under the curve. The height of a typical rectangle in this parametrization is 
y(x( t i) for some value t ; in the ith subinterval, and the width can be calculated as x(t;) — x(t; _ ;). Thus the area of the 


ith rectangle is given by 
A; = yt j)) (x() - x(¢j_ p). 


Then a Riemann sum for the area is 
n 
An= ¥) vel? J) ee) — x; — p) 
i=1 


Multiplying and dividing each area by ft; —t;_ 1 gives 
n n 
= (xt) — x@i- = (xt) — xi- Dd 
An= DY vel? (PVN, 1, = Y v7 (PP Yaw 
i=l ~ i=1 

Taking the limit as n approaches infinity gives 

b 

A= lim An= f yOx' (dt. 
a 


nao 
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This leads to the following theorem. 


Theorem 7.2: Area under a Parametric Curve 

Consider the non-self-intersecting plane curve defined by the parametric equations 
x=xf), y=yt), a<t<b 

and assume that x(f) is differentiable. The area under this curve is given by 


b 7.3 
A= f yox' dt. US 


Finding the Area under a Parametric Curve 


Find the area under the curve of the cycloid defined by the equations 


x(t)=t—sint, y(t)=1-—cost, O<t<2z. 


Solution 
Using Equation 7.3, we have 


b 
A =f yx’ Oat 


2n 
=f (1 — cos t)(1 — cos £) at 

2n 
=f (1 —2cost + cos” Adt 

ee 1 +cos 2t 
=f (1 - 2cos 1+ 1+¢0s 21) q, 


= Le =) cos t + £0821) dy 


2n 
— 3t_4ng sin 2t 
=> 2sint + 4 lo 


= 32. 


fe 7.7 Find the area under the curve of the hypocycloid defined by the equations 
x(t) =3cost+cos3t, y(t)=3sint—sin3t, O<t<z. 


Arc Length of a Parametric Curve 


In addition to finding the area under a parametric curve, we sometimes need to find the arc length of a parametric curve. In 
the case of a line segment, arc length is the same as the distance between the endpoints. If a particle travels from point A to 
point B along a curve, then the distance that particle travels is the arc length. To develop a formula for arc length, we start 
with an approximation by line segments as shown in the following graph. 
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AA \B 


_ 
x 
Figure 7.23 Approximation of a curve by line segments. 


Given a plane curve defined by the functions x = x(t), y= y(t), a<t<b, we start by partitioning the interval [a, b] 
into n equal subintervals: tg = a < t) < ty < ++» < t, = b. The width of each subinterval is given by At = (b — a)/n. We 
can calculate the length of each line segment: 

dy = bole) — att)? + We) — eo? 

dy = \(x(tz) — x(t,))? + (ta) — y(t) ete. 


Then add these up. We let s denote the exact arc length and s,, denote the approximation by n line segments: 


. " 7.4 
sx DY p= DY Vey) —x0y_ pP + OGp — tq _ p/P. is 
k=1 k=1 


If we assume that x(f) and y(t) are differentiable functions of t, then the Mean Value Theorem (Introduction to the 
Applications of Derivatives (http://cnx.org/content/m53602/latest/) ) applies, so in each subinterval [t, _ ,, ty] 


there exist ¢, and t ; Such that 
x(t,) — x(ty_ 1) = x" (+ )ltx ~ ty, 1) =! (: xJae 
ty) — (tg) = Y (tte te 1) = (FAC 


Therefore Equation 7.4 becomes 


a 

R 
Ms 
x 


~ 
ll 
ia 


> 
= 


[ 2 


(x (: ‘)) (an? +(y'F,)) (an? 


: | % \(e(ie)) +0" Gas 


ees il Ms 


> 


k=1 


This is a Riemann sum that approximates the arc length over a partition of the interval [a, b]. If we further assume that 


the derivatives are continuous and let the number of points in the partition increase without bound, the approximation 
approaches the exact arc length. This gives 
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n Faw) 
= ind, \(o()) +0°60 
=i; “oO? +" Pat 


A ~ 
When taking the limit, the values of ¢, and ¢, are both contained within the same ever-shrinking interval of width At, 
so they must converge to the same value. 


We can summarize this method in the following theorem. 


Theorem 7.3: Arc Length of a Parametric Curve 
Consider the plane curve defined by the parametric equations 


x=x@), y=yt), t)<t<to 


and assume that x(f) and y(f) are differentiable functions of t. Then the arc length of this curve is given by 
2 2 2D 5 
s= fe) +(2) a i 
ty dt dt : 


At this point a side derivation leads to a previous formula for arc length. In particular, suppose the parameter can 
be eliminated, leading to a function y = F(x). Then y(t) = F(x(f)) and the Chain Rule gives y’ (f) = F’ (x(t)x’ (0). 


Substituting this into Equation 7.5 gives 


LNG) +e) 


» (a) 
2 
= J (GB) + (Pome) a 
= ‘ (22) ( 1 +(F'(a)?\at 
t9 [742 


Here we have assumed that x’(f) > 0, which is a reasonable assumption. The Chain Rule gives dx = x’ (t)dt, and 


letting a = x(t,) and b = x(t) we obtain the formula 


s= f\ + (2) ax, 


which is the formula for arc length obtained in the Introduction to the Applications of Integration. 


Example 7.8 


Finding the Arc Length of a Parametric Curve 


Find the arc length of the semicircle defined by the equations 
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x(t)=3cost, y(t)=3sint, O<t<z. 


Solution 
The values t = O to t= z trace out the red curve in Figure 7.23. To determine its length, use Equation 7.5: 


bh 8. pat 
beta) a) 


a I, (3 sin tf)? + (3 cos t)2dt 


oa 

=/ \9 sin? +9 cost dt 
oa 

= f° \9lsin?r + cos? t 
N 

= f 3dt = 30% = 32. 
0 


Note that the formula for the arc length of a semicircle is zr and the radius of this circle is 3. This is a great 
example of using calculus to derive a known formula of a geometric quantity. 


%t 

51 x(t) = 3cost 
y(t) = 3sint 

47 O0=t=7 


Figure 7.24 The arc length of the semicircle is equal to its 
radius times z. 


fe 7.8 Find the arc length of the curve defined by the equations 
x(f) =3t*, y(t) =207, 1<t<3. 


We now return to the problem posed at the beginning of the section about a baseball leaving a pitcher’s hand. Ignoring the 
effect of air resistance (unless it is a curve ball!), the ball travels a parabolic path. Assuming the pitcher’s hand is at the 
origin and the ball travels left to right in the direction of the positive x-axis, the parametric equations for this curve can be 
written as 


x(t) = 1401, y(t) = — 1607 + 21 


where t represents time. We first calculate the distance the ball travels as a function of time. This distance is represented 
by the arc length. We can modify the arc length formula slightly. First rewrite the functions x(f) and y(t) using v as an 


independent variable, so as to eliminate any confusion with the parameter t: 


x(v) = 140v, yy) = ~16yv2 + 2y. 
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Then we write the arc length formula as follows: 


sin = f\(es) +(2) a 


t [ 
= J \1407 + (-32v4 2)2av. 


The variable v acts as a dummy variable that disappears after integration, leaving the arc length as a function of time t. To 
integrate this expression we can use a formula from Appendix A, 


ae ee ao 
[\a? + udu = Wa? + u? + Fnlu + Va? + u? +C. 


We set ad = 140 and u = —32v+2. This gives du = —32dv, so dv= — 35d. Therefore 
[1407 + (-32v42)2dv = — 4 Va? + wd 
32 
(320 + 2) 11402 + (—32v + 2)? 
1 2 
=a +C 


y) 2 
: +1 In|(—32v + 2) + 140? + (-32v + 2)7| 


and 


= 2 
ae 4] 1402 + (—32t + 2)? + 140" In|(—321 +2) + 1402 + (321+ 27] 


“aane a5? «140° 2172 
+2140 +2?4i0 inf2 +1140 a5 | 


. ( = i024? ~ 1281 + 19604 — 1225 n|(—321 +2) + V102412 — 1281 + 19604| 


¥19604 , 1225 
saa a In(2 + V19604). 


This function represents the distance traveled by the ball as a function of time. To calculate the speed, take the derivative of 
this function with respect to t. While this may seem like a daunting task, it is possible to obtain the answer directly from the 
Fundamental Theorem of Calculus: 


I f@) du = fo). 


Therefore 


s@ = Fs] 


t 
_ d hy Aan2 2 
= al f \i40 if 40 49) a| 


= 1407 + (—32r + 2)? 
= \10242 — 1287 + 19604 
= 22561? — 321 + 4901. 


One third of a second after the ball leaves the pitcher’s hand, the distance it travels is equal to 
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(8) = (Eaters) — 294) +190 


(-32(4) + 2) # | 1o24(L) = 128(4) + 19604 


_ 1225 
4 In 


v19604 , 1225 
+35 + Go in(2 + ¥19604) 
=~ 46.69 feet. 


This value is just over three quarters of the way to home plate. The speed of the ball is 


s (4) = 2)2s6(L) 7 16(4) +4901 ~ 140.34 ft/s. 


This speed translates to approximately 95 mph—a major-league fastball. 


Surface Area Generated by a Parametric Curve 


Recall the problem of finding the surface area of a volume of revolution. In Curve Length and Surface Area, we 
derived a formula for finding the surface area of a volume generated by a function y= f(x) from x=a to x=b, 


revolved around the x-axis: 


b 
S=2nf fo\lt(f @Pdx. 


We now consider a volume of revolution generated by revolving a _ parametrically defined curve 
x= x(t), y = y(t), a<t <b around the x-axis as shown in the following figure. 


Yh 


Figure 7.25 A surface of revolution generated by a 
parametrically defined curve. 


The analogous formula for a parametrically defined curve is 


b 7.6 
S=2rf voile OP +0 OPat 


provided that y(t) is not negative on [a, b]. 


Example 7.9 


Finding Surface Area 


Find the surface area of a sphere of radius r centered at the origin. 
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Solution 
We start with the curve defined by the equations 


x()=rcost, yt)=rsint, O<t<az. 


This generates an upper semicircle of radius r centered at the origin as shown in the following graph. 


A 


X=rcost 
+ y=rsint 
r| Ostsa7 
=f pom 


Figure 7.26 A semicircle generated by parametric equations. 


When this curve is revolved around the x-axis, it generates a sphere of radius r. To calculate the surface area of 


the sphere, we use Equation 7.6: 


b 
S =20f yolle’ OP? +0 Pat 


Tr 
= anf r sin t\(—r sin t)? + (rcos t)-dt 
0 


a 


a an ft rsin tr? sin2t + r2cos*tdt 
0 


oa 
= anf r sin t\r? (sin? 1+ cos71 t 
0 


nu 
=22]/ r*sintdt 
0 


— 2nr7(—cos to) 
= 2nr* (—cos z + cos 0) 
= Anr?. 


This is, in fact, the formula for the surface area of a sphere. 


fe 7.9 Find the surface area generated when the plane curve defined by the equations 
xdp=0, yH=t?, OK<tK<l 


is revolved around the x-axis. 
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7.2 EXERCISES 


For the following exercises, each set of parametric 
equations represents a line. Without eliminating the 
parameter, find the slope of each line. 

62. x=3+4+t, y=1-t 
63. x=8+2t, y=1 

64. x=4-3t, y=-2+4+6t 
65. x=—-S5t+7, y=3t-1 


For the following exercises, determine the slope of the 
tangent line, then find the equation of the tangent line at the 
given value of the parameter. 


66. x=3sint, y=3cost, f= 


AIA 


67. x=cost, y=8sint, t= 4 


68. x = 2t, y=r, t=-l 


69. x=tth 


70. x=Vt, y=2t, t=4 


For the following exercises, find all points on the curve that 
have the given slope. 


71. x=4cost, y=4sint, slope=0.5 


72. x=2cost, y=8sint, slope = —-1 


73. x=t++ yer-4, slope = 1 

74. x=24+ Vt, y=2-4t, slope =0 

For the following exercises, write the equation of the 
tangent line in Cartesian coordinates for the given 


parameter f. 


75. x=e! y=1-Int?, t=1 
76. x=flnt, y=sin?s,t=7 


77. x=e', y=(t—1)*, _ at(1, 1) 


78. For x = sin(2t), y= 2sint where 0 <t < 2. Find 


all values of t at which a horizontal tangent line exists. 
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79. For x = sin(2t), y= 2sint where 0 <t < 2z. Find 


all values of t at which a vertical tangent line exists. 


80. Find all points on the curve x = 4 cos(f), y = 4 sin(t) 


1 


that have the slope of > 


81. Find 2 for x = sin(t), y = cos(f). 


82. Find the equation of the 
x 


x = sin(f), y= cos(t) at f= rh 


tangent line to 


83. For the curve x = 4t, y= 3t—2, find the slope and 


concavity of the curve at ¢ = 3. 


84. For the parametric curve whose equation is 
x =4cos 0, y=4sin@, find the slope and concavity of 


the curve at 0 = i 


85. Find the slope and concavity for the curve whose 
equation is x = 2+sec0, y=1+2tan@ at 0=€. 


86. Find all points on the curve x =¢+4, y= 1 — 3¢ at 


which there are vertical and horizontal tangents. 


87. Find all points on the curve x = sec 0, y = tan@ at 


which horizontal and vertical tangents exist. 


For the following exercises, find d 2 yldx?. 
88. x=r4-1, y=t-? 

89. x=sin(zt), y =cos(at) 

90. x=e%, y=re7 


For the following exercises, find points on the curve at 
which tangent line is horizontal or vertical. 


91. x=xt?—3), y =3(t? —3) 


3t 312 


92. x= ae 
ee 1+7 


For the following exercises, find dy/dx at the value of the 
parameter. 


3 


93. x=cost, y=sint, tae 
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94. x=Vt, y=2t+4, 


~ 
Il 
Ne) 


95. x=4cos(2as), y=3sinQas), s= — 


For the following exercises, find d? yldx* at the given 


point without eliminating the parameter. 


96. x= 47, y=or, t=2 


1 
2 


97. x=Vt, y=2tt+4, t=1 


98. Find t which _ the 
x= 30, y= t?—t is concave up as well as concave 


intervals on curve 


down. 


99. Determine the 
x= 2t+Int, y= 2t- Int. 


concavity of the curve 


100. Sketch and find the area under one arch of the cycloid 
x=r(@-sin@), y=rd —cos@). 


101. Find the area bounded by the curve 


x=cost,y=e,0<St<F and the lines y=1 and 


x=0. 


102. Find the area enclosed by the 
x=acosé, y=bsind, 0 <@ < 22. 


ellipse 


103. Find the area of the region bounded by 
x=2sin*0, y= 2sin?OtanO, for 0<0< 4. 


For the following exercises, find the area of the regions 
bounded by the parametric curves and the indicated values 
of the parameter. 


104. x=2cot0, y=2sin?0,0<0<a 
105. [T] 


x = 2acost—acos(2t), y = 2asint —asin(2t),0<t<2z 


106. [T] 


“hourglass”) 


x =asin(21), y=bsin(t),O<t< 2a (the 


107. [T] 
x = 2acost—asin(21), y=bsint,O<t< 2a (the 


“teardrop”) 


For the following exercises, find the arc length of the curve 
on the indicated interval of the parameter. 
108. x=4t+3, 


y=3t-2, O<t<2 
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109. x=, ya de’, O<t<l 


110. x=cos(2r), y=sin(2t), O<t< 


11. x=14+?, y=(14+93, O<tK<l 


112. x=e'cost, y=e'sint, O<t< 5 (express 


answer as a decimal rounded to three places) 


113. x=a cos? 0, y=a sin? @ on the interval [O, 27) 
(the hypocycloid) 


114. Find the length of one arch of the cycloid 
x =4(t- sin‘), y=4(1 —cos?). 


115. Find the distance traveled by a particle with position 
(x,y) as t varies in the given time interval: 


x = sin21, y =cos7t, O<t<3z2. 


116. Find the length of one arch of the cycloid 
x=0-sind, y= 1 -cosé. 


117. Show that the total length of the ellipse 
x =4sind, y=3cosé is 


a2 , 


L=16/ \1-—esin?@d0, where e=£ and 
0 


c= Va? — b?. 


118. Find the length of the curve 


x=e'-t, y=4e", —-8<t<3. 


For the following exercises, find the area of the surface 
obtained by rotating the given curve about the x-axis. 


H9. x=, y=", 0<tK<1 


120. x=acos?0, y =asin@, 0<0<5 


121. [T] Use a CAS to find the area of the surface 


generated by rotating x =f+ - yst— + 1<rt<2 
t 


about the x-axis. (Answer to three decimal places.) 
122. Find the surface area obtained by rotating 


x = 317, y = 213, 0 <t<5 about the y-axis. 


123. Find the area of the surface generated by revolving 
i= , y= 2t,0 <t<4 about the x-axis. 


124. Find the surface area generated by revolving 
x=, y= 217, 0 <t<1 about the y-axis. 
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7.3 | Polar Coordinates 


Learning Objectives 


7.3.1 Locate points in a plane by using polar coordinates. 
7.3.2. Convert points between rectangular and polar coordinates. 


7.3.3 Sketch polar curves from given equations. 
7.3.4 Convert equations between rectangular and polar coordinates. 
7.3.5 Identify symmetry in polar curves and equations. 


The rectangular coordinate system (or Cartesian plane) provides a means of mapping points to ordered pairs and ordered 
pairs to points. This is called a one-to-one mapping from points in the plane to ordered pairs. The polar coordinate system 
provides an alternative method of mapping points to ordered pairs. In this section we see that in some circumstances, polar 
coordinates can be more useful than rectangular coordinates. 


Defining Polar Coordinates 
To find the coordinates of a point in the polar coordinate system, consider Figure 7.27. The point P has Cartesian 
coordinates (x, y). The line segment connecting the origin to the point P measures the distance from the origin to P and 


has length r. The angle between the positive x-axis and the line segment has measure @. This observation suggests a 
natural correspondence between the coordinate pair (x, y) and the values r and @. This correspondence is the basis of 


the polar coordinate system. Note that every point in the Cartesian plane has two values (hence the term ordered pair) 
associated with it. In the polar coordinate system, each point also two values associated with it: r and 0. 


y 


Figure 7.27 An arbitrary point in the Cartesian plane. 


Using right-triangle trigonometry, the following equations are true for the point P: 
cos @ = £sox =rcos@ 
sind = soy =rsin dé. 


Furthermore, 


Pax? +y? and tan @ = >, 


Each point (x, y) in the Cartesian coordinate system can therefore be represented as an ordered pair (r, 9) in the polar 
coordinate system. The first coordinate is called the radial coordinate and the second coordinate is called the angular 
coordinate. Every point in the plane can be represented in this form. 

Note that the equation tan @ = y/x has an infinite number of solutions for any ordered pair (x, y). However, if we restrict 


the solutions to values between O and 2z then we can assign a unique solution to the quadrant in which the original point 


(x, y) is located. Then the corresponding value of r is positive, so Pax + y. 
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Theorem 7.4: Converting Points between Coordinate Systems 
Given a point P in the plane with Cartesian coordinates (x, y) and polar coordinates (r, 0), the following 
conversion formulas hold true: 

x =rcos@and y =rsin8@, (7.7) 


r?=x?+y? andtan@ = = (7.8) 


These formulas can be used to convert from rectangular to polar or from polar to rectangular coordinates. 


Example 7.10 


Converting between Rectangular and Polar Coordinates 


Convert each of the following points into polar coordinates. 


a. (1, 1) 
b. (—3, 4) 
c. (0, 3) 
d. (5V3, —5) 
Convert each of the following points into rectangular coordinates. 
e. (3, 2/3) 
f. (2, 3/2) 
g. (6, —52/6) 
Solution 


a. Use x=1 and y=1 in Equation 7.8: 


i we 
- = v4y? tand = x 
= 12412 and = 1 1 
= v2 - = 
r= v2 0 = F. 
Therefore this point can be represented as (v2, 2) in polar coordinates. 
b. Use x =—3 and y =4 in Equation 7.8: 
tand = z£ 
r= ae os — _4 
r=5 d= —arctan(4) 
me 2.21, 


Therefore this point can be represented as (5, 2.21) in polar coordinates. 
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c. Use x =0 and y=3 in Equation 7.8: 


r2 = x74 y? y 

2 2 tand = + 

= (3)°+(0) and 3 

= 9+0 =o 
r= 3 


Direct application of the second equation leads to division by zero. Graphing the point (0, 3) on the 
rectangular coordinate system reveals that the point is located on the positive y-axis. The angle between 


the positive x-axis and the positive y-axis is om Therefore this point can be represented as (3, z) in polar 


coordinates. 


d. Use x =5V3 and y=—5 in Equation 7.8: 


r= x 9" tand = » 
= (5V3)? + (-5)? and = SL. -i3 
= 75425 ae 

r = 10 aay 4 


Therefore this point can be represented as (10, = 2) in polar coordinates. 


e. Use r=3 and 6 = in Equation 7.7: 


3 

x = rcosé y = rsind 
= x 2 a 
= 3 cos() aid = 3 sin(£) 
= 3(1)\.3 v3) _ 3v3 
7 3(5) 2 ~ aS) a a 

Therefore this point can be represented as (3. 44) in rectangular coordinates. 
f. Use r=2 and d= AE in Equation 7.7: 

x = rcosd y = rsind 
= 2 cos(3Z) and = 2 sin(3Z) 
= 2(0)=0 = 2(-1)=-2. 


Therefore this point can be represented as (0, —2) in rectangular coordinates. 


5a 


g. Use r=6 and 0= — 6 in Equation 7.7: 
x = rcos@ y = rsin@ 

= _5a : 

7 6 cos( i) = 6 sin(-22) 
\3 and 

4-3) ™ a dy 
2 2 

= -3\3 = sg, 
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Therefore this point can be represented as (-313, —3) in rectangular coordinates. 


21) into rectangular coordinates. 


fe 7.10 Convert (—8, —8) into polar coordinates and (4, 3 


The polar representation of a point is not unique. For example, the polar coordinates (2, 2) and (2, In) both represent the 
point (L v3) in the rectangular system. Also, the value of r can be negative. Therefore, the point with polar coordinates 
(-2. 4) also represents the point (i, v3) in the rectangular system, as we can see by using Equation 7.8: 
x = rcosé y = rsin@ 
= +2 cos( 42) and = —2 sin(42) 
= -2(-4)= = (3) = V3. 


Every point in the plane has an infinite number of representations in polar coordinates. However, each point in the plane has 
only one representation in the rectangular coordinate system. 

Note that the polar representation of a point in the plane also has a visual interpretation. In particular, r is the directed 
distance that the point lies from the origin, and 6 measures the angle that the line segment from the origin to the point makes 
with the positive x -axis. Positive angles are measured in a counterclockwise direction and negative angles are measured in 
a clockwise direction. The polar coordinate system appears in the following figure. 


q 


7m 2 5a 
Qn ~=«12 4 12 
3 3 
3m z 
4 4 
Sa = 
6 6 
iin cil 
12 12 
T+ aa > 0 (Polar axis) 
137 237 
12 12 
a= iin 
6 6 
Sa 77 
4 4 
an { Sm 
3 17m 197 3 
12 37 142 
2 


Figure 7.28 The polar coordinate system. 


The line segment starting from the center of the graph going to the right (called the positive x-axis in the Cartesian system) 
is the polar axis. The center point is the pole, or origin, of the coordinate system, and corresponds to r = 0. The innermost 


circle shown in Figure 7.28 contains all points a distance of 1 unit from the pole, and is represented by the equation r = 1. 
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Then r = 2 is the set of points 2 units from the pole, and so on. The line segments emanating from the pole correspond 
to fixed angles. To plot a point in the polar coordinate system, start with the angle. If the angle is positive, then measure 
the angle from the polar axis in a counterclockwise direction. If it is negative, then measure it clockwise. If the value of r 
is positive, move that distance along the terminal ray of the angle. If it is negative, move along the ray that is opposite the 
terminal ray of the given angle. 


Plotting Points in the Polar Plane 


Plot each of the following points on the polar plane. 


= (24) 

(9.38) 

= (9) 
Solution 


The three points are plotted in the following figure. 


Figure 7.29 Three points plotted in the polar coordinate 
system. 


fe 7.11 plot (4, 52) and (-3. - iz) on the polar plane. 


Polar Curves 


Now that we know how to plot points in the polar coordinate system, we can discuss how to plot curves. In the rectangular 
coordinate system, we can graph a function y = f(x) and create a curve in the Cartesian plane. In a similar fashion, we can 


graph a curve that is generated by a function r = f(@). 
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The general idea behind graphing a function in polar coordinates is the same as graphing a function in rectangular 
coordinates. Start with a list of values for the independent variable (@ in this case) and calculate the corresponding values 


of the dependent variable 7. This process generates a list of ordered pairs, which can be plotted in the polar coordinate 


system. Finally, connect the points, and take advantage of any patterns that may appear. The function may be periodic, for 
example, which indicates that only a limited number of values for the independent variable are needed. 


Watch this video (http://www.openstaxcollege.org/|/20_polarcurves) for more information on sketching 
polar curves. 


Graphing a Function in Polar Coordinates 


Graph the curve defined by the function r = 4 sin @. Identify the curve and rewrite the equation in rectangular 
coordinates. 


Solution 
Because the function is a multiple of a sine function, it is periodic with period 27, so use values for 0 between 
Oand 2z. The result of steps 1-3 appear in the following table. Figure 7.30 shows the graph based on this table. 


648 Chapter 7 | Parametric Equations and Polar Coordinates 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Chapter 7 | Parametric Equations and Polar Coordinates 649 


Figure 7.30 The graph of the function r = 4 sin @ is a circle. 


This is the graph of a circle. The equation r = 4sin@ can be converted into rectangular coordinates by first 
multiplying both sides by r. This gives the equation r> = 4r sin @. Next use the facts that r* = x7 + 37 and 
y=rsin@. This gives 4 y? = 4y. To put this equation into standard form, subtract 4y from both sides of 


the equation and complete the square: 


x 4y*— dy = 0 
x? + (y? — 4y) = 0 
x° +(y?-4y +4) = 0+4 


rt(y-2P = 4. 


This is the equation of a circle with radius 2 and center (0, 2) in the rectangular coordinate system. 


fe 7.12 Create a graph of the curve defined by the function r= 4+ 4 cos 0. 


The graph in Example 7.12 was that of a circle. The equation of the circle can be transformed into rectangular coordinates 
using the coordinate transformation formulas in Equation 7.8. Example 7.14 gives some more examples of functions 
for transforming from polar to rectangular coordinates. 


Transforming Polar Equations to Rectangular Coordinates 


Rewrite each of the following equations in rectangular coordinates and identify the graph. 
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b. r=3 


c. r=6cosd—8sind 


Solution 
a. Take the tangent of both sides. This gives tan@ = tan(z/3) = V3. Since tan @ = y/x we can replace the 
left-hand side of this equation by y/x. This gives y/x = V3, which can be rewritten as y = xV3. This 
is the equation of a straight line passing through the origin with slope V3. In general, any polar equation 
of the form 0 = K represents a straight line through the pole with slope equal to tan K. 
b. First, square both sides of the equation. This gives r? =9, Next replace r? with x7 +4 ae This gives 


the equation + y? =9, which is the equation of a circle centered at the origin with radius 3. In 


general, any polar equation of the form r = k where k is a positive constant represents a circle of radius 


k centered at the origin. (Note: when squaring both sides of an equation it is possible to introduce new 
points unintentionally. This should always be taken into consideration. However, in this case we do not 


introduce new points. For example, (-3. 2) is the same point as (3. 42)) 


c. Multiply both sides of the equation by r. This leads to r> = 6r cos @ — 8r sin. Next use the formulas 


Pax +y?, x=rcos0é, y=rsiné. 


This gives 
r- 6(r cos 0) — 8(r sin 0) 
x*4y* = 6x — 8y. 


To put this equation into standard form, first move the variables from the right-hand side of the equation 
to the left-hand side, then complete the square. 


x43" = 6x-8y 
x? —6x+y" + 8y = 0 


(x° — 6x) + (y? + 8y) = 0 
(x° - 6x + 9)+(y°+ 8y+ 16) = 9416 
(x-3)* +(y+4) = 25. 


This is the equation of a circle with center at (3, —4) and radius 5. Notice that the circle passes through 


the origin since the center is 5 units away. 


fe 7.13 Rewrite the equation r = sec @tan@ in rectangular coordinates and identify its graph. 


We have now seen several examples of drawing graphs of curves defined by polar equations. A summary of some common 
curves is given in the tables below. In each equation, a and b are arbitrary constants. 
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Line passing through the 
pole with slope tan K 


Circle r = acosé@ + bsin@ 


c= 2cost + 3sint 
r 


Figure 7.31 
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Cardioid r= a(1 + cosé) 
r= a(1 — cosé) 
r=a(1 + sind) r=3(14.+cos6) 


r=a(1 — siné) 
r 
B 7 


Limagon r=acosé +b - 
r=asind+b r=-2.+ Asiné 
MEE 
I2ZBaA567 
r = acos(bé) 
r = asin(bé) 
r= 3sin20 
r 
——___—_ 
SK TT 


Figure 7.32 


A cardioid is a special case of a limacgon (pronounced “lee-mah-son”), in which a = b or a= -—b. The rose is a very 
interesting curve. Notice that the graph of r = 3 sin 20 has four petals. However, the graph of r = 3 sin 30 has three petals 
as shown. 
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r= 3sin30 


Figure 7.33 Graph of r = 3 sin 36. 


If the coefficient of @ is even, the graph has twice as many petals as the coefficient. If the coefficient of @ is odd, 
then the number of petals equals the coefficient. You are encouraged to explore why this happens. Even more interesting 
graphs emerge when the coefficient of @ is not an integer. For example, if it is rational, then the curve is closed; that is, 
it eventually ends where it started (Figure 7.34(a)). However, if the coefficient is irrational, then the curve never closes 
(Figure 7.34(b)). Although it may appear that the curve is closed, a closer examination reveals that the petals just above 
the positive x axis are slightly thicker. This is because the petal does not quite match up with the starting point. 


= 38in(70) 


(a) (b) 
Figure 7.34 Polar rose graphs of functions with (a) rational coefficient and (b) irrational coefficient. Note that 
the rose in part (b) would actually fill the entire circle if plotted in full. 


Since the curve defined by the graph of r = 3 sin(z@) never closes, the curve depicted in Figure 7.34(b) is only a partial 


depiction. In fact, this is an example of a space-filling curve. A space-filling curve is one that in fact occupies a two- 
dimensional subset of the real plane. In this case the curve occupies the circle of radius 3 centered at the origin. 


Example 7.14 
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Chapter Opener: Describing a Spiral 


Recall the chambered nautilus introduced in the chapter opener. This creature displays a spiral when half the outer 
shell is cut away. It is possible to describe a spiral using rectangular coordinates. Figure 7.35 shows a spiral in 
rectangular coordinates. How can we describe this curve mathematically? 


ZA 


Figure 7.35 How can we describe a spiral graph 
mathematically? 


Solution 


As the point P travels around the spiral in a counterclockwise direction, its distance d from the origin increases. 
Assume that the distance d is a constant multiple k of the angle @ that the line segment OP makes with the 


positive x-axis. Therefore d(P, O) =k0@, where O is the origin. Now use the distance formula and some 
trigonometry: 
d(P, O) = ké 


Va a0)? +4 (y- 0) =k arctan() 


Vx + y? =k arctan(*) 


2 2. 
arctan(*} = ae 
2 2 
y = vif} 


Although this equation describes the spiral, it is not possible to solve it directly for either x or y. However, if 
we use polar coordinates, the equation becomes much simpler. In particular, d(P, O) =r, and @ is the second 


coordinate. Therefore the equation for the spiral becomes r = k@. Note that when 6 = 0 we also have r = 0, 


so the spiral emanates from the origin. We can remove this restriction by adding a constant to the equation. 
Then the equation for the spiral becomes r = a+ k@ for arbitrary constants a and k. This is referred to as an 


Archimedean spiral, after the Greek mathematician Archimedes. 


Another type of spiral is the logarithmic spiral, described by the function r =a- BP graph of the function 
r= 1.3(1:25") is given in Figure 7.36. This spiral describes the shell shape of the chambered nautilus. 
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r/= 1,2(1.25% 


yx 


10 15 po 25 


Figure 7.36 A logarithmic spiral is similar to the shape of the chambered nautilus shell. (credit: modification of 
work by Jitze Couperus, Flickr) 


Suppose a curve is described in the polar coordinate system via the function r = f(@). Since we have conversion formulas 


from polar to rectangular coordinates given by 
x=rcosé 
y=rsin8g, 


it is possible to rewrite these formulas using the function 
x = f(@)cosé 
y= f() sind. 


This step gives a parameterization of the curve in rectangular coordinates using @ as the parameter. For example, the spiral 
formula r = a+ b@ from Figure 7.31 becomes 


x = (a+b@)cos@ 
y = (a+ b6) sin @. 


Letting 9 range from —oo to oo generates the entire spiral. 


Symmetry in Polar Coordinates 


When studying symmetry of functions in rectangular coordinates (i.e., in the form y = f(x)), we talk about symmetry 
with respect to the y-axis and symmetry with respect to the origin. In particular, if f(—x) = f(x) for all x in the domain 
of f, then f is an even function and its graph is symmetric with respect to the y-axis. If f(—x) = —f(x) for all x inthe 
domain of f, then f is an odd function and its graph is symmetric with respect to the origin. By determining which types 


of symmetry a graph exhibits, we can learn more about the shape and appearance of the graph. Symmetry can also reveal 
other properties of the function that generates the graph. Symmetry in polar curves works in a similar fashion. 


Theorem 7.5: Symmetry in Polar Curves and Equations 


Consider a curve generated by the function r = f(@) in polar coordinates. 


656 


The curve is symmetric about the vertical line 0 = 


The following table shows examples of each type of symmetry. 


Symmetry with respect to the polar axis: 
For every point (r, @) on the graph, there is 
also a point reflected directly across the 
horizontal (polar) axis. 


Symmetry with respect to the pole: 

For every point (r, @) on the graph, there is 
also a point on the graph that is reflected 
through the pole as well. 


Symmetry with respect to the vertical 


line @ = +: For every point (r, @) on the 


graph, there is also a point reflected directly 
across the vertical axis. 
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The curve is symmetric about the polar axis if for every point (7, 0) on the graph, the point (r, —@) is also 
on the graph. Similarly, the equation r = f(@) is unchanged by replacing @ with —0. 


The curve is symmetric about the pole if for every point (r, 9) on the graph, the point (7, 7 + @) is also on 


the graph. Similarly, the equation r = f(@) is unchanged when replacing r with —r, or 0 with 7+ 0. 
if for every point (7, 8) on the graph, the point 


(r, x — @) is also on the graph. Similarly, the equation r = f(@) is unchanged when @ is replaced by z — 0. 


r= 23< 2cose 


+ 9¢os| 20/— >} 


r=2 ~ 2sine 
r 


a 


(‘ja - 0) 


Chapter 7 | Parametric Equations and Polar Coordinates 657 


Using Symmetry to Graph a Polar Equation 


Find the symmetry of the rose defined by the equation r = 3 sin(2@) and create a graph. 


Solution 


Suppose the point (7, @) is on the graph of r = 3 sin(26). 


i. 


ii. 


il. 


To test for symmetry about the polar axis, first try replacing @ with -O. This gives 
r = 3 sin(2(—@)) = —3 sin(2@). Since this changes the original equation, this test is not satisfied. 
However, returning to the original equation and replacing r with —r and @ with a —@ yields 

—r = 3 sin(2(a — @)) 

—r = 3 sin(2a — 20) 

—r = 3 sin(—260) 

—r=—3 sin 20. 


Multiplying both sides of this equation by —1 gives r =3sin20, which is the original equation. This 
demonstrates that the graph is symmetric with respect to the polar axis. 
To test for symmetry with respect to the pole, first replace r with —r, which yields —r = 3 sin(20). 
Multiplying both sides by -1 gives r = —3 sin(2@), which does not agree with the original equation. 
Therefore the equation does not pass the test for this symmetry. However, returning to the original 
equation and replacing @ with 6+ gives 
r =3sin2(0+2)) 

= 3 sin(20 + 27) 

= 3(sin 20 cos 2” + cos 20 sin 27) 

= 3 sin 20. 


Since this agrees with the original equation, the graph is symmetric about the pole. 


To test for symmetry with respect to the vertical line 6 = * first replace both r with —r and @ with 
—6. 

—r = 3 sin(2(—8@)) 

—r = 3 sin(—26) 

—r = -—3 sin 20. 


Multiplying both sides of this equation by —1 gives r=3sin20, which is the original equation. 


Therefore the graph is symmetric about the vertical line 0 = om 


This graph has symmetry with respect to the polar axis, the origin, and the vertical line going through the pole. 
To graph the function, tabulate values of 0 between 0 and z/2 and then reflect the resulting graph. 
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This gives one petal of the rose, as shown in the following graph. 
{ 


r= 3sin2e 


0=0 
i. 2 


z 
~2 


th 


3 4 #5 


Figure 7.37 The graph of the equation between 6 = 0 and 
0=an/2. 


Reflecting this image into the other three quadrants gives the entire graph as shown. 
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r= 3sin2e 


Figure 7.38 The entire graph of the equation is called a four- 
petaled rose. 


fe 7.14 Determine the symmetry of the graph determined by the equation r = 2 cos(30) and create a graph. 
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7.3 EXERCISES 


In the following exercises, plot the point whose polar 
coordinates are given by first constructing the angle 0 and 


then marking off the distance r along the ray. 


128. 


( 
129. (1, 4) 
( 


For the following exercises, consider the polar graph below. 
Give two sets of polar coordinates for each point. 


f 


132. Coordinates of point A. 
133. Coordinates of point B. 
134. Coordinates of point C. 
135. Coordinates of point D. 


For the following exercises, the rectangular coordinates of 
a point are given. Find two sets of polar coordinates for the 
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point in (0, 2z]. Round to three decimal places. 
136. (2, 2) 


137. (3, —4) (3, -4) 


138. (8, 15) 
139. (-6, 8) 
140. (4, 3) 


141. (3, -v3) 


For the following exercises, find rectangular coordinates 
for the given point in polar coordinates. 


me 0.4 
1 (29 
i (9 
16 (1.3) 
ns. (3.38) 
(09) 
moe 


For the following exercises, determine whether the graphs 
of the polar equation are symmetric with respect to the x 


-axis, the y -axis, or the origin. 
149. r=3sin(20) 
150. r2=9cos0 


151. r= cos(4) 


152. r=2secé 
153. r=1+cosé 
For the following exercises, describe the graph of each 


polar equation. Confirm each description by converting 
into a rectangular equation. 
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154. r=3 

- 
155. @= 4 
156. r=sec@ 
157. r=csc@ 


For the following exercises, convert the rectangular 
equation to polar form and sketch its graph. 


158. x7 +y?=16 
159. x*-y?=16 
160. x=8 


For the following exercises, convert the rectangular 
equation to polar form and sketch its graph. 


161. 3x-y=2 
162. y?=4x 


For the following exercises, convert the polar equation to 
rectangular form and sketch its graph. 


163. r=4sin0d 
164. r=6cosé 
165. r=0 

166. r=cotdcscd 


For the following exercises, sketch a graph of the polar 
equation and identify any symmetry. 


167. r=1+sin0é 
168. r=3-2cos0 
169. r=2-—2sin0d 
170. r=5-4sind 
171. r=3cos(20) 
172. r=3sin(20) 


173. r=2cos(30) 


174. r=3 cos(¥) 


175. r2=4 cos(20) 
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176. r2=4sin0 
177. r=20 


178. [T] The graph of r = 2 cos(20)sec(@). is called a 


strophoid. Use a graphing utility to sketch the graph, and, 
from the graph, determine the asymptote. 


179. [T] Use a graphing utility and sketch the graph of 


——— 
2sin@d—-—3cos@ 


180. [T] Use a graphing utility to graph r = 1T—cos0’ 


181. [T] Use 
=e _ 9 cos(40): 


technology to graph 


182. [T] Use technology to plot r= sin(32) (use the 


interval 0 < 6 < 142). 


183. Without using technology, sketch the polar curve 


— 22 
d= 37 


184. [T] Use a graphing utility to plot r=@sin@ for 
—a<O<n. 


185. [T] Use technology to plot r=e %!? for 
-10<@< 10. 


186. [T] There is a curve known as the “Black Hole.” Use 
technology to plot r = e918 for —100 < 6 < 100. 


187. [T] Use the results of the preceding two problems to 


—0.0010 —0.00010 for 


explore the graphs of r = e and r=e 


|A| > 100. 
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7.4 | Area and Arc Length in Polar Coordinates 


Learning Objectives 


7.4.1 Apply the formula for area of a region in polar coordinates. 
7.4.2 Determine the arc length of a polar curve. 


In the rectangular coordinate system, the definite integral provides a way to calculate the area under a curve. In particular, 
if we have a function y = f(x) defined from x =a to x = b where f(x) > 0 on this interval, the area between the curve 


b 
and the x-axis is given by A = f f(x) dx. This fact, along with the formula for evaluating this integral, is summarized in 
a 


b 
the Fundamental Theorem of Calculus. Similarly, the arc length of this curve is given by L = a 14+(f’ (x)°dx. In this 
a 


section, we study analogous formulas for area and arc length in the polar coordinate system. 


Areas of Regions Bounded by Polar Curves 


We have studied the formulas for area under a curve defined in rectangular coordinates and parametrically defined curves. 
Now we turn our attention to deriving a formula for the area of a region bounded by a polar curve. Recall that the proof of 
the Fundamental Theorem of Calculus used the concept of a Riemann sum to approximate the area under a curve by using 
rectangles. For polar curves we use the Riemann sum again, but the rectangles are replaced by sectors of a circle. 


Consider a curve defined by the function r = f(@), where a < @ < f. Our first step is to partition the interval [a, /] into 
n equal-width subintervals. The width of each subinterval is given by the formula AO = (f —a@)/n, and the ith partition 
point 0; is given by the formula 6; = a@+iA@. Each partition point 0 = 6; defines a line with slope tan@; passing 
through the pole as shown in the following graph. 


Figure 7.39 A partition of a typical curve in polar coordinates. 
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The line segments are connected by arcs of constant radius. This defines sectors whose areas can be calculated by using a 
geometric formula. The area of each sector is then used to approximate the area between successive line segments. We then 
sum the areas of the sectors to approximate the total area. This approach gives a Riemann sum approximation for the total 
area. The formula for the area of a sector of a circle is illustrated in the following figure. 


Figure 7.40 The area of a sector of a circle is given by 
A= hor. 


Recall that the area of a circle is A = ar*. When measuring angles in radians, 360 degrees is equal to 27 radians. 
Therefore a fraction of a circle can be measured by the central angle @. The fraction of the circle is given by A so the 


area of the sector is this fraction multiplied by the total area: 


A= (2) ar? = 40r?. 


Since the radius of a typical sector in Figure 7.39 is given by r; = f(0;),_ the area of the ith sector is given by 
—l 2 
Aj = FADO). 


Therefore a Riemann sum that approximates the area is given by 
n n 
An= Aik >> Lao(s(o,). 


We take the limit as 1 — oo to get the exact area: 


A= lim A, aly (f(O)2a 


This gives the following theorem. 


Theorem 7.6: Area of a Region Bounded by a Polar Curve 
Suppose f is continuous and nonnegative on the interval a < 0 < f with 0 < f—a <2z. The area of the region 


bounded by the graph of r = f(@) between the radial lines 0 = a and 0 = f# is 


p p 7.9 
=4/ (p@Pao=4f 1720. ie 
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Example 7.16 


Finding an Area of a Polar Region 
Find the area of one petal of the rose defined by the equation r = 3 sin(26). 


Solution 
The graph of r = 3 sin(2@) follows. 


r=$sin20 


Figure 7.41 The graph of 7 = 3 sin(26). 


When @=0 we have r = 3 sin(2(0)) = 0. The next value for which r= 0 is 6 = z/2. This can be seen by 
solving the equation 3 sin(20) = O for @. Therefore the values 0 = 0 to 6 = z/2 trace out the first petal of the 
rose. To find the area inside this petal, use Equation 7.9 with f(@) = 3 sin(20), a=0, and f=2/2: 


p 
_1 2 
A =4/ [f@rao 
nl2 
oh : 2: 
=1 J [3 sin(20)|- do 
nl2 
=i 2 
=1 : 9 sin? (2) dO. 


To evaluate this integral, use the formula sin*a@ = (1 —cos(2a@))/2 with a = 20: 
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n/2 
ot ae 9 sin? (20) do 


_9 gf Ux cost, (I= cosOO)) 19 


nl2 
= i 1 — cos(40) i) 


= (0 sintaoyl 
q\9- —4—|o 


4 

_ a(z _ sin 2) = 4(0 _ sin 7) 
4\2 «4d q 

— 90 
= 


fe 7.15 Find the area inside the cardioid defined by the equation r = | — cos 0. 


Example 7.16 involved finding the area inside one curve. We can also use Area of a Region Bounded by a Polar 
Curve to find the area between two polar curves. However, we often need to find the points of intersection of the curves 
and determine which function defines the outer curve or the inner curve between these two points. 


Finding the Area between Two Polar Curves 
Find the area outside the cardioid r = 2 + 2 sin@ and inside the circle r = 6 sin 0. 


Solution 
First draw a graph containing both curves as shown. 
r = 6sin0 


r=2\ 2sine 


Figure 7.42 The region between the curves r = 2 +2 sin0 
and r = 6sin 0. 
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To determine the limits of integration, first find the points of intersection by setting the two functions equal to 
each other and solving for 0: 


6sind = 2+4+2sin0 


4sin0d = 2 
sind = 4. 
This gives the solutions 6 = é and 0 = 28. , which are the limits of integration. The circle r = 3 sin @ is the 


red graph, which is the outer function, and the cardioid r = 2+ 2sin@ is the blue graph, which is the inner 


function. To calculate the area between the curves, start with the area inside the circle between 0 ai and 


d= 3, then subtract the area inside the cardioid between 0 = = and d= 5B 
A =circle — cardioid 
52/6 
=3/ [6 sin 0] 2ao-4 "12 + 2sin o12a8 


52/6 
=3) 36 sin odo-4f eer eee 6d0 


=isf "1S 20626) gp _ of” YL 2sing += 82D ag 
n/6 n/6 


52/6 
sine) 36 sin(20) 
= so — sin — 2) 32 —2cos0—- —4— |x’ 


a sin 207'6)) _ 92 _ sin a 


6 6 
5a _ sin “pe ( \_ a _ sin at) 
-(3(52 —4co ars 7 + 3(2) 4 cos € a 
=4n. 


fe 7.16 Find the area inside the circle r = 4cos @ and outside the circle r = 2. 


In Example 7.17 we found the area inside the circle and outside the cardioid by first finding their intersection points. 
Notice that solving the equation directly for @ yielded two solutions: 0 = . and = = 
three intersection points. The third intersection point is the origin. The reason why this point did not show up as a solution 
is because the origin is on both graphs but for different values of 0. For example, for the cardioid we get 


2+2sin0d = 0 
sind = -l, 


However, in the graph there are 


so the values for @ that solve this equation are 0 = SE + 2na, where nis any integer. For the circle we get 


6sind =0. 


The solutions to this equation are of the form @ = na for any integer value of n. These two solution sets have no points in 
common. Regardless of this fact, the curves intersect at the origin. This case must always be taken into consideration. 
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Arc Length in Polar Curves 


Here we derive a formula for the arc length of a curve defined in polar coordinates. 


In rectangular coordinates, the arc length of a parameterized curve (x(t), y(t)) for a <t < b is given by 


L= f \(a) + +(2) at 


In polar coordinates we define the curve by the equation r = f(@), where a <0 < f. In order to adapt the arc length 
formula for a polar curve, we use the equations 
x =rcos6@= f(@) cos @and y = rsin@ = f(9) sin@, 


and we replace the parameter t by 0. Then 
dx _ ¢ = : 
do7 ft’ (@) cos 6 — f(@) sind 
4y = f’ (0) sin 6 + f(@) cos 6. 


We replace dt by dO, and the lower and upper limits of integration are @ and ff, respectively. Then the arc length 


t= {)\Ca) +) « 
= Lie) + (ie) 


= f V(t’ (0) cos @ — f(0) sin 0 + (f’ (0) sin 8 + f(0) cos 0)2d0 


B 
= J Wr (0)) (cos”@ + sin? 0) + (f())? (cos? + sin? @)d0 
B 5 5 
= [ iF OF + Oa 
p 2 
= d 
This gives us the following theorem. 


Theorem 7.7: Arc Length of a Curve Defined by a Polar Function 


Let f bea function whose derivative is continuous on an interval a < 0 < f. The length of the graph of r = f(@) 


L=/ . [FOP + Lf (Odo = [oles (ey. 40. (7.10) 


from 0=a to 0=f is 


Example 7.18 


Finding the Arc Length of a Polar Curve 


Find the arc length of the cardioid r = 2 + 2cos@. 
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Solution 

When 0=0, r=2+2cos0 =4. Furthermore, as 0 goes from 0 to 2z, the cardioid is traced out exactly 
once. Therefore these are the limits of integration. Using f(@)=2+2cos0é, a=0, and P= 2z, Equation 
7.10 becomes 


B 
L =f \fo@P+lf OP ao 


2a 
= I, \[2 + 2coso]? + [—2sind]? do 


2n 
= ie V4 + 8cos6 + 4cos2 6 + 4sin? @d6 


2 
= ["\4+ 80096 + 4(cos? 0+ sin” a0 
2 
= [V8 + 8eos0a0 
Qn 
=2f \2+2cosé ad. 
0 


Next, using the identity cos(2a) =2cos*a—1, add 1 to both sides and multiply by 2. This gives 


2+ 2cos(2a@) = Acos* a. Substituting a = 0/2 gives 2 + 2cos@ = 4cos 26/2), so the integral becomes 


2n 

L =2f V2 + 2 cos dé 
2. 

=2f “scos?(2 (7) 


2a 
= ay lcos($ ao. 
0 2 
The absolute value is necessary because the cosine is negative for some values in its domain. To resolve this issue, 


change the limits from O to a and double the answer. This strategy works because cosine is positive between 0 


and 5 Thus, 


L= 4 eos(9)ao 
= 8 [ cox(8) dé 
=a(eslQe 


= 16. 


fe 7.17 Find the total arc length of r = 3 sin 0. 
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7.4 EXERCISES 


For the following exercises, determine a definite integral 
that represents the area. 


188. Region enclosed by r = 4 
189. Region enclosed by r = 3 sind 


190. Region in the first quadrant within the cardioid 
r=1+sin0d 


191. Region enclosed by one petal of r = 8 sin(20) 
192. Region enclosed by one petal of r = cos(36) 


193. Region below the polar axis and enclosed by 
r=1-siné 


194. Region in the first 
r=2-—cosé 


quadrant enclosed by 


195. Region enclosed by the inner loop of 
r=2-—3siné 
196. Region enclosed by the inner loop of 
r=3-4cosé 


197. Region enclosed by r = 1 — 2 cos @ and outside the 
inner loop 


198. Region common to r = 3 sin@ andr = 2 — sin8 
199. Region common to r = 2andr=4cos0é 
200. Region common to r = 3 cos @andr = 3 sin8 


For the following exercises, find the area of the described 
region. 


201. Enclosed by r = 6sin9 
202. Above the polar axis enclosed by r = 2 + sind 


203. Below the polar axis and enclosed by r = 2 — cos @ 


204. Enclosed by one petal of r = 4 cos(30) 

205. Enclosed by one petal of r = 3 cos(20) 

206. Enclosed by r= 1+4sin0@ 

207. Enclosed by the inner loop of r = 3+ 6cos@ 


208. Enclosed by r=2-+4cos@ and outside the inner 
loop 


669 
209. Common interior of r = 4 sin(20) and r = 2 
210. Common interior of 
r=3-2sinéandr=-—3+2sin0 
211. Common interior of r = 6 sin @ andr = 3 
212. Inside r= 1+ cos@ and outside r = cos 0 
213. Common interior of 


r=2+2cos@andr=2sin@ 


For the following exercises, find a definite integral that 
represents the arc length. 


214. r=4cos@on the interval0 <0 < = 
215. r=1+sin@ onthe interval 0 <0 <2 


216. r=2sec@on the interval0 <0 < 5 


217. r= eon the interval 0 <d0<1 


For the following exercises, find the length of the curve 
over the given interval. 


218. r=6on the interval0 <0 < 5 


219. r= e°’ on the interval0 <0 <2 


220. r= 6cos6@on the interval 0 < 0 < 5 


221. r=8+8cos@on the intervalO <O0<2z 
222. r= 1-—<sin@on the intervalO < 0 < 2z 


For the following exercises, use the integration capabilities 
of a calculator to approximate the length of the curve. 


223. [T] r = 300n the interval0 <0 < 5 


224. [T] r= Zon the intervalz <0 <2 


225. [T] r= sin? (4) on the interval0 <0<az 


226. [T] r = 207 on the interval0 <0 <2 
227. [T] r= sin(3 cos 8) on the interval0 <0 <z 


For the following exercises, use the familiar formula from 
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geometry to find the area of the region described and then 
confirm by using the definite integral. 


228. r=3sin@on the interval0 <0 <a 

229. r=sin@+ cos @on the interval) <0<az 

230. r=6sin@+8cos@on the interval0 <O0<a 

For the following exercises, use the familiar formula from 


geometry to find the length of the curve and then confirm 
using the definite integral. 


231. r=3sin@on the interval0 <0<z 


N 
oe) 
as 
as 
Il 


sin @ + cos on the interval0 <0 <2 


N 
ee) 
ed 
pan 
Il 


6sin@+ 8 cos @on the interval0 <0<az 


234. Verify that if y=rsinO=f(@)sin@ then 


a = f'(O)sin 6 + f(A)cos 0. 


For the following exercises, find the slope of a tangent line 
to a polar curve r= f(@). Let x =rcos@= f(@cosé 


and y=rsind= f(@)sin@, so the polar equation 
r = {(@) is now written in parametric form. 
dy _ dy/do 


235. Use the definition of the derivative aes dala 


the product rule to derive the derivative of a polar equation. 


and 


236. r=1-—sind; ¢ 2) 
237. r=4cos0; (2, z) 
238. r=8sind; (4, 52) 


= +. 32 
239. r=4+4+sin0; (3. 5) ) 
240. r=6+3cos@; (3, 2) 
241. r=4cos(28); tips of the leaves 


242. r=2sin(30); tips of the leaves 
243, r= 26; (3, 2) 
244. Find the points on the interval —z < 6 < a at which 


the cardioid r= 1-—cos@ has a vertical or horizontal 
tangent line. 
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245. For the cardioid r= 1+ sin@, find the slope of the 


tangent line when 6 = oe 


For the following exercises, find the slope of the tangent 
line to the given polar curve at the point given by the value 
of 0. 


246. r=3c0s0,0=% 
247. r=0, 0= 


248. r=In@, O=e 


249. [T] Use technology: r=2+4cos@ at 0= z 


For the following exercises, find the points at which the 


following polar curves have a horizontal or vertical tangent 
line. 


250. r=4cosé 

251. re=4 cos(20) 

252. r=2sin(20) 

253. The cardioid r= 1+ sin0 


254. Show that the curve r = sin 8 tan @ (called a cissoid 
of Diocles) has the line x = 1 as a vertical asymptote. 


Chapter 7 | Parametric Equations and Polar Coordinates 671 


7.5 | Conic Sections 


Learning Objectives 


7.5.1 Identify the equation of a parabola in standard form with given focus and directrix. 
7.5.2 Identify the equation of an ellipse in standard form with given foci. 


7.5.3 Identify the equation of a hyperbola in standard form with given foci. 
7.5.4 Recognize a parabola, ellipse, or hyperbola from its eccentricity value. 
7.5.5 Write the polar equation of a conic section with eccentricity e. 


7.5.6 Identify when a general equation of degree two is a parabola, ellipse, or hyperbola. 


Conic sections have been studied since the time of the ancient Greeks, and were considered to be an important mathematical 
concept. As early as 320 BCE, such Greek mathematicians as Menaechmus, Appollonius, and Archimedes were fascinated 
by these curves. Appollonius wrote an entire eight-volume treatise on conic sections in which he was, for example, able to 
derive a specific method for identifying a conic section through the use of geometry. Since then, important applications of 
conic sections have arisen (for example, in astronomy), and the properties of conic sections are used in radio telescopes, 
satellite dish receivers, and even architecture. In this section we discuss the three basic conic sections, some of their 
properties, and their equations. 


Conic sections get their name because they can be generated by intersecting a plane with a cone. A cone has two identically 
shaped parts called nappes. One nappe is what most people mean by “cone,” having the shape of a party hat. A right circular 
cone can be generated by revolving a line passing through the origin around the y-axis as shown. 


Figure 7.43 A cone generated by revolving the line y = 3x 


around the y -axis. 


Conic sections are generated by the intersection of a plane with a cone (Figure 7.44). If the plane is parallel to the axis of 
revolution (the y-axis), then the conic section is a hyperbola. If the plane is parallel to the generating line, the conic section 
is a parabola. If the plane is perpendicular to the axis of revolution, the conic section is a circle. If the plane intersects one 
nappe at an angle to the axis (other than 90°), then the conic section is an ellipse. 
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nappes ( hyperbola 


An 


Figure 7.44 The four conic sections. Each conic is determined by the angle the plane makes with the axis of 
the cone. 


Parabolas 


A parabola is generated when a plane intersects a cone parallel to the generating line. In this case, the plane intersects only 
one of the nappes. A parabola can also be defined in terms of distances. 


Definition 


A parabola is the set of all points whose distance from a fixed point, called the focus, is equal to the distance from 
a fixed line, called the directrix. The point halfway between the focus and the directrix is called the vertex of the 
parabola. 


A graph of a typical parabola appears in Figure 7.45. Using this diagram in conjunction with the distance formula, we can 
derive an equation for a parabola. Recall the distance formula: Given point P with coordinates (x,, y,) and point Q with 


coordinates (x5, y), the distance between them is given by the formula 


d(P, Q) = \(x, = x1) + Vg - y)”. 
Then from the definition of a parabola and Figure 7.45, we get 
dF, P) = d(P, Q) 
\O-2? +(p-yP = Ve-0?+Cp-y, 


Squaring both sides and simplifying yields 
x°+(p-y)? = 0°+(-p-y)? 
p> +2py+y? 


x + p*—2py+y? 
x?—2py = 2py 


x? Apy. 
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ie (x, —p) 
directrix 


Figure 7.45 A typical parabola in which the distance from the 
focus to the vertex is represented by the variable p. 


Now suppose we want to relocate the vertex. We use the variables (h, k) to denote the coordinates of the vertex. Then if 


the focus is directly above the vertex, it has coordinates (h, k+ p) and the directrix has the equation y =k — p. Going 


through the same derivation yields the formula (x — h)? = 4p(y —k). Solving this equation for y leads to the following 


theorem. 


Theorem 7.8: Equations for Parabolas 


Given a parabola opening upward with vertex located at (h, k) and focus located at (h, k + p), where p is a constant, 


the equation for the parabola is given by 


= hie — je (7.11) 
y 7a h)“ +k. 


This is the standard form of a parabola. 


We can also study the cases when the parabola opens down or to the left or the right. The equation for each of these cases 
can also be written in standard form as shown in the following graphs. 
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parabola 


parabola 
opens down 


opens up 


focus directrix 


(h, k + p) 
e 


vertex (h, k) 


vertex (h, k) 


directrix 
yaK'=p 


directrix 
x=h+p 


directrix 
x=h-p 


vertex 
(h, k) 


parabola 


parabola 
opens left 


opens right 


-tyy ~— pp = —+1 yy — p2 
x=4V kj? +h x= ap V/ kj? +h 
Figure 7.46 Four parabolas, opening in various directions, along with their equations in standard form. 


In addition, the equation of a parabola can be written in the general form, though in this form the values of h, k, and p are 
not immediately recognizable. The general form of a parabola is written as 


ax’ +bx+cy+d=0 or ay’? +bx+cyt+d=0. 


The first equation represents a parabola that opens either up or down. The second equation represents a parabola that opens 
either to the left or to the right. To put the equation into standard form, use the method of completing the square. 


Example 7.19 


Converting the Equation of a Parabola from General into Standard Form 


Put the equation x? —4x- 8y + 12 = 0 into standard form and graph the resulting parabola. 
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Solution 


Since y is not squared in this equation, we know that the parabola opens either upward or downward. Therefore 
we need to solve this equation for y, which will put the equation into standard form. To do that, first add 8y to 


both sides of the equation: 
8y = x7 —4x 4 12. 


The next step is to complete the square on the right-hand side. Start by grouping the first two terms on the right- 
hand side using parentheses: 


8y = (x? — 4x) + 12. 


Next determine the constant that, when added inside the parentheses, makes the quantity inside the parentheses 


4? 


a perfect square trinomial. To do this, take half the coefficient of x and square it. This gives (=) =4. Add 4 
inside the parentheses and subtract 4 outside the parentheses, so the value of the equation is not changed: 


By = (x*-4x+4)+ 12-4. 
Now combine like terms and factor the quantity inside the parentheses: 
By = (x—2)74+8. 
Finally, divide by 8: 
y= Px 2)? + 1. 
This equation is now in standard form. Comparing this to Equation 7.11 gives h=2, k=1, and p=2. 


The parabola opens up, with vertex at (2, 1), focus at (2, 3), and directrix y = —1. The graph of this parabola 


appears as follows. 


x2 — 4x — BY + 12 =0 


focus 
e (2, 3) 


directrix 
+ y=-1 


Figure 7.47 The parabola in Example 7.19. 


fe 7.18 Put the equation 2y? —x+12y+16=0 into standard form and graph the resulting parabola. 
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The axis of symmetry of a vertical (opening up or down) parabola is a vertical line passing through the vertex. The 
parabola has an interesting reflective property. Suppose we have a satellite dish with a parabolic cross section. If a beam of 
electromagnetic waves, such as light or radio waves, comes into the dish in a straight line from a satellite (parallel to the 
axis of symmetry), then the waves reflect off the dish and collect at the focus of the parabola as shown. 


Consider a parabolic dish designed to collect signals from a satellite in space. The dish is aimed directly at the satellite, and 
a receiver is located at the focus of the parabola. Radio waves coming in from the satellite are reflected off the surface of the 
parabola to the receiver, which collects and decodes the digital signals. This allows a small receiver to gather signals from a 
wide angle of sky. Flashlights and headlights in a car work on the same principle, but in reverse: the source of the light (that 
is, the light bulb) is located at the focus and the reflecting surface on the parabolic mirror focuses the beam straight ahead. 
This allows a small light bulb to illuminate a wide angle of space in front of the flashlight or car. 


Ellipses 


An ellipse can also be defined in terms of distances. In the case of an ellipse, there are two foci (plural of focus), and two 
directrices (plural of directrix). We look at the directrices in more detail later in this section. 


Definition 


An ellipse is the set of all points for which the sum of their distances from two fixed points (the foci) is constant. 
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Figure 7.48 A typical ellipse in which the sum of the distances from any 
point on the ellipse to the foci is constant. 


A graph of a typical ellipse is shown in Figure 7.48. In this figure the foci are labeled as F and F’. Both are the same 
fixed distance from the origin, and this distance is represented by the variable c. Therefore the coordinates of F are (c, 0) 


and the coordinates of F’ are (—c, 0). The points P and P’ are located at the ends of the major axis of the ellipse, and 
have coordinates (a, 0) and (—a, 0), respectively. The major axis is always the longest distance across the ellipse, and 
can be horizontal or vertical. Thus, the length of the major axis in this ellipse is 2a. Furthermore, P and P’ are called the 
vertices of the ellipse. The points Q and Q” are located at the ends of the minor axis of the ellipse, and have coordinates 
(0, b) and (0, —b), respectively. The minor axis is the shortest distance across the ellipse. The minor axis is perpendicular 
to the major axis. 


According to the definition of the ellipse, we can choose any point on the ellipse and the sum of the distances from this 
point to the two foci is constant. Suppose we choose the point P. Since the coordinates of point P are (a, 0), the sum of 


the distances is 

d(P, F)+ d(P, F’) = (a-—c) + (atc) = 2a. 
Therefore the sum of the distances from an arbitrary point A with coordinates (x, y) is also equal to 2a. Using the distance 
formula, we get 


d(A, F) + d(A, F’) 


2a 


Va-0? +y2 +402 +y? 2a. 


Subtract the second radical from both sides and square both sides: 
\(x-c)* + y? = 2a- Vae+e)? +y? 
(x—c)*+y* = 4a? — 4a\(x +c)? +y2 + (x40)? +y? 


x Dexter + y- 4a? —4a\(x +0)? + y* +x? + 2cxt+c7 + y? 


—2cx = 4a? — 4a\\(x +c)? + y? + 2ex. 


Now isolate the radical on the right-hand side and square again: 
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—2cx = 4a? — Aa\\(x +c)? + y? + 2cx 
4a\(x +0)? + y* = 4a? +4cx 
Vato*+y?% = a+ 


QD 
(xtc)? +y? = a” + 2cx + 
a 
D2 
x? 42cx+c7 + y* = a? + 2cx +o 
a 
2: 2 
eee ay = a+ oe. 
a 


Isolate the variables on the left-hand side of the equation and the constants on the right-hand side: 


22 
x? oe +¥7 = ac 
(a° - c*}x? 2 a 3 
5) +y" = a-c 


If we refer back to Figure 7.48, then the length of each of the two green line segments is equal to a. This is true because 
the sum of the distances from the point Q to the foci F and F’ is equal to 2a, and the lengths of these two line segments 


are equal. This line segment forms a right triangle with hypotenuse length a and leg lengths b and c. From the Pythagorean 


theorem, a? +b? = c? and b* = a* —c?. Therefore the equation of the ellipse becomes 
2 2 
Stel 
a b 


Finally, if the center of the ellipse is moved from the origin to a point (, k), we have the following standard form of an 


ellipse. 


Theorem 7.9: Equation of an Ellipse in Standard Form 


Consider the ellipse with center (h, k), a horizontal major axis with length 2a, and a vertical minor axis with length 


2b. Then the equation of this ellipse in standard form is 


Gabe ae (7.12) 


2 
and the foci are located at (h+c, k), where c* =a*—b?. The equations of the directrices are x =h+ == 


If the major axis is vertical, then the equation of the ellipse becomes 


=e Tee (7.13) 
ae = il 
b? a> 
and the foci are located at (h,k+c), where C= 2 =e the equations of the directrices in this case are 
2 
a a 


If the major axis is horizontal, then the ellipse is called horizontal, and if the major axis is vertical, then the ellipse is 
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called vertical. The equation of an ellipse is in general form if it is in the form Ax? + By? +Cx+Dy+E=0, whereA 


and B are either both positive or both negative. To convert the equation from general to standard form, use the method of 
completing the square. 


Example 7.20 


Finding the Standard Form of an Ellipse 
Put the equation 9x? + Ay? — 36x + 24y + 36 = 0 into standard form and graph the resulting ellipse. 


Solution 


First subtract 36 from both sides of the equation: 
Ox? + 4y? — 36x + 24y = -36. 

Next group the x terms together and the y terms together, and factor out the common factor: 

(9x? — 36x) + (4y? + 24y) 

9(x? — 4x) + A(y? + 6y) 


—36 
—36. 


We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. 


2 
In the first set of parentheses, take half the coefficient of x and square it. This gives (=) = 4. In the second 


2 
set of parentheses, take half the coefficient of y and square it. This gives (S) = 9. Add these inside each pair 


of parentheses. Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. 
Similarly, we are adding 36 to the second set as well. Therefore the equation becomes 


9(x? — 4x + 4)+ 4(y? + 6y + 9) = -36 + 36 + 36 
O(x° — 4x + 4) + 4(y? + 6y + 9) = 36. 
Now factor both sets of parentheses and divide by 36: 


(x —2)7+4(y +3)? = 36 


Wx-2)? 443) _ 
7a a6. >" 
2 2 
ee 2a 


The equation is now in standard form. Comparing this to Equation 7.14 gives h=2, k=-3, a=3, and 
b = 2. This is a vertical ellipse with center at (2, —3), major axis 6, and minor axis 4. The graph of this ellipse 


appears as follows. 
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Figure 7.49 The ellipse in Example 7.20. 


7.19 Put the equation Ox? + l6y” + 18x —64y —71 =0 into standard form and graph the resulting ellipse. 


According to Kepler’s first law of planetary motion, the orbit of a planet around the Sun is an ellipse with the Sun at one 
of the foci as shown in Figure 7.50(a). Because Earth’s orbit is an ellipse, the distance from the Sun varies throughout the 
year. A commonly held misconception is that Earth is closer to the Sun in the summer. In fact, in summer for the northern 
hemisphere, Earth is farther from the Sun than during winter. The difference in season is caused by the tilt of Earth’s axis 
in the orbital plane. Comets that orbit the Sun, such as Halley’s Comet, also have elliptical orbits, as do moons orbiting the 
planets and satellites orbiting Earth. 


Ellipses also have interesting reflective properties: A light ray emanating from one focus passes through the other focus 
after mirror reflection in the ellipse. The same thing occurs with a sound wave as well. The National Statuary Hall in the 
U.S. Capitol in Washington, DC, is a famous room in an elliptical shape as shown in Figure 7.50(b). This hall served as 
the meeting place for the U.S. House of Representatives for almost fifty years. The location of the two foci of this semi- 
elliptical room are clearly identified by marks on the floor, and even if the room is full of visitors, when two people stand on 
these spots and speak to each other, they can hear each other much more clearly than they can hear someone standing close 
by. Legend has it that John Quincy Adams had his desk located on one of the foci and was able to eavesdrop on everyone 
else in the House without ever needing to stand. Although this makes a good story, it is unlikely to be true, because the 
original ceiling produced so many echoes that the entire room had to be hung with carpets to dampen the noise. The ceiling 
was rebuilt in 1902 and only then did the now-famous whispering effect emerge. Another famous whispering gallery—the 
site of many marriage proposals—is in Grand Central Station in New York City. 


(a) (b) 
Figure 7.50 (a) Earth’s orbit around the Sun is an ellipse with the Sun at one focus. (b) Statuary Hall in the U.S. Capitol is a 
whispering gallery with an elliptical cross section. 
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Hyperbolas 


A hyperbola can also be defined in terms of distances. In the case of a hyperbola, there are two foci and two directrices. 
Hyperbolas also have two asymptotes. 


Definition 


A hyperbola is the set of all points where the difference between their distances from two fixed points (the foci) is 
constant. 


A graph of a typical hyperbola appears as follows. 
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Figure 7.51 A typical hyperbola in which the difference of the distances from any 
point on the ellipse to the foci is constant. The transverse axis is also called the major 
axis, and the conjugate axis is also called the minor axis. 


The derivation of the equation of a hyperbola in standard form is virtually identical to that of an ellipse. One slight hitch lies 
in the definition: The difference between two numbers is always positive. Let P be a point on the hyperbola with coordinates 
(x, y). Then the definition of the hyperbola gives |d(P, F,)— d(P, F)| = constant. To simplify the derivation, assume 


that P is on the right branch of the hyperbola, so the absolute value bars drop. If it is on the left branch, then the subtraction 
is reversed. The vertex of the right branch has coordinates (a, 0), so 


d(P, F,)—d(P, Fy) = (c +a) —(c — a) = 2a. 
This equation is therefore true for any point on the hyperbola. Returning to the coordinates (x, y) for P: 


Vato? +y2-Va-02 +y? 2a. 


Add the second radical from both sides and square both sides: 
V(x—0)? + y? 2at+ \(xt+c)* + y? 
(x—c)* + y? 4a? + 4a\(x+0)* +y7+ (eto)? +y? 
4a? +4a\(x+c)2 + y2 +424 2cx+c24 y? 
4a* + 4a V+ oye y? + 2cx. 


Now isolate the radical on the right-hand side and square again: 


x7 —2ex+c7+y? 


—2cx 
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—2cx = 4a? + 4a\\(x +c)? + y? + 2cx 
4a\(x + cy? + y? = —4q? —4cx 
Vato)? +y? = -a-& 


22 
(xtc)? +y? = a” + 2cx + £4 


a 
2,2 
x? 42cx+c7 + y* = a” + 2cx + £4 
a 
2 2 
x+er+y? = a? +f a 
a 


Isolate the variables on the left-hand side of the equation and the constants on the right-hand side: 


2,2 

x? - oe +¥7 = ac 
a 

(a? — ec}? 2.2 


+y* = a -Cc’. 


Finally, divide both sides by a’ —c*, This gives the equation 


2 


We now define b so that b? = c* — a”. This is possible because c > a. Therefore the equation of the ellipse becomes 


x 


g 


Finally, if the center of the hyperbola is moved from the origin to the point (h, k), we have the following standard form of 


a hyperbola. 


Theorem 7.10: Equation of a Hyperbola in Standard Form 
Consider the hyperbola with center (A, k), a horizontal major axis, and a vertical minor axis. Then the equation of 


this ellipse is 


@-hy? _W-w_, (7.14) 
a’ be 


2, 


and the foci are located at (h+c,k), where c?=a7+b*. The equations of the asymptotes are given by 


WSiese Be: —h). The equations of the directrices are 


=k? _ Gah)? _ Ca 
2 


2 


and the foci are located at (h,k+c), where c“ = @°+b°. The equations of the asymptotes are given by 


yeks rag —h). The equations of the directrices are 
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If the major axis (transverse axis) is horizontal, then the hyperbola is called horizontal, and if the major axis is vertical 
then the hyperbola is called vertical. The equation of a hyperbola is in general form if it is in the form 


Ax? + By? +Cx+Dy+E=0, where A and B have opposite signs. In order to convert the equation from general to 


standard form, use the method of completing the square. 


Finding the Standard Form of a Hyperbola 


Put the equation 9x? — l6y” + 36x + 32y — 124 =0 into standard form and graph the resulting hyperbola. 


What are the equations of the asymptotes? 


Solution 
First add 124 to both sides of the equation: 


9x? — Loy” + 36x + 32y = 124. 
Next group the x terms together and the y terms together, then factor out the common factors: 
(9x? + 36x) —(16y?-32y) = 124 
9(x? + 4x)-16(y?-2y) = 124. 


We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. In 


2 
the first set of parentheses, take half the coefficient of x and square it. This gives (3) = 4. In the second set 
2 
of parentheses, take half the coefficient of y and square it. This gives (=) = 1. Add these inside each pair of 


parentheses. Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. 
Similarly, we are subtracting 16 from the second set of parentheses. Therefore the equation becomes 


9(x° + 4x +4) — 16(y? — 2y + 1) = 124 + 36 - 16 
O(x? + 4x +4) — 16(y? - 2y + 1) = 144. 


Next factor both sets of parentheses and divide by 144: 


(x +2)? -16y-1)? = 144 
9x42)? 16y- 1) _ i 
144 144 
2 2 
+2)" _Y-lh _ 

16 5S 


The equation is now in standard form. Comparing this to Equation 7.15 gives h=-2, k=1, a=4, 
and b=3. This is a horizontal hyperbola with center at (—2, 1) and asymptotes given by the equations 


y=lt+ 3a +2). The graph of this hyperbola appears in the following figure. 
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At 

6 

9x2 + 16y? + 36x + 32y —- 124 =0 
5 


Figure 7.52 Graph of the hyperbola in Example 7.21. 


7.20 Put the equation Ay? — 9x7 + 16y+18x-—29=0 into standard form and graph the resulting 
hyperbola. What are the equations of the asymptotes? 


Hyperbolas also have interesting reflective properties. A ray directed toward one focus of a hyperbola is reflected by a 
hyperbolic mirror toward the other focus. This concept is illustrated in the following figure. 


y 


Light from star 


* Mirror 
' surface 


Figure 7.53 A hyperbolic mirror used to collect light from distant stars. 


This property of the hyperbola has important applications. It is used in radio direction finding (since the difference in signals 
from two towers is constant along hyperbolas), and in the construction of mirrors inside telescopes (to reflect light coming 
from the parabolic mirror to the eyepiece). Another interesting fact about hyperbolas is that for a comet entering the solar 
system, if the speed is great enough to escape the Sun’s gravitational pull, then the path that the comet takes as it passes 
through the solar system is hyperbolic. 


Eccentricity and Directrix 


An alternative way to describe a conic section involves the directrices, the foci, and a new property called eccentricity. We 
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will see that the value of the eccentricity of a conic section can uniquely define that conic. 


Definition 


The eccentricity e of a conic section is defined to be the distance from any point on the conic section to its focus, 
divided by the perpendicular distance from that point to the nearest directrix. This value is constant for any conic 
section, and can define the conic section as well: 


1. If e=1, the conic is a parabola. 
2. If e<1, itis anellipse. 
3. If e> 1, itis a hyperbola. 


The eccentricity of a circle is zero. The directrix of a conic section is the line that, together with the point known 
as the focus, serves to define a conic section. Hyperbolas and noncircular ellipses have two foci and two associated 
directrices. Parabolas have one focus and one directrix. 


The three conic sections with their directrices appear in the following figure. 


Ellipse Parabola Hyperbola 
ee vertex 
(a, 0) (a, 0) focus 
(c, 0) 
2 JA > 
(0, 0) 
directrix directrix 
x=-a a? 


bee 
c 


Figure 7.54 The three conic sections with their foci and directrices. 


Recall from the definition of a parabola that the distance from any point on the parabola to the focus is equal to the distance 
from that same point to the directrix. Therefore, by definition, the eccentricity of a parabola must be 1. The equations of the 


2 
directrices of a horizontal ellipse are x = a The right vertex of the ellipse is located at (a, 0) and the right focus is 
(c, 0). Therefore the distance from the vertex to the focus is a —c and the distance from the vertex to the right directrix 


2 
is oa —c. This gives the eccentricity as 


a-c _cla—c)_c@—-c)_e¢ 


2 aa-c) @ 


e= 
2 

a. a —ac 
C a 


Since c <a, this step proves that the eccentricity of an ellipse is less than 1. The directrices of a horizontal hyperbola are 


2 
also located at x = +2, and a similar calculation shows that the eccentricity of a hyperbola is also e = £. However in 


this case we have c > a, so the eccentricity of a hyperbola is greater than 1. 
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Determining Eccentricity of a Conic Section 


Determine the eccentricity of the ellipse described by the equation 


2 2 
(x= 3)" | +2 5 
16 25 
Solution 
From the equation we see that a=5 and b=4. The value of c can be calculated using the equation 


a> =b* +c? for an ellipse. Substituting the values of a and b and solving for c gives c = 3. Therefore the 


eccentricity of the ellipse is e = 4 = 2=0.6. 


ae) 


fe 7.21 Determine the eccentricity of the hyperbola described by the equation 
= 3) @+2)? _ 


— 1 


49 25. 


Polar Equations of Conic Sections 


Sometimes it is useful to write or identify the equation of a conic section in polar form. To do this, we need the concept of 
the focal parameter. The focal parameter of a conic section p is defined as the distance from a focus to the nearest directrix. 
The following table gives the focal parameters for the different types of conics, where a is the length of the semi-major axis 
(i.e., half the length of the major axis), c is the distance from the origin to the focus, and e is the eccentricity. In the case of 
a parabola, a represents the distance from the vertex to the focus. 


“ 
1 


Parabola 


— 


Table 7.7 Eccentricities and Focal Parameters of the 
Conic Sections 


Using the definitions of the focal parameter and eccentricity of the conic section, we can derive an equation for any conic 
section in polar coordinates. In particular, we assume that one of the foci of a given conic section lies at the pole. Then using 
the definition of the various conic sections in terms of distances, it is possible to prove the following theorem. 


Theorem 7.11: Polar Equation of Conic Sections 


The polar equation of a conic section with focal parameter p is given by 


as ep = ep 
"~Teecos0”” T+esind 
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In the equation on the left, the major axis of the conic section is horizontal, and in the equation on the right, the major axis 
is vertical. To work with a conic section written in polar form, first make the constant term in the denominator equal to 1. 
This can be done by dividing both the numerator and the denominator of the fraction by the constant that appears in front of 
the plus or minus in the denominator. Then the coefficient of the sine or cosine in the denominator is the eccentricity. This 
value identifies the conic. If cosine appears in the denominator, then the conic is horizontal. If sine appears, then the conic 
is vertical. If both appear then the axes are rotated. The center of the conic is not necessarily at the origin. The center is at 
the origin only if the conic is a circle (ie., e = 0). 


Graphing a Conic Section in Polar Coordinates 


Identify and create a graph of the conic section described by the equation 


r=—3 
1+2cos@ 


Solution 
The constant term in the denominator is 1, so the eccentricity of the conic is 2. This is a hyperbola. The focal 


parameter p can be calculated by using the equation ep = 3. Since e=2, this gives p= 3. The cosine 


function appears in the denominator, so the hyperbola is horizontal. Pick a few values for @ and create a table of 
values. Then we can graph the hyperbola (Figure 7.55). 
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_ 3 
~ 1 + 2cosé 


Figure 7.55 Graph of the hyperbola described in Example 
7.23. 


fe 7.22 Identify and create a graph of the conic section described by the equation 
r 


=. 4 
1-0.8 sind’ 


General Equations of Degree Two 
A general equation of degree two can be written in the form 
Ax? + Bxy + Cy? + Dx + Ey + F =0. 
The graph of an equation of this form is a conic section. If B 4 0 then the coordinate axes are rotated. To identify the conic 
section, we use the discriminant of the conic section 4AC — B?. One of the following cases must be true: 
1. 4A4C —B* > 0. Ifso, the graph is an ellipse. 
2. 4AC —B* =0. If so, the graph is a parabola. 


3. 4AC —B? <0. If so, the graph is a hyperbola. 


The simplest example of a second-degree equation involving a cross term is xy = 1. This equation can be solved for y to 
1 


obtain y = >. The graph of this function is called a rectangular hyperbola as shown. 
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Figure 7.56 Graph of the equation xy = 1; The red lines 


indicate the rotated axes. 


The asymptotes of this hyperbola are the x and y coordinate axes. To determine the angle @ of rotation of the conic section, 


we use the formula cot 20 = Age In this case A=C=0 and B=1, so cot20=(0—0)/1 =O and 6 =45°. 


The method for graphing a conic section with rotated axes involves determining the coefficients of the conic in the rotated 
coordinate system. The new coefficients are labeled A’, B’, C’, D’, E’, and F’, and are given by the formulas 


A’ = Acos?@+Bcos@sin@+C sin?6 
B’ = 0 
C’ = Asin?6—Bsin@cos 6 +Ccos*0 
D' = Dcos@+Esin@g 
E’ = -Dsin@+Ecosé 
F’ = F., 

The procedure for graphing a rotated conic is the following: 


1. Identify the conic section using the discriminant 4AC — B = 


A=C 


2. Determine @ using the formula cot 20 = B 


3. Calculate A’, B’, C’, D’, E’, and F’. 
4. Rewrite the original equation using A’, B’, C’, D’, E’, and F’. 


5. Draw a graph using the rotated equation. 


Example 7.24 


Identifying a Rotated Conic 


Identify the conic and calculate the angle of rotation of axes for the curve described by the equation 


13x? — 6\3xy + Ty? — 256 = 0. 


Solution 
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In this equation, A= 13, B= -—6V3, C=7, D=0,E=0, and F =—256. The discriminant of this 
equation is 4AC — B= 4(13)(7) - (-6v3)" = 364-108 = 256. Therefore this conic is an ellipse. To 


calculate the angle of rotation of the axes, use cot 20 = A B C This gives 
_~A-C 
cot20 = a ie 
_ 13-7 
—6\3 
= ais 
3 


Therefore 20 = 120° and 6 = 60°, which is the angle of the rotation of the axes. 


To determine the rotated coefficients, use the formulas given above: 


A’ = Acos20+Bcos @sin0@+Csin20 
13cos2 60 + (-6V3) cos 60 sin 60 + 7sin2 60 
2 2 
= 73(1) — 6y3(1 03 3] 
= 13(3) ov3(4 (2) +74 
= 4, 
B= QO, 


C’ = Asin?6-Bsin@cos 6+ Ccos*0 
= 13sin?60 + (—6V3) sin 60 cos 60 = 7cos” 60 


= (8) +69(Q)A)+ 74) 


2 2 
= 16, 
D' = Dcos@+Esin@ 
= (0) cos 60 + (0) sin 60 
= 0, 
E' = —Dsin@+Ecos@ 
= —(0) sin 60 + (0) cos 60 
= 0, 
F’ = F 
= -256. 


The equation of the conic in the rotated coordinate system becomes 


A(x’)? + 16’)? = 256 
Go 0) 
a 6 = 


A graph of this conic section appears as follows. 
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Figure 7.57 Graph of the ellipse described by the equation 
13x? - 6V3xy + Ty? — 256 = 0. The axes are rotated 60°. 


The red dashed lines indicate the rotated axes. 


fj 7.23 Identify the conic and calculate the angle of rotation of axes for the curve described by the equation 
3x* + Sxy — 2y* —125=0. 
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7.59 EXERCISES 


For the following exercises, determine the equation of the 
parabola using the information given. 


255. Focus (4, 0) and directrix x = —4 
256. Focus (0, —3) and directrix y = 3 
257. Focus (0, 0.5) and directrix y = —0.5 
258. Focus (2, 3) and directrix x = —2 
259. Focus (0, 2) and directrix y = 4 

260. Focus (—1, 4) and directrix x = 5 


261. Focus (—3, 5) and directrix y = 1 


262, Focus (3 


_ 5 aati jel 
> 4) and directrix x = 5) 


For the following exercises, determine the equation of the 
ellipse using the information given. 


263. Endpoints of major axis at (4, 0), (—4, 0) and foci 
located at (2, 0), (—2, 0) 


264. Endpoints of major axis at (0, 5), (0, —5) and foci 
located at (0, 3), (0, —3) 


265. Endpoints of major axis at (0, 2), (0, —2) and foci 
located at (3, 0), (—3, 0) 


266. Endpoints of major axis at (—3, 3), (7, 3) and foci 
located at (—2, 3), (6, 3) 


267. Endpoints of major axis at (—3, 5), (—3, —3) and 
foci located at (—3, 3), (—3, -1) 


268. Endpoints of major axis at (0, 0), (0, 4) and foci 
located at (5, 2), (—5, 2) 


269. Foci located at (2, 0), (—2, 0) and eccentricity of 
1 


2 


270. Foci located at (0, —3), (0, 3) and eccentricity of 
3 


4 


For the following exercises, determine the equation of the 
hyperbola using the information given. 
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271. Vertices located at (5, 0), (—5, 0) and foci located 
at (6, 0), (—6, 0) 


272. Vertices located at (0, 2), (0, —2) and foci located 
at (0, 3), (0, —3) 


273. Endpoints of the conjugate axis located at 
(0, 3), (0, —3) and foci located (4, 0), (—4, 0) 


274. Vertices located at (0, 1), (6, 1) and focus located 
at (8, 1) 


275. Vertices located at (—2, 0), (—2, —4) and focus 
located at (—2, —8) 


276. Endpoints of the conjugate axis located at 
(3, 2), (3, 4) and focus located at (3, 7) 


277. Foci located at (6, —0), (6, 0) and eccentricity of 3 
278. (0, 10), (0, —10) and eccentricity of 2.5 


For the following exercises, consider the following polar 
equations of conics. Determine the eccentricity and identify 
the conic. 


279. r= TG 
280. r=5—hG 
281. r= s— nd 
282, r= =n 
283. r= saa 
284. r= 3nd 


For the following exercises, find a polar equation of the 
conic with focus at the origin and eccentricity and directrix 
as given. 


285. Directrix:x = 4; e = ‘ 


286. Directrix: x = —4;e =5 


287. Directrix: y = 2;e=2 
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288. Directrix: y = —2;e = 


NI 


For the following exercises, sketch the graph of each conic. 


289. = TSG 
290, r=; 
291, r=77eg 
292, raza 
293. r=z—-P; 
294, rash 


295. r(2+sin 0) =4 


ae: 
200) > 6 sin 

7 3 
aut Ee 2 sine 

2 2 

x Sine 
298. “g tq7=1 

2 2 

x 5 
299. “D+a7=1 


300. 4x7 + 9y? = 36 


301. 25x? — 4y? = 100 


He Wee 
302. 4p = 1 
303. x* = 12y 
304. y* = 20x 


305. 12x = 5y* 


For the following equations, determine which of the conic 
sections is described. 


306. xy=4 


307. x*+4xy —2y*-6=0 
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308. x7 + 2vV3xy + By? -6=0 

309. x*—xyt+y*-2=0 

310. 34x? — 24xy + 41y? —25 =0 

311. 52x? —72xy + 73y7 + 40x + 30y — 75 = 0 


312. The mirror in an automobile headlight has a parabolic 
cross section, with the lightbulb at the focus. On a 
schematic, the equation of the parabola is given as 


x? = Ay. At what coordinates should you place the 
lightbulb? 


313. A satellite dish is shaped like a paraboloid of 
revolution. The receiver is to be located at the focus. If the 
dish is 12 feet across at its opening and 4 feet deep at its 
center, where should the receiver be placed? 


314. Consider the satellite dish of the preceding problem. 
If the dish is 8 feet across at the opening and 2 feet deep, 
where should we place the receiver? 


315. A searchlight is shaped like a paraboloid of 
revolution. A light source is located 1 foot from the base 
along the axis of symmetry. If the opening of the 
searchlight is 3 feet across, find the depth. 


316. Whispering galleries are rooms designed with 
elliptical ceilings. A person standing at one focus can 
whisper and be heard by a person standing at the other 
focus because all the sound waves that reach the ceiling are 
reflected to the other person. If a whispering gallery has a 
length of 120 feet and the foci are located 30 feet from the 
center, find the height of the ceiling at the center. 


317. A person is standing 8 feet from the nearest wall in 
a whispering gallery. If that person is at one focus and the 
other focus is 80 feet away, what is the length and the height 
at the center of the gallery? 


For the following exercises, determine the polar equation 
form of the orbit given the length of the major axis and 
eccentricity for the orbits of the comets or planets. Distance 
is given in astronomical units (AU). 


318. Halley’s Comet: length of major axis = 35.88, 
eccentricity = 0.967 


319. Hale-Bopp Comet: length of major axis = 525.91, 
eccentricity = 0.995 


320. Mars: length of major axis = 3.049, eccentricity = 
0.0934 


321. Jupiter: length of major axis = 10.408, eccentricity = 
0.0484 
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CHAPTER 7 REVIEW 


KEY TERMS 


angular coordinate @ the angle formed by a line segment connecting the origin to a point in the polar coordinate 
system with the positive radial (x) axis, measured counterclockwise 


cardioid a plane curve traced by a point on the perimeter of a circle that is rolling around a fixed circle of the same radius; 
the equation of a cardioid is r = a(1 + sin@) or r = a(1 + cos 0) 


conic section a conic section is any curve formed by the intersection of a plane with a cone of two nappes 
cusp a pointed end or part where two curves meet 
cycloid the curve traced by a point on the rim of a circular wheel as the wheel rolls along a straight line without slippage 


directrix a directrix (plural: directrices) is a line used to construct and define a conic section; a parabola has one directrix; 
ellipses and hyperbolas have two 


discriminant the value 44C — B’, which is used to identify a conic when the equation contains a term involving xy, 
is called a discriminant 


eccentricity the eccentricity is defined as the distance from any point on the conic section to its focus divided by the 
perpendicular distance from that point to the nearest directrix 


focal parameter the focal parameter is the distance from a focus of a conic section to the nearest directrix 


focus a focus (plural: foci) is a point used to construct and define a conic section; a parabola has one focus; an ellipse and 
a hyperbola have two 


general form an equation of a conic section written as a general second-degree equation 


limagon the graph of the equation r=a+bsin@ or r=a+bcos@. If a=b then the graph is a cardioid 


major axis the major axis of a conic section passes through the vertex in the case of a parabola or through the two 
vertices in the case of an ellipse or hyperbola; it is also an axis of symmetry of the conic; also called the transverse 
axis 


minor axis the minor axis is perpendicular to the major axis and intersects the major axis at the center of the conic, or at 
the vertex in the case of the parabola; also called the conjugate axis 


nappe anappe is one half of a double cone 
orientation the direction that a point moves on a graph as the parameter increases 


parameter an independent variable that both x and y depend on in a parametric curve; usually represented by the variable 
t 


parameterization of a curve rewriting the equation of a curve defined by a function y= f(x) as parametric 


equations 


parametric curve the graph of the parametric equations x(f) and y(t) over an interval a < t < b combined with the 


equations 


parametric equations the equations x = x(f) and y = y(f) that define a parametric curve 
polar axis the horizontal axis in the polar coordinate system corresponding to r > 0 


polar coordinate system a system for locating points in the plane. The coordinates are r, the radial coordinate, and 


0, the angular coordinate 


polar equation an equation or function relating the radial coordinate to the angular coordinate in the polar coordinate 
system 


pole the central point of the polar coordinate system, equivalent to the origin of a Cartesian system 
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radial coordinate jhe coordinate in the polar coordinate system that measures the distance from a point in the plane to 


the pole 


rose graph of the polar equation r = acos 20 or r = asin 20 for a positive constant a 


space-filling curve a curve that completely occupies a two-dimensional subset of the real plane 


standard form an equation of a conic section showing its properties, such as location of the vertex or lengths of major 
and minor axes 


vertex a vertex is an extreme point on a conic section; a parabola has one vertex at its turning point. An ellipse has two 
vertices, one at each end of the major axis; a hyperbola has two vertices, one at the turning point of each branch 


KEY EQUATIONS 


¢ Derivative of parametric equations 
dy _ dyldt _ y'(t) 


dx dxldt~ x'(t) 


¢ Second-order derivative of parametric equations 


@y_ a (4) - (d/dt)(dyldx) 
dx2 ~ dx\dx dx/dt 


¢ Area under a parametric curve 


b 
A= a y(t)x! (t) dt 


e Arc as ofa aa curve 


=f \iay +(2) a 


* Surface pe generated by a parametric curve 


S=2n I ole’ OP +0 OP dt 
* Area of a region bounded by a polar curve 
=1 ['r@Pao =4 [Pa 
* Arc oe of a polar curve 
pe [ve (fOr +f Orde = f Ne e (45) dO 
KEY CONCEPTS 


7.1 Parametric Equations 
¢ Parametric equations provide a convenient way to describe a curve. A parameter can represent time or some other 
meaningful quantity. 


¢ It is often possible to eliminate the parameter in a parameterized curve to obtain a function or relation describing 
that curve. 


¢ There is always more than one way to parameterize a curve. 


¢ Parametric equations can describe complicated curves that are difficult or perhaps impossible to describe using 
rectangular coordinates. 
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7.2 Calculus of Parametric Curves 


¢ The derivative of the parametrically defined curve x = x(t) and y= y(t) can be calculated using the formula 


y_ y'@) 


aa ay Using the derivative, we can find the equation of a tangent line to a parametric curve. 


19 
¢ The area between a parametric curve and the x-axis can be determined by using the formula A = i, y(t)x’ (t) dt. 
"y 


$I 2 2 
¢ The arc length of a parametric curve can be calculated by using the formula s = J \(4) + (2) dt. 
‘ 


¢ The is area of a volume of revolution revolved around the x-axis is given by 


S=2n jf. y(t) \(x (nh)? +(y’ (t))* dt. If the curve is revolved around the y-axis, then the formula is 


s=20f. x(Vor' (OD)? + ( (Oat. 


7.3 Polar Coordinates 


¢ The polar coordinate system provides an alternative way to locate points in the plane. 
¢ Convert points between rectangular and polar coordinates using the formulas 


x=rcos@andy=rsin@ 


and 


—— 
r= \x? + y? andtand =~ 


¢ To sketch a polar curve from a given polar function, make a table of values and take advantage of periodic 
properties. 


¢ Use the conversion formulas to convert equations between rectangular and polar coordinates. 
¢ Identify symmetry in polar curves, which can occur through the pole, the horizontal axis, or the vertical axis. 


7.4 Area and Arc Length in Polar Coordinates 


¢ The area of aregion in polar coordinates defined by the equation r = f(@) with a < @ < # is given by the integral 
2 


Bp 
=4/ 1") a0 


¢ To find the area between two curves in the polar coordinate system, first find the points of intersection, then subtract 
the corresponding areas. 


¢ The arc length of a polar curve defined by the equation r= f(@) with a<@<f is given by the integral 
p —.______ B | 
L = 2 7 2: = dr d 
[ino +r @Pa0 = [72 + (46) ao. 


7.5 Conic Sections 


¢ The equation of a vertical parabola in standard form with given focus and directrix is y = ap om h)? +k where p 


is the distance from the vertex to the focus and (h, k) are the coordinates of the vertex. 
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(x — hy 
2 


The equation of a horizontal ellipse in standard form is = 1 where the center has coordinates 


(h, k), the major axis has length 2a, the minor axis has length 2b, and the coordinates of the foci are (4 +c, k), 


where c2 = a2 —b”. 


2 _ 22 
The equation of a horizontal hyperbola in standard form is Gay be 1 where the center has 
a 


coordinates (h, k), the vertices are located at (4 +a, k), and the coordinates of the foci are (+c, k), where 


c2 =a2 +b". 


The eccentricity of an ellipse is less than 1, the eccentricity of a parabola is equal to 1, and the eccentricity of a 
hyperbola is greater than 1. The eccentricity of a circle is 0. 


ep ep 


——_£€ . or r=——“*—,_ where 
l+ecosé l+tesin@’ - 


The polar equation of a conic section with eccentricity e is r= 
represents the focal parameter. 


To identify a conic generated by the equation Ax? + Bxy + Cy? +Dx+Ey+F=0, first calculate the 


discriminant D = 4AC — B”. If D > 0 then the conic is an ellipse, if D = 0 then the conic is a parabola, and if 


D <0 then the conic is a hyperbola. 


CHAPTER 7 REVIEW EXERCISES 


True or False? Justify your answer with a proof or a 
counterexample. 


322. The rectangular coordinates of the point (4 52) are 


(2v3, -2) 


323. The equations x=cosh(3t), y=2sinh(3f) 


represent a hyperbola. 


324, The arc length of the spiral given by r =¢ for 


0<0< 32 is on. 


325. Given x= f(f) and y= g(t), if rg en 


d dx’ 
f@® = g()+C, where C is a constant. 


For the following exercises, sketch the parametric curve 
and eliminate the parameter to find the Cartesian equation 
of the curve. 


926. z=14t y=r=1, =1<t<1 
327. x=e', y=1-e%, 0<t<l 


328. x=sind, y=1-—csc0é, 0<0<2z2 


329. x=4cosd, y=1-sing, 0<¢<2x 


For the following exercises, sketch the polar curve and 
determine what type of symmetry exists, if any. 


330. r=4 sin(4) 


331. r=5cos(50) 


For the following exercises, find the polar equation for the 
curve given as a Cartesian equation. 


332. x+y=5 


333, y?=4+4x7 


For the following exercises, find the equation of the tangent 
line to the given curve. Graph both the function and its 
tangent line. 


334. x=In(), y=r-1, t=1 


335. r=3+co0s(260), 0=32 


ind 22. dx 
336. Find a ae and Pe) 


x = | —sin(f) 


For the following exercises, find the area of the region. 


337. x=1°, y=In), O<t<e 
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338. r= 1-—sin@ in the first quadrant 


For the following exercises, find the arc length of the curve 
over the given interval. 


339. x=3t+4, y=9t-2, O<t<3 


340. r=6cos@, O0<6@< 2a. Check your answer by 


geometry. 


For the following exercises, find the Cartesian equation 
describing the given shapes. 


341. A parabola with focus (2, —5) and directrix x = 6 


342. An ellipse with a major axis length of 10 and foci at 
(—7, 2) and (1, 2) 


343. A hyperbola with vertices at (3, —2) and (—5, —2) 
and foci at (—2, —6) and (—2, 4) 


For the following exercises, determine the eccentricity and 
identify the conic. Sketch the conic. 


= 6 
oe Sa con) 
~ 4 
o45: "=3—2c0s0 
_ 7 
oa: "= 5—5 cos 


347. Determine the Cartesian equation describing the orbit 
of Pluto, the most eccentric orbit around the Sun. The 
length of the major axis is 39.26 AU and minor axis is 
38.07 AU. What is the eccentricity? 


348. The C/1980 E1 comet was observed in 1980. Given 
an eccentricity of 1.057 and a perihelion (point of closest 
approach to the Sun) of 3.364 AU, find the Cartesian 
equations describing the comet’s trajectory. Are we 
guaranteed to see this comet again? (Hint: Consider the Sun 
at point (0, 0).) 
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APPENDIX A | TABLE OF 
INTEGRALS 


Basic Integrals 


n+1 
1. ful dua" 4+0n#-1 


2, fd = m+ 

3. fet du=e"+C 

4. fa" du=“+C 

5. fsinudu = —cos u+C 

6. fcosudu = sinu+C 

7. fsec?udu = tanu+C 

8. fesc? udu = —cotu+C 

9. fsecutan udu = secu+C 
10. [csc ucot udu = —cscu+ C 
11. ftanu du = Injsec ul +C 
12. fcotudu = In|sinu| + C 
13. [sec udu = Inisec u + tan ul + C 


14. [esc udu = In|csc u — cot ul +C 


15. [tee asin #4 
a? —u? 


du l.,,-lu 
16. /—“*~ = stan ~44+C 
Iz a7 


17 


_1 -lu 
sec GtC 


du 
lee “ 
Trigonometric Integrals 


18. sin? udu — su - 4sin 2u+C 


700 
2 ee Pee 
19. [cos udu = su + {sin 2u + C 


20. fran?udu = tanu—u+C 
21. fcot?udu = —cotu-u+tC 


22. sin? udu= — 32 + sin’ u)cos u+C 


23. [cost udu — 32 + cos” u)sin u+tC 


24. fran? udu = dtan?u + In|cos ul] + C 


NN} 


25. foot? udu =- Foot? —In|sin u| + C 


26. Jscc3 udu = 4secutanu+ Hnjsec u + tan ul +C 
27. fesc3udu = — Fese uw cot u + FInlesc w — cot ul + C 
28. sin" udu = —Asin"~!ucosut2et fsin"~? udu 


29. cos" udu = Leos”! usinu+2e1 [cos"=2udu 


n al BoM n—-2 
30. fran udu = tan u fran udu 


31. foot" udu =—Leot"!u— foot" ?udu 


32. fsec"udu = 1 tan u seo" *u+2=2 f seo" u du 


aa: fesc"udu = —l cot wesc” ~?u + 2=2 esc”? udu 
n—1 n—-1 
sin(a— b)u _ sin(a+ b)u 


Weabe ae 


34. fsin au sin bu du = 


sin(a—b)u , sinia+b)u 


35. re = 
cos au cos bu du a=) Mat b) +C 
; _ _ cosia—b)ju _ cos(ia+b)u 
36. J sin au cos bu du = “2Gaby Dae) +C 
37. fusinudu = sinu—ucosu+C 
38. fucosudu = cosu+usinu+C 
39. futsinudu =u" cosu+n fu" cos udu 
AO. fulcosudu =u"sinu—nfu"~"sinudu 
an m — _ sin’=! ucos™*! u n—1 f sin? -? m 
P fin ucos’ udu = a7 ae sin ucos’ udu 
: - ntl m-1 
— sin"* uwcos”™ 7 “wu mL [5 n m—-2 
= reer Tay sin” u cos udu 
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Exponential and Logarithmic Integrals 


42. fue du= aya —Ne“+C 


43. pure du = Lape att [gh 1 eau dy 


ett 
a? +b” 


44, je sin bu du = (asin bu — bcos bu) + C 


u 


45. je cos bu du = at, re cos bu + b sin bu) + C 


46. finudu = utnu-u+C 


n+1 
47, fu"Inudu = pit VInw —1]+C 
n+ 


48. I- 7 du = In{Inu| + C 
Hyperbolic Integrals 
49. sinh udu =coshu+C 

50. [cosh udu = sinhu+C 

51. franhudu = Incoshu+C 

52. fcothu du = In|sinh ul + C 

53. fsech udu = tan~! |sinh ul + C 
54. fresch udu = In jan] +C 

55. fsech? udu =tanhu+C 

56. [esch? udu = -cothu+C 

57. fsech u tanh udu = —sechu + C 


58. fesch ucothu du = —cschu + C 


Inverse Trigonometric Integrals 
59. fsin7!udu = usin~!u+V1—u7+C 
60. fcos! udu = ucos~tu—V1—u2+C 


61. fran"! udu =utan~!u— Fin(1 + u?)+ C 


2, \ 2 
62. fu sin~! udu = 247+ sin7! u ar aid C 
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2 2 
63. fucos udu = 22 = Leos! y — WL =u? 4. 


2 
64. futan7!udu = 4 than tw -h+C 


65. /u"sin~!udu=— Jur 's EE dil ne -1 
! anf one fe 


nl — 1 | nti. =i u"t* du _ 
66. fu cos udu= blu cos sonitain 1 


n+1 
67. futtan7! udu = — ur Mant fu de} n#—1 


2 


Integrals Involving a*+u ,a>0 
68. fa? +0? du = “la? +0? + Fin(u + Va? +0) +C 


2 
69. Je Va7+u2du= gla? + 2u7)Va? +u2 — Bin(u+ Vaz + u?\+ C 
70. fice ft ye 


2 2. 
Va2 + u2 2_qginf@tia tu +C 


71. [ieee = — lap nut Va? +0? +C 
u 
d. = 2 2 

72: J fis = tne Va +u J+C 


a~+u 
2 2 
73. [758% = He? +0?) - Fin(u + Va? +0?) 4 
2 a ~ 2, 2 
a~+u 
2 
du 1 a“+u“+a 
74 = In +C 
Uu 
renee 


u a +u2 au 
76, {—d = —__4&___+¢ 
3/2 24f 2 2 
(a? + u?) a“ Va" +u 


Integrals Involving u* - a’, a>0 


77. i? a? du = 4a? — a? — Pinu + Wwe a4 +c 
78. fw Vu2 —a * du = $(2u° —a’) aC tol Ww? Salat 


8 


79, fleece =a" du = \u2 —a*—acos7!L+C 


lul 


af 2 2 At 2 2 
80. [5 £ au = — a + In| + Wea wae 
u 
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du _ | 2 2 
81. / —"4— = Inlut+ Vu--—a*|+C 
lige 
2 
82. JT5ts u> du 55 Hw? -—a 24 Fin|u + Vu? — a7 + 


Uu waa au 
84. J du - iC 
3/2 2/2 5) 
(u? - a’) a“ \u- —a 


2 


Integrals Involving a*-u ,a>0 


2 
224,27, U2 ,2, a“ -lu 
as. [Va uv du =-y\a ue + sin are 
4 
86. Ja Va2 —u*du= g (20 —a’) a= u? + Fsin- hy C 


8 


2 
a+\a*—u +C 


87. fiepe =u" du = Va? —u? —aln 


88. Spe 2: a —u2—sin t4#+C 
pes Ha? 


2 2 
uv du_ _ _ us 2 2, ao ,-lu 
89. [odd - ayia —Uu fae ae 
a“—u 
2 
du 14, a+ Va? — 
90. = ——ln +C 
ime . 7 
91. = = -1\d 24C 


la Gt a au 
92. [(e-w)” du= — $(2u? —5a "Wa? — 4 3a°sin THC 


Integrals Involving 2au - u’, a>0 


2 
94, [\2au =u? du= 454 2au —u? + Leos! (4@=#) +.C 


2 


= cos! (4=4) + C 


du 
5. | —_— 
Comer 
3 
96. fu\2au = w? du = 2u" — au— 3a" 2au — u> + Feos-! (454) +C 
97, [—du__ = — Vau=w? 5 ¢ 
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Integrals Involving a + bu,a#0 


udu__ 1 _ 
98. J PAG = fet bu aln|a + bul) + C 


u~ du _ 2. 2 
99. fx re sa [(a + bu)* — 4a(a + bu) + 2a“ Ina + bul|+C 


dy Uu 
ie I aa“iw = a in} mal tC 


101. — de + Fini P4l c 


ere ea a 


102, [udu _=__@ _4linia+ buj+c 
ie b?(a+bu) b? 


—_ udu ____ it Ay pla t+ bu 
103. 7 me EET “in| _ J+c 


2 a 
104, /— du — (a +b Jee 
peer b> a+ bu 
105. Jua+ bu du = - Fag Ghu — 2ay(a + buy? + C 
106. —udu_— 2 (py 24 Va+ bu+C 
Va + bu 7), ) 
2 
107, /-¥idu_ = 8a? + 3b2u2 — dabu\a + but+ C 
Vat bu a ) 
{—{ = = Lae +C, ifa>0 
ee 2 = TE bu : 
= 7S ztan lW-=-+ C, ifa<0 
Va + bu du 
109. / “47 =* du = 2\Vat+bu+a | — 
/ ue uVa+t bu 
110. [2 PH du = = — Va+ bu +3f—4 
u ra 


n _ 2 
111. fu Va+ budu = Bon +3) =I 


vio, fwidu_— 2u"Va+bu___2na u"—! du 
Vat+bu  bQn+1) bQn+1)" Va+ bu 


113. du ee Va + bu _ b(2n = 3) 


u" (a+ bu)? —na fu" "Va + bu du| 


du 
u" Va + bu an—l)u"—!  2a(n— VY y"-l Vat bu 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Appendix A 


Appendix B 705 


APPENDIX B | TABLE OF 
DERIVATIVES 


General Formulas 


1. 


N 


w 


op) 


N 


* dx 


jee) 


d(\= 
Wo =0 


. Af) + 9) =f +8’) 

. Lf x) 82) = f” a) + fede" @) 
; £2") = nx" 7 for real numbers n 
. Lef(@) = cf’ @) 


. LF) - 8) =f @-8'@) 


£2) _ SOF) — f@)s' @ 
8X) (g(x))? 


. Aflea)ll = f'(e)-8’ 


Trigonometric Functions 


9 


10. 


11. 


12. 


13. 


14. 


OB Sa os 
. ax Sin) cosx 


d. ene 
Ax ttanx) = sec x 


d = 
Ax Seer) = secxtanx 
dd =e 
Ax C8) sinx 
2 


dd = 
Ax oo) csc“ x 


d 
—-(cscx) = —cscxcotx 
ae ) x 


Inverse Trigonometric Functions 


d(.- = 1 
15. (sin = 2 
16. “(tan~! x) = eee 
17. 4 (sec! \= 1 
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d -1,)_ 1 
18. FAcos x)= ae 
19. (cot! x) = — wae 
d -1,)_ 1 
20. (ese x) SS eT 


Exponential and Logarithmic Functions 


d(x) — ox 
21. ane? e 
a =A, 
22. alae) x 
(px _ px 
23. ax? ) = b*Inb 
d 


24. Fylogp x)= 


1 
xInb 


Hyperbolic Functions 


d (gj = 
25. qysinhx) coshx 
26. “(tanhx) = sech? x 
dx 
a. ao 
27. qx sech) = —sechx tanhx 
28. “(coshx) = sinhx 
dx 
a = —csch2 
29. qx coth») csch* x 


di = 
30. ax esch) cschx cothx 


Inverse Hyperbolic Functions 


31. “(sinh-! x) = 


dx x2 +1 
32. (tanh x) = i att <1) 
33. £(sech~!x) = — ao (0<x< 1) 
34. (cosh! x) = Tao (x> 1) 
35. A {coth”! x) = — (xl > 1) 
36. A{esch7! x)= — ee (x #0) 
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APPENDIX C | REVIEW OF 
PRE-CALCULUS 


Formulas from Geometry 


A=area, V= Volume, and S = lateral surface area 


Parallelogram Triangle Trapezoid Circle Sector 


Ln) LES Lo \ OQ ay 


$(a+bh A=mre A=51 
C=2nr 5 =+6 (9 in radians) 


Cylinder Cone Sphere 
rh V= Sarh V= fat? 
— = 2ath S= ae S = Ani? 


Formulas from Algebra 
Laws of Exponents 


x x” = xntn aa = xan (x!")” = xin 
n n 
—n _ |] no | vnvn x =. x 
x ~ A (xy)" = x"y (2) = y" 
n 
xin = Me xy = iy = 3 


min n im — (xm 


# 
Il 


Special Factorizations 


x’ -y? = (x+y)e-y) 
xray? = (x + y)(x? - ay ty’) 


w—-y? = (x—yl(x? + ay 4 y’) 
Quadratic Formula 


\ 2 
If ax? +bx+c=0, then x= PP Aca 


708 Appendix C 


Binomial Theorem 
(a+b)"= a" +(jJa"~1b+(j)a"~ 2b? + os +(_" eee +b", 


Ny nin—1)\(n—2)-+-(n—k+1) _ | 
where (7) = k= DE=D 3-2-1 ~ Bel 


Formulas from Trigonometry 
Right-Angle Trigonometry 


hyp 
opp 
| 


adj 
Trigonometric Functions of Important Angles 


Ea eed cd 


ing = OPP. _ hyp 
sind = ivi csc@ = Opp 
— adj _ hyp 
cos@ = hyp secO = adj 
tang=2PP oot = ae 
adj opp 
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Fundamental Identities 


sin?6+cos?9 = 1 sin(-0) = —sin@ 
1+tan20 = sec?0 cos(—@) = cos@ 
1+cot?@0 = csc20 tan(-0) = —tand 
sin(Z — 0) = cosd  sin@+2n) = sind 
cos(E - 0) = sind cos(6+22) = cosd 
tan(4 - 0) = cotd tan(O+a) = tand 


Law of Sines 


sinA _ sinB _ sinC 
a b c 


A 
Law of Cosines 


2 b? +c? —2becosA 
= a?+c*—2accosB 
ce = a*+b*—2abcosC 


Q 
Il 


> 
tw 
| 


Addition and Subtraction Formulas 


sin(x+y) = sinxcosy+cosxsiny 

sin(x—y) = sinxcosy—cosxsiny 

cos(x+y) = cosxcosy—sinxsiny 

cos(x—y) = cosxcosy+sinxsiny 
_ tanx+tany 

Eee 1 — tan x tany 

tan(x—y) = tan x — tany 


1 + tan x tany 


Double-Angle Formulas 


sin2x = 2sinxcosx 


2 


cos2x = cos*x—sin? 


x = 2cos*x—1=1-—2sin?x 
2tan x 


1 —tan?x 


tan2x = 
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Half-Angle Formulas 


sinex = 1= cos 2x 
2 
face es Ee ces 2x 
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ANSWER KEY 
Chapter 1 


Checkpoint 


6 
a1. }) 2'= 2342442542 = 120 
i=3 
1.2. 15,550 
1.3. 440 


1.4. The left-endpoint approximation is 0.7595. The right-endpoint approximation is 0.6345. See the below image. 


Left-Endpoint Approximation 


f(x) = + 


1 225 £5 175: 2 


(a) 


1.5. 
a. Upper sum = 8.0313. 


b. 


xt 


Right-Endpoint Approximation 


2 125.15 175 2 * 


(b) 


1.6. Ax 1.125 


1.7.6 

1.8. 18 square units 
1.9.6 

1.10. 18 


3 
3 3 3 
1.11. 6f dx-4 f Pdx+2f vax | 3s 
1 1 1 
1 


1.12. -7 
1.13.3 
1.14, Average value = 1.5;c =3 
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1.15. c= \3 
1.16. g’ (r) = r2 +4 
1.17. F’ (x) = 3x? cosx? 


1.18. F’ (x) = 2xcosx* — cos.x 


eis 
1.19. 74 
1.20. Kathy still wins, but by a much larger margin: James skates 24 ft in 3 sec, but Kathy skates 29.3634 ft in 3 sec. 
_10 
1.21. 3 
265 2 
1.22. Net displacement: a = — 0.8055 m; total distance traveled: 41n4 — 7.5 + i x 1.740 m 
1.23. 17.5 mi 
64 
1.24. 5 
eG Li Bima 
1.25 [ps (x° -3) dx = a(x -3) +C 
10 
3 
1.26, (x +5) we 
30 
1.27 = 
sint 
Y 
1.28, -8 f4¢ 
4 
OL 
1.29. 3 
1.30. 2 © 0.2122 
3a 


3 3 
1.31, |x2e72* dx= ae +C 


a= 
ee) 
N 
—_—_ 
Fae 
1oS) 
iss) 


e* (3e* — 2)? dx = 43e* =)? 


t 
1.35. O(t) = 2_ 4 8.557. There are 20,099 bacteria in the dish after 3 hours. 
In2 


1.36. There are 116 flies. 
2 


14x72, 14 
1.37. | he dx = se —e| 


1.38. Inlx +2) +C 
ee 
1.39. ing eln 1I+C 


1.40. dsin™ (4x) +C 


1.41, sin“! (4)+ C 


1.42. qitan"! (2)+ C 


tan! (2) +C 


oly Al 
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Section Exercises 


1. a. They are equal; both represent the sum of the first 10 whole numbers. b. They are equal; both represent the sum of the first 10 
whole numbers. c. They are equal by substituting j = i— 1. d. They are equal; the first sum factors the terms of the second. 

3. 385 — 30 = 355 

5. 15 —(-12) = 27 

7. 5(15) + 4(—12) = 27 


50 50 
: : 50)(51)0101 2(50)(51 


25 25 
11.4) 7-100 }) k= SICOED _ 50(25)(26) = -10, 400 


k=1 k=1 
13. Ry = 0.25 
15. Re = 0.372 
17. Ly = 2.20 
19. Lg = 0.6875 


21. L6 = 9.000 = R¢. The graph of fis a triangle with area 9. 
23. Le = 13.12899 = R¢. They are equal. 


0 
25. L 245 4=(-944@=D 
hio= 79,44 4-2 +479 
100 


27. Rigg = Sw In(1 rs v5) 
= 


y 
1 


29. 
R 100 = 0.33835, L009 = 0.32835. The plot shows that the left Riemann sum is an underestimate because the function is 


increasing. Similarly, the right Riemann sum is an overestimate. The area lies between the left and right Riemann sums. Ten 
rectangles are shown for visual clarity. This behavior persists for more rectangles. 
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31. 
L109 = —0.02, R199 = 0.02. The left endpoint sum is an underestimate because the function is increasing. Similarly, a right 


endpoint approximation is an overestimate. The area lies between the left and right endpoint estimates. 


33. 
L199 = 3.555, R199 = 3.670. The plot shows that the left Riemann sum is an underestimate because the function is increasing. 


Ten rectangles are shown for visual clarity. This behavior persists for more rectangles. 
35. The sum represents the cumulative rainfall in January 2009. 


25 
Ge D) . 1 ee 
37. The total mileage is 7 x Py (1 + 2B) 27x 25-4 Dx 12% 25 = 385 mi. 


39. Add the numbers to get 8.1-in. net increase. 
41. 309,389,957 
43. Lg =34+241424344454+4=24 


45.L,=34+54+7+64+8+64+5+4=44 
47, Lo 1.7604, Lyy © 1.7625, Lg © 1.76265 
49. KR, =-1, L, =1, Rip = —0.1, Lyp = 0.1, Lyo9 = 0.01, and Rig9 = —0.1. By symmetry of the graph, the exact area 


is zero. 

51, R; = 0, Ly =0, Rig = 2:4499, Lig = 2.4499, R gq = 2.1365, L199 = 2.1365 

53. If [c, d] is a subinterval of [a, b] under one of the left-endpoint sum rectangles, then the area of the rectangle contributing to 
the left-endpoint estimate is f(c)(d —c). But, f(c) < f(x) for c <x <d, so the area under the graph of f between c and d is 
f(c)(d — c) plus the area below the graph of f but above the horizontal line segment at height f(c), which is positive. As this 


is true for each left-endpoint sum interval, it follows that the left Riemann sum is less than or equal to the area below the graph of 


fon [a, bl]. 


N N 
55. Ly = oa) f(a + (6 -a)'51)= ON f(a +b - a4) and Ry = oy de f(a +b - apt}. The left 


sum has a term corresponding to i =O and the right sum has a term corresponding to i= N. In Ry—Ly, any term 


corresponding to i = 1, 2,..., NW — 1 occurs once with a plus sign and once with a minus sign, so each such term cancels and one 
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is left with Ry —Ly = 2—4( fla + (b - aX) - (fla) + (- JF) = 2= 417) - f@). 
57. Graph 1: a. L(A) = 0, B(A) = 20; b. U(A) = 20. Graph 2: a. L(A) = 9; b. B(A) = 11, U(A) = 20. Graph 3: a. 
L(A) = 11.0; b. B(A) = 4.5, U(A) = 15.5. 


+ (20 : 

59. Let A be the area of the unit circle. The circle encloses n congruent triangles each of area Sint ) so Nsin(22) <A. 
er : : s seams : BH _1 ia + (X\tan(Z)\\cin{ 2 

Similarly, the circle is contained inside n congruent triangles each of area ars 5(cos(7z) + sin(Z jtan(4))sin np so 


2 2 nsin(22) 
A< Hsin(2E\cos(%)) + sin(2)tan(2). As n> o, Asin(22) = or >, so we conclude «<A. Also, as 
n 
n> o, cos(Z) + sin(2}tan(2) —> 1, sowealso have A < z. By the squeeze theorem for limits, we conclude that A = z. 


61. [6 — 3x3 )dx 
0 


1 
63. p cos2 (2ax)dx 
0 


65. Be "ds 


67. [ vd 


2 
2 
69. jf xlog(x Jax 
71.14+2-24+3-3=14 
73. 1-44+9=6 
75. 1—227+9=10-22 


77. The integral is the area of the triangle, 4 


79. The integral is the area of the triangle, 9. 


81. The integral is the area yar? = 22. 


1 


83. The integral is the area of the “big” triangle less the “missing” triangle, 9 — 7 
95, L=2+04+10+5+4=21, R=0+104104240= 22, LER = 215 


87. L=04+4404+4+2=10,R=44+0+2+4+0= 10, £#% = 10 
4 4 
89. (x)dx + (x)dx =8-3=5 
If jg 


4 4 
91. A f(dx - 2 e(xjdx =8+3=11 


4 4 
93. af f(odx — 3 ff e(x)dx = 32+9=41 
2 2 


95. The integrand is odd; the integral is zero. 
97. The integrand is antisymmetric with respect to x = 3. The integral is zero. 


Wily 


101. f (t-2e4422-8x3)r=1-144-2- z 
0 


= D723. 
103. 7 7 ae 
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105. The integrand is negative over [—2, 3]. 

107. x < x” over [1, 2], so \P4x < V1 +.x2 over [1, 2]. 

109. cos(t) > 2. Multiply by the length of the interval to get the inequality. 
111. Fave =0;c=0 


3 ei: 
113. 5} when Cc = +5 


115. fave =0;¢= oe 7 
117. Lyjo9 = 1.294, Rigg = 1.301; the exact average is between these values. 
119. L199 x (4) = 0.5178, Rigg x (4) = 0.5294 


121. L, =0, Lio x(t )= 8.743493, Log X (4)= 12861728; Te dxaet answer’® 26.799, S096 ieniot Adeurate: 


123. L, x (4) = 1.352, Lig X (4) = —0.1837, Liog X (4) = —0.2956. The exact answer © — 0.303, so Lio is not 


accurate to first decimal. 


125. Use tan2@ +1 =sec2@, Then, B—- A= a “lave 
peels 


T 
127. a cos? tdt = m, so divide by the length 2 of the interval. cos%+ has period 7, so yes, it is true. 


129. The integral is maximized when one uses the largest interval on which p is nonnegative. Thus, A = =b= Yb" — ae and 
a 


pe —b + \b? —4ac 
2a 


131. If f(¢o) > g(to) for some to Ela, bl, then since f —g is continuous, there is an interval containing ty such that 
d d 

S@ > g(2) over the interval [c, dl], and then 4 f(@dt > af g(t)dt over this interval. 
d c 


sia The ee of f One sy interval is ne lea as the integral of the average of f over that interval. Thus, 


[Hoa = ‘a pods f "Aili des sf fodr= fides fo ideto f ldt 


an41 ag ay aN4+1 Dividing through 
= eae a ape 


by b—a gives the desired identity. 
135. is f@dt = > Sodt= y 2 NW + DQN + 1) 


i=] 


137. Lj = 1.815, Rip = 1.515, 


Lip tR : : : 
wits 1.665, so the estimate is accurate to two decimal places. 


139. The average is 1/2, which is equal to the integral in this case. 
141. a. The graph is antisymmetric with respect to t = 4 over [0, 1], so the average value is zero. b. For any value of a, the 


graph between [a, a+ 1] is a shift of the graph over [0, 1], so the net areas above and below the axis do not change and the 
average remains zero. 

143. Yes, the integral over any interval of length 1 is the same. 

145. Yes. It is implied by the Mean Value Theorem for Integrals. 

147. F’ (2) = —1; average value of f’’ over [1, 2] is —1/2. 


149. eS! 

151. => 
16 — x? 
diy eal 

153. Wi = 5 
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155. 


157. 


159. 


161. 


—\1 —cos? x2cosx = |sinx|sinx 
d. 
x 


2H 
1+x 


In(e ee = 2xe* 


2 


a. f is positive over [1, 2] and [5, 6} negative over [0, 1] and [3, 4], and zero over [2, 3] and [4, 5]. b. The 


maximum value is 2 and the minimum is —3. c. The average value is 0. 
163. a. £ is positive over [0, 1] and [3, 6} and negative over [1, 3]. b. It is increasing over [0, 1] and [3, 5], and it is 


constant over [1, 3] and [5, 6}. c. Its average value is a 


165. 


167. 


169. 


171. 


173. 


175. 


177. 


179. 
181. 


183. 


185. 


187. 


189. 


191. 
193. 


195. 


197. 


3 
Ty = 49.08, f° x9 + 6x? +x -Sdx = 48 
25 


Ty = 260.836, f ( x? dx = 260 
1 


Ty = 3038, | Sax=3 
1* 
3 
ete ane _ 35. 
F(x) = 4+ 38° — 5x, F3) - F(-2) = - ¥ 


5 
F(x) = - as — 36, FG) — FQ) = 2 


F(1)- FO) = 


=F : 00 


F(x) = x +4, F(4) - F(4)= 1125 


F(x) = vx, F(4) - F() =1 
F(x) = 4 3/4 (16) — Fa) = 8 


F(x) = —cosx, F(z )- F(0) =1 
F(x) = secx, F(z )- F(0) =2-1 
F(x) = —cot(x), F(z) = F(z) =1 


ee tty PCARRD) s 
F(x) =e*-e 
FQX= 
f(@-2-30— f° (2 -21-s)ar+ f (2 -20-3)ar= 
= 7 3 
0 


nl2 
— sintdt + i sintdt = 
0 
—a/l2 


199. a. The average is 11.21 x 10° since cos( #4 a1) has period 12 and integral 0 over any period. Consumption is equal to 


the average when cos( at) = 0, when t=3, and when t= 9. b. Total consumption is the average rate times duration: 


11.21 x 12x 109 = 1.35x 10!! «. 10%(r1.21 = Lf oos(&2}] = 10°(11.21 + 2) = 11.84x10° 


201. If f is not constant, then its average is strictly smaller than the maximum and larger than the minimum, which are attained 
over [a, b] by the extreme value theorem. 
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203. a. d0= (acos0 +c)? + b* sin? = a> +c*cos’6 + 2accosé = (a + ccos6)7; b. 
2n 
Aide = 
d=. I, (a + 2ccos@)d0 = a 
2n 


205. Mean gravitational force = GM —____1____. 


(a + 2\\a? — bcos a) 
0 


20 


a 


f(e-+ em fx ax fx dx = 20%? + Cy — 2x!) + Cy = Sn? - 2x1? 4 € 


dx _ 1 
209. |e = Hina +c 


sd 1 
211. | sinxdx — A cosxdx = —cosx|* — (sinx)|” = (-(-1) + 1)- (0-0) =2 
‘ - 0 0 


4 
a dP _ = 
213. P(s) =4s, so 7 4 and f 44 = 8. 


215. Nds = N 


217. With p as in the previous exercise, each of the 12 pentagons increases in area from 2p to 4p units so the net increase in the 
area of the dodecahedron is 36p units. 


2s 
219. 18s7=6/ 2xdx 
I 


2R 
221. 122R? = 82 i rdr 
R 


t 
223. d(t) = aR vW(s)ds = 4t -— t”. The total distance is d(2) = 4m. 
0 
t t 
225. d(t) = [ v(s)ds. For t<3,d(t)= iE (6 — 2n)dt = 6t — t?. Bor 
0 0 


t 
t> 3, dt) =d(3)+ [ (2t—6)dt=9+ (12 — 6f). The total distance is d(6) = 9m. 
3 


227. v(t) = 40 — 9.81; A(t) = 1.5 + 40t — 4.917 mis 


229. The net increase is 1 unit. 


1/3 


1/3 1/3 
231. At t+=5, the height of water is + = (3) m.. The net change in height from t = 5 to t= 10 is (22) = (42) 


of 
m. 


233. The total daily power consumption is estimated as the sum of the hourly power rates, or 911 gW-h. 
235. 17 kJ 


237. a. 54.3%; b. 27.00%; c. The curve in the following plot is 2.35(¢ + aa che * 3) 


a a ner 
0 5 10 15 20 25 30 35 40 45% 
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239. In dry conditions, with initial velocity V9 = 30 m/s, D = 64.3 and, if Vo = 25, D = 44.64. In wet conditions, if 


vg = 30, and D = 180 andif vg = 25, D = 125. 


241. 225 cal 
243. E(150) = 28, E(300) = 22, E(450) = 
245. a. 


60 
55 
50 
45 
40 
35 
30 


pp pt 
0 “600 1000 1400 1800 2200* 


b. Between 600 and 1000 the average decrease in vehicles per hour per lane is —0.0075. Between 1000 and 1500 it is -0.006 per 


vehicles per hour per lane, and between 1500 and 2100 it is -0.04 vehicles per hour per lane. c. 


3f 


i ree 
0 “600 1000 1400 1800 2200 


The graph is nonlinear, with minutes per mile increasing dramatically as vehicles per hour per lane reach 2000. 


37 3 2 
1 _ 0.0737) , 2.4237)? _ 25.6337) 7 
247. - pdt = 4 4 SEE EASE + 521.23 w 2037 


0.7(5° Ve 1.44(5) 


5 
249. Average acceleration is A = z [ a(t)dt = — + 10.44 ~ 8.2 mph/s 
0 


a 
: 3 
251. d= f wolat = nea ~ 0.7207 — 10.441 +41 033 dt = nl ~ 0.2413 — 5.2213 + 41,033¢. 
d(5) © 81.12 mph x sec © 119 feet. 
40 
ee _ _ 0.06840) | 5 14 — 
253. 4h J, (—0.0681 + 5.14)dt = r+ 5.14 = 3.78 
255. u = h(x) 
257. f(u) — Ut" wes 


259. du = 8xdx; fu) = ge 


Then, 
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261. Fer +1°4+C 


1 


ees nec, 
263. 1913 9x) 


265. \x7+14C 


267. abr = 2x)" 10 


+3 
269. sind — sin 4 ‘a 


101 100 
oy Gea! G6 =x 
101 0 


pecan) eee 
273. 22(7 — 11x”) aie: 


4 
275. —sos oy ol 


3 
277, £08" (0), G 


3 
279. —4.cos*(r?)+C 
281. ae Cc 
283. 2ee) 
3y1—y° 


285. A — cos?) +C 


4 
1 (.:,,3 - 2 
287. z5(sin 0 — 3sin ) +C 


289. Ls5y = —8.5779. The exact area is 81 


8 
291. L5q = —0.006399 ... The exact area is 0. 


2 
293. u=1 + x2, du = 2xdx, +f ua dy = 2-1 
2 1 
2 
295. w= 1473, du = 312, 4 u-'? du = 202 = 1) 
1 


1 
297. u = cos0, du = —sindd, | u-+ du = 4022 - 1) 
1/2 


299. 
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Ys F(x) = sin(In(2x)) 


The antiderivative is y = sin(In(2x)). Since the antiderivative is not continuous at x = 0, one cannot find a value of C that 
would make y = sin(In(2x)) — C work as a definite integral. 
301. 


sin(x) 


f(x) = cos(x)* 


F(x) = Fsec(x)? 


wW 

q 
ala ty 

uo 


The antiderivative is y = 480" x. You should take C = —2 so that F' (- 2) = 0. 


722 Answer Key 
303. 
y 
5 
4 
3 f(x) = 3x2/2x3 + 1 
2 
1 
0 
02040608 1% 
—1 
—2 
y 
2 
15 
1 F(x) = (2x3 + 1)8 
0.5 
0 
02040608 1% 
-0.5 
1 3 3/2 1 
The antiderivative is y = 3(2x + 1) . One should take C = — 3 
305. No, because the integrand is discontinuous at x = 1. 
0 
307. u sin(t i. the integral becomes 7) f. udu. 
l 2 ae 
309. w=}1+ (: = 4) ; the integral becomes — yu. 
5/4 
311. u = | —f; the integral becomes 
-1 
[ ucos(z(1 — u))du 
1 =1 
= [ u[cos zcosu — sinazsinu]du 
1 
-1 
= -/ ucosudu 
1 
1 
= ff ucosudu = 0) 
-1 
since the integrand is odd. 
1 hg c aye du 1 a 
313. Setting “= cx and du = cdx gets you i an f(cx)dx = FEF | fuse = a, f@du. 
Cc Cc u=a 
# 1 
315 eioar= 4 du = —1_,,1~« = 5b (1-(1-2)“} a 1 the limit i 
. 9) aut 2 —a) 2 —a) y SSS e limit 1s 
0 u=1-x 2 
u=1-x 


wi -w if a< 1, and the limit diverges to +~ if a > 1. 


0 a 
317. [ bV1 —cos*rx (~asintdt = f/ absin? tdt 
= 


t= t=0 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Answer Key 


m/2 


319. f() = 2cos(3n) — cos(2n); | (2cos(3t) — cos(2t)) = — 
0 


321. sbe* +. 


323. — 


325. In(x?)+C 

327. 2vx+C 

329. -L+C 

331. In(ndinx))+C 

333. In(xcosx) + C 

335, —5{In(cos(x)))? + C 
3 


337. = eC 


339. etanx 5 C 
341. 7+C 
343. rua (In(x?) - 1) +C 


345. 2vx(Inx —2)+C 
347. | e'dt=e 
0 


349. —3In(sin(3x) + cos(3x)) 
351. —Hinlese(x”) + cot(x} +C 
353. —Hin(esex))? eC 

1,,(26 
355. 4in(28) 
357. In(V3 — 1) 


Lin 3 
359. 5In5 


361. y—2Inly+1]+C 
363. In|sinx — cosx|+C 


365. -3(1 = (inx2))” iC 


e-1 
e ¥ 


21n(3) — In(6 
@=6) p., 


367. Exact solution: 


369. Exact solution: 


Wl 


Rs5q = 0.6258. Since fis decreasing, the right endpoint estimate underestimates the area. 


723 


= 0.2033. Since fis increasing, the right endpoint estimate overestimates the area. 


371. Exact solution: ay Rsq = —0.7164. since f is increasing, the right endpoint estimate overestimates the area (the 


actual area is a larger negative number). 


373. Hin2 


1 
375. 1n(65, 536) 
N+1 


2. = 2; 
377. | xe * dx= Yer iy ) The quantity is less than 0.01 when N = 2. 
N 
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b l/a 
dx 1 1 dx. 
379. f 2 =In(b) —In@) = In(4)- in(4) -f & 
7 a* (4) b lb * 
381. 23 
1 Wag 1 dt 
383. We may assume that x > l, soz < 1. Then, 7 a. Now make the substitution uv = 7 80 du = ~ 2 and 
1 


1/x x 
du — _dt and change endpoints: 7 dt a -f -_ = —Inx. 
1 1 


387, x = E(in(x)). Then, 1 —£ aw) 


or x = E'(Inx). Since any number t can be written tf = Inx for some x, and for such t 


we have x = E(t), it follows that for any t, E'(t) = E(®). 
389. Rig = 0.6811, Rio = 0.6827 


3/2 
391. sin”! a] —Z2 
0 3 
1 : a 
393. tan x| =-+ 
V3 WZ 
1 2 a 
395. sec~ | am 
sec” x 4 
397. sin”! (z)+ C 
399 dian=! (£) + ic 
ae 3 
401 deco“! (4) + C 
“3 3 
403. cos(E = 0) = sind. So, sin7! t= a —cos~!t., They differ by a constant. 
405. ‘/j — 72 is not defined as a real number when ¢ > 1. 
407. 
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at F(x) = arcsin( 3x) 


The antiderivative is sin~! (2) + C. Taking C = a recovers the definite integral. 


409. 


__ cos(x) 
AX) = 4 + sin(x)? 


F(x) = Farctan $sin(x)) 


The antiderivative is ftan~! (sinz) +C. Taking C= ftan~! (] recovers the definite integral. 


411. H{sin7! 1) +C 
413. Mean! 20) 
415. Hsco™ (5) | +C 


417. 


726 Answer Key 


= ak 2 
f(x) = arctan (=) 


419. 


—1.5+ 


f(x) = arctan (x sin(x)) 


The general antiderivative is tan~! (xsinx) + C. Taking C = —tan~!(6sin(6)) recovers the definite integral. 
421. 


The general antiderivative is tan~! (nx) + C. Taking C= o = tan! oo recovers the definite integral. 


423. sin! (e’)+ c 
425. sin! (In) +C 


427. —H(cos-! Qn) 2c 
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429. 4in(3) 
431. | 


433. 2tan~!(A) > a as A> 00 


, F csc? x csc2x 2 
435. Using the hint, one has |—5———5—-dx = |—*—dx. Set u = V2cotx. Then, du = —\2csc*x and the 
csc” x + cot x 1+ 2cot“x 
p . 1 du 1 -1 1 -1(, 5, ne 23 -1 -1(1\)_a 
integral is -——= = —-—~tan-°u+C = —=tan ‘(V2cotx)+ C. If one uses the identity tan” s+tan” (<J=<4, 
: 4 lt+ue V2 pot ee) : (3)=4 


: : 1 -1 (tan) 
then this can also be written ~=tan™  |-=-]+ C. 
V2 


v2 
437. x © +1.13525. The left endpoint estimate with N = 100 is 2.796 and these decimals persist for N = 500. 


Review Exercises 


439. False 
441. True 


443. L4 = 5.25, R4 = 3.25, exact answer: 4 
445. L4 = 5.364, Ry = 5.364, exact answer: 5.870 


ae 
447. —3 


449.1 
1 


2 1 ig 
BE Fe Ay 


453. $sin7! (x?) +C 


sint 
a 
Vie 
Inx 
457. 4 +1 


459. $6,328,113 
461. $73.36 


463. 1 Htuisec, or 1593 ft/sec 
Chapter 2 


Checkpoint 
2.1. 12 units? 


455. 


2.2. 5 unit2 


2.3. 2422 units? 
Dravaus) 
2.4. 3 units 


2.5. units? 


2.7. 


2.8. 8 units? 
2.9. 21 units? 


2.10. ay units 


2.11. 60z units? 


2.12. ion units? 


2.13. 82 units? 


728 Answer Key 


2.14. 127 units? 


2.15. ie units? 


2.16. & units? 
1 2 2 
2.17. Use the method of washers; VY = [ “(2 - x?) - (x?) fe 
-1 


1(5\5 — 1) x 
2.18. <(5V5 — 1) © 1.697 
2.19. Arc Length = 3.8202 
2.20. Arc Length = 3.15018 


2.21. 4505 - 3/3) ~ 3.133 


2.22. 127 

2.23. 70/3 

2.24. 242 

2.25. 8 ft-lb 

2.26. Approximately 43,255.2 ft-lb 

2.27. 156,800 N 

2.28. Approximately 7,164,520,000 lb or 3,582,260 t 
2 


2.29. M = 24, x ==m 


2.30. (-1,-l) m 

2.31. The centroid of the region is (3/2, 6/5). 
2.32. The centroid of the region is (1, 13/5). 
2.33. The centroid of the region is (0, 2/5). 
2.34. 677 units? 


2.35. 
Lin (2x? + x) = 4x+1 
dh 2x2 +x 
2 6In(x? 
dingy = SE) 
2 

2.36. len Pg = 4in |x? + 6| +C 
2.37. 41n2 
2.38. 


2 
2 
He re —5%(2x — 5) 


dx er 
b d(_21)' = 6e% 
"dt 
2.39. [ax = eet C 
e 
2.40. 
d,t* (4 3 
a. £4" = 4" (In 4)(4r°) 


x 


de 2 = —_*_ 
b grlosalte? +1 (In 3)(x? + 1) 


3 3 
2.41. Re x22* dx= xh?" +C 


2.42. There are 81,377,396 bacteria in the population after 4 hours. The population reaches 100 million bacteria after 
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244.12 minutes. 

2.43. At 5% interest, she must invest $223,130.16. At 6% interest, she must invest $165,298.89. 

2.44. 38.90 months 

2.45. The coffee is first cool enough to serve about 3.5 minutes after it is poured. The coffee is too cold to serve about 7 minutes 


after it is poured. 
2.46. A total of 94.13 g of carbon remains. The artifact is approximately 13,300 years old. 


2.47. 
d 2 = 2(,.2 
a. 4 ({tanh(x + 3x)) = (sech (x + 3x)\(2x +3) 
d 1 di. -2 : -3 
b. = -sinh x)“ = —2(sinh x) ~ cosh x 
sf a dx 
2.48. 


14 
a. J sinh? x cosh x dx = sina C 


2 _ tanh(3x) 
b. f[sech (3x)dx = —a= +C 


2.49. 
d -1 3 
e ¢{cosh (3x)) — ners 


d 1.\3 3(coth~! x) 
b. 4 {coth™ x) 2 Vaca. 


" ie l dx = cosh! (4) + 


Vx? —4 


1 -ly x 

b. ————dx = -sech™‘(e*) + C 
Ee = ent 

2.51. 52.95 ft 

Section Exercises 


1. 32 


3. 


243 square units 
9. 


730 Answer Key 


Ae — 1)? 
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732 Answer Key 


N wpe 


BS whe 
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Answer Key 


3v3 
2 
27. 
iz y = xe* 
10 
y=e 
5 


1 
2 


733 


734 


35. 


NiI- 


67. 
69. 
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7 


. 7.523 
3a-—4 


12 


. 1.429 
. $33,333.33 total profit for 200 cell phones sold 


. 3.263 mi represents how far ahead the hare is from the tortoise 


343, 
24 


. 4V3 


— 32 
25 


. 8 units? 


Answer Key 


Answer Key 


A age 
9A units 


71. 


2 units? 
73. 


ae 
240 units 
75. 


736 


-0.2 O 02 04 06 08 1.0 1.2% 


Z Hee 
9) units 


81. 
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Answer Key 


207 units? 
83. 


H units? 
89. 


737 


738 Answer Key 
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Answer Key 


32 units? 
97. 
28 
y= 1+ x? , 
-2 -1 1 am 


WW6n units? 
99. 


Ox units* 
101. 


739 


740 


20 


103. 


105. 


107. 


109. 


111. 


113. 
115. 


£15 —4In> (2)) units? 


mn (p3 — a’) units? 


2 
4a” bt ynits3 

3 
In? units? 

2 

2ab* x units? 

3 
hr + hy? (6r — h) units? 


Fh + Rh — 2R)” units? 


54 units? 


117. 


81z units* 


119. 
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Answer Key 


¢c3 
: units 
5 


. —e7 2? units? 


642 


Pe) 
: units 
5) 


282 


75 units? 


3 


- 10 units? 


522. 


3 
; units 
5 


. 0.9876 units? 


y = COS(7x) 


y = Sin(7x) 


3/2 units? 


153. 


741 


742 Answer Key 


15.9074 units? 


159. yar h units? 


161. zr2h units? 
163. 7q2 units? 

165. 226 

167. 2V17 

169. 1 7V17 — 5V/5) 


173. 
175. 
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Answer Key 


177. 
179. 
181. 


183. 


185. 


187. 
189. 


191. 


193. 
195. 
197. 


199. 
201. 


203. 


205. 
207. 
209. 
211. 
213. 


215. 
217. 
219. 


221. 
223. 


225. 
227. 
229. 


231. 
233. 
235. 
237. 
239. 
241. 


243. 


245. 


247. 
249. 


251. 


253. 
255. 


123 
32 


10 
20. 
3 


1 
575(229229 — 8) 


al4v5 + In(9 + 4V5)) 
1.201 
15.2341 


49x 
3 


7002 
8x 


120726 

AUTWIT —1) 
OV2n 

1010; 

or oe) 
25.645 

2n 

10.5017 

23 ft 

2 


Answers may vary 


For more information, look up Gabriel’s Horn. 


150 ft-lb 
200 J 
1J 


39 
2 


In(243) 


3320 
15 


100z 
20nV15 
6J 

5 cm 

36 J 
18,750 ft-lb 


2x 10° ft-lb 


8.65 x 10° J 
a. 3,000,000 Ib, b. 749,000 Ib 
23.25 million ft-lb 
ApH 2 
2 
Answers may vary 


5 


4 


743 


744 Answer Key 


257. 


—~ 


259. 


SN 
BIN Wit 
NIB LIN 
—— 


261. 


NIA ax 


263. 


ian) 
N 

+ 

ee 


265. 


Sa 
| 
Re 


NH N 


267. 


y 


269. 


Al- 
— 
= 
+ 
a 

N 


271. 


273. 


— 
Go| 
CIA Wie 
— 


= 
— 


275. 


=> 
= 

1S’) 
wm 


277. 


279. 


— 
=f 
ole al 
Noe 


—~ 


— 
Colin 


S 
S 


281. “3~ 
283. a2 b 


285. (+ +) 
287. ( 2) 
289. (0, 28) 

. {a 4a? . 2na* 
291. Center of mass: (4, 5 ) volume: ee 
293. Volume: 277 a2(b +a) 


1 
295. + 


1 
~ x(In x) 
299, Inx+1)+C 
301, In(x) +1 
303. cot(x) 


297. 


7 
305. £ 


307. csc(x)sec x 
309. —2 tanx 


1,,(5 

311. 4in(3) 

313, 2- 5n(5) 

315, —-1 
* In(2) 


1 
317. ain(2) 
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319. 


321. 


323. 


325. 
327. 


329. 


331. 
333. 
335. 


337. 


339. 
341. 
349. 


351. 
353. 
355. 
357. 
359. 
361. 
363. 
365. 
367. 
369. 
371. 
373. 
375. 
377. 


379. 
381. 
383. 
385. 


387. 
389. 


391. 


393. 


395. 


397. 


399. 


401. 
403. 


1A 
¥(In x) 


2x3 


Vx241Vx? 1 


xe =e) (in x — 1) 
exe 1 


1 
ieee 
x2 
a — \n(2) 
1 
x 


e> — 6 units? 


In(4) — 1 units” 
2.8656 
3.1502 


True 


False; k = In (2) 


t 


20 hours 


No. The relic is approximately 871 years old. 


71.92 years 


5 days 6 hours 27 minutes 


12 
8.618% 
$6766.76 


9 hours 13 minutes 


239,179 years 


PH= 43¢9-016041 The population is always increasing. 
The population reaches 10 billion people in 2027. 
P'(t)= 2.259¢-06407"_ The population is always increasing. 


e* ande~* 


Answers may vary 
Answers may vary 
Answers may vary 
3 sinh(3x + 1) 

—tanh(x)sech(x) 
4 cosh(x)sinh(x) 


x sech? (\x? +1 


Vx? 41 


6 sinh? (x)cosh(x) 


4sinh(2x + D4C 


ysinh? (x?) +C 


#cosh* (x) +C 


In(1 + cosh(x)) + C 


cosh(x) + sinh(x) + C 


745 


746 Answer Key 


405. = 

sinh(x) 
ae \cosh? (x) + 1 
409. —csc(x) 


Z 1 
411. (a? — 1)tanh~! (x) 
413. dtanh7!(£) + 


415. \x2414C 
417. cosh! (e*)+C 


419. Answers may vary 
421. 37.30 


423. y= scosh(cx) 

425. —0.521095 

427. 10 

Review Exercises 


435. False 
437. False 


439. 32\3 


162z 
441. 5 


1280, és 642 


443.a. 4, b. 5 


445.a. 1.949, b. 21.952, c. 17.099 

31 452n 31a 
447. a. 6° b. 15° °° 6 
449. 245.282 


me 18 9 
451. Mass: > center of mass: (8. Tl -) 


453. VI7+ qin(33 + 8V17) 


455. Volume: 3B, surface area: a V2 _ sinh~!(1) + sinh~!(16) — 1357) 
457. 11:02 a.m. 
459. z(1 + sinh(1)cosh(1)) 


Chapter 3 
Checkpoint 
2x ys 12x _ 12x 
3.1. [xe dx = re yee Cc 
1 219 
3.2. 5% Inx a +C 


3.3. —x? cosx + 2xsinx + 2cosx+C 


A _ 
3.4.5 —1 
3.5. zsin?x +C 
3.6 deind x — Lin? x +C 
aes) 5 
pled re, 
3.7. ax + 4sin(2x) +C 
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3.8. sinx — qsin?x +C 


deg 1g 
3.9. ax + 12 sin(6x) + C 
1 


lo Bi ime 
3.10. asinx + om) sin(11x)+C 


3.11. Ltan®x+C 


6 
3.12 Lee? x - dec? x +C 
me" O 7 
5 — 1..,3 _3 3 
3.13. [sec xdx = gsec xtanx 3 [sec x 
3.14. [ 125sin3 0d0 


3.15. if 32tan? sec? @d0 


3.16. In 


2 
prltedlec 


3.17. x—5InJx+2/+C 


3.18. 2An|x +3] + 3inlx -—%Y+C 


Sp a Ai AB Cs 
PP Cpa By (ge Ay? 24S G43)? ees? CHD Gaye 
2 
3.20 x°+3x+1 28 2A B C + Dxt+E, Fx+G 


=—4o4+ + 
GEDGH= BG Pe WES 8 GE By Aa Gea ay 
3.21. Possible solutions include sinh7! (2) +C and In|\'x? +44 x| +C. 
24 
* 35 


17 
"24 


3.24. 0.0074, 1.1% 
Eade 

* 192 

29: 

* 36 

3.27. e°, converges 


3.28. +0, diverges 
+00 +00 

3.29. Since fp dies = +00, if. Inx7, diverges. 
e x e x 


Section Exercises 


1. y=x? 


-u=y 


. u = sin(2x) 
.—-x+xinx+C 
1 


oO N oO W 


_ xtan7* x — Fin + x) +C 


11. —Fxcos(2x) + 4sin(2x) +C 


13. e*(-l-x4+C 
15. 2xcosx + (-2 + x°)sinx +C 


748 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 
43. 


45. 
47. 
49. 


51. 


53. 


55. 


57. 
59. 


61. 


63. 
65. 


67. 
69. 
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4A + 2x)(-1 +In(1 + 2x))+C 


det (—cosx + sinx) +C 


2 


_e 
5) +C 


- 4xcos|ln(2x)] + di sin{In(2x)|+ C 


2x — 2xInx + x(Inx)? +C 


3 
x, 1,3 
( 9 + 3x Inx) +C 


M1 — 4x7 + xcos—(2x) + C 
—(-2 + x" )eosx + 2xsinx + C 


—x(-6 + x”)cos x + 3(-2 + x? )sinx +C 


(| aay: seo!) Cc 
2 x2 


—coshx + xsinhx + C 
1__3_ 

4 4c? 

2 

2n 

—24+2 

—sin(x) + In[sin(x)|sinx + C 


Answers vary 


a. ML +x(-3 + 2x)°7 $C vb, HU + (3 +297? +€ 
Do not use integration by parts. Choose u to be Inx, and the integral is of the form 7 u? du. 


Do not use integration by parts. Let 4 = x2 3, and the integral can be put into the form fi e" du. 


Answer Key 


Do not use integration by parts. Choose u to be y = 3x° +2 and the integral can be put into the form 7 sin(u)du. 


The area under graph is 0.39535. 


Answer Key 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


87. 


89. 


91. 


93. 


95. 


97. 


131. 


135. 


137. 


1 — cos(2x) 
2 


_ 4 
sin x 
ae 


a6 
772" (2x) +C 


sec”()+ Cc 

— 26084 + +5 008(3x) +C=-cosx+ cos +C 
—4eosx +C 

= 2C08.t = 755 008(3x) + Fy 008(52) - Fag 087%) +C 


$(sinx)°? ae 


secx+C 


doce xtanx — Fin(secx +tanx)+C 


2 
3 
2tane + ysec(x)” tanx =tanx + a +C 


—In|cotx + cscx] + C 


. Approximately 0.239 
V2 


. 1.0 
.0 


30_ 1g gs = 
: sin(27@) + 37 sin(470) + C = f(x) 


8 4a 


-In(v3) 


oa 
_ ff sin2x\cos(3x)dx = 0 
-a 


Vtan@)x(Sta2+4 2sec x2 tanx) +C= f(x) 


21 


. The second integral is more difficult because the first integral is simply a u-substitution type. 
127. 


9tan26 


. a> cosh? @ 


e-4) 


~=(64- 17 +5 


In|x + V-a7 +x74+C 


din|\'9x? ieee 3x| ae 


750 


139. _ 


141. 9 


143. 


145. 


147. 


149. 


151. _ 


153. 


155. 


157. 


159. 


161. — 


163. 


165. 
167. 
169. 


171. 
173. 4. 


175. 


177. 
179. 


Max? +C 


lees #D Ty, Vx? +9 
18 3 


—F\9 — 0°(18 +07) +C 


(-14.x° (2 + 3x? Wx _ x8 
15x? 


ae eee eee oy 
9\—9 + x? 


Xx 
vallec 


+C 


Ane Vx? - 1 4 xVx? — 1)+ ¢ 


es — 2x “WI — x24 3aresinx) +C 


Inx — In] +41 -x|+C 


2 
abe inlet V1 +x14+C 


V1 + x2 
tt + arcsinhx + C 


at 


2V—10 + xvxln|V—10 + x + va ie 


(10 — x)x 


E, area of a semicircle with radius 3 


arcsin(x) + C is the common answer. 


Fin(1 + x”) + C is the result using either method. 


Use trigonometric substitution. Let x = sec(@). 


181. 


183. ars 
185. 
187. 
189. 
191. 


193. 


2 5 1 
1242) * 2x 


1,3 
ute 
2x? +4x+ 84-5 6, 


Pee (ees | 
We—2)* We—-1l) bx* 


1, 2041 
7 2 
sa OME cai | 


1 
6(x — 3) 
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i gee cere 1 


197. —Inl2 — x] + 21nj4+x]/+C 


199, }inja — x°|+C 
201. 2(x + darctan(++)) +C 


203. 2Inix| — 3Injl +x) +C 


odef A ie 
205. mal —4e = in 2+a/+Inl2+41)+C 


t{_ i+x 7 = 2 
207. 4 25 arctan] 5 [+2 4+x| In|6 + 2x + x J+ .C 


209. —34 4Injx+2/+x+C 
211, —Inj3 — x|+ din|x? +4]+C 
213, Inlx — 2|— Fin|x? + 2x +2|+C 
215. —x+In|l-—e*|/+C 


217. Lin|cosx+3 + 3 +C 


5 Icosx — 2 
1 
——— + C 
219. > 52 


221. 2V1+x—2Injl + Vi+xJ+C 
223. Inf Sat |+ Cc 
1 —sinx 
3 
225. “7 
227. x-Inl+e)+C 
229, 6x!/° — 3x19 + 2vx—6In(1 + x!)+C 


231. 4rarctanh| + = 1iin4 


3 3 3 
233. x = —Init — 3| + Init — 41 + 1n2 


235. x = Init -— 1] - V2 arctan(V2r) - din(? + 4) + V2arctan(2V2) + 4in4.s 


arin Zo 
237. szin B 


arctan] =1+2+| 
V3 


V3 
241. 2.0 in.2 


243. 3(-8 +x)! 


1/3 
~23arctan] een 


239. + Hn|1 + x|— Zin]1 —x+x714C 


V3 
—2In[2 + (-8 + x)'7] 
+In[4 — 2(-8 + x)'9 + (-8 +)? ]4+€ 


245. Fln|x? +2x+ 2| + 2arctan(x+1)+C 


247. cosh7! (243) +C 


752 Answer Key 


ax? -1 
In2 


249. +C 


251. arcsin(>) +C 


253. —Fese(2w) eG 


255. 9 — 62 

257. 2-5 

259. q5tan4 (3x) - dian? (3x) + qlnisec(32) +C 
261. 2coi(¥) - 2ese(’) +w+C 


1,,|26 + 4sint — 3 cost) 
288: bin] 4cost + 3sint 


265. 6x!/6 — 3x!3 4 ave 6In|1 + al +C 


267. —x3 cosx + 3x2 sinx + 6xcosx — 6sinx + C 
2 
* )+ C 


271. 2arctan(Vx -—1)+C 


269. 1.2 +Injl + e7 


ei 
273. 0.5 = 9) 
275. 8.0 
ve aE 
277. tarctan(4 (x+ 2) +C 


279. darctan(*+1) +C 


281. In(e* + \4+e)4+C 


arctan(x ?) 


ax3 +C 


283. Inx — Eln(x® +1)- 


285. In[x + V16+x214C 


287. —4eot(2x) ae i 


289. tarctan10 


2 


291. 1276.14 
293. 7.21 


295. V5 —V2+In 


24213 
14+ 5 


297. zarctan(3) ~ 0.416 
299. 0.696 

301. 9.279 

303. 0.5000 

305, 74 = 18.75 


307. 0.500 

309. 1.1614 

311. 0.6577 

313. 0.0213 

315. 1.5629 

317. 1.9133 

319. T(4) = 0.1088 
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321. 
323. 


325. 


327. 


329. 
331. 
333. 
335. 
337. 
339. 
341. 


343. 
345. 
347. 


349. 


351. 


353. 
355. 
357. 
359. 
361. 
363. 
365. 
367. 
369. 


371 
373 


389. 
391. 


393. 


395. 
397. 


399. 
401. 


403. 


405. 
407. 


1.0 

Approximate error is 0.000325. 
1 

7938 
81 

25, 000 

475 

174 

0.1544 

6.2807 

4.606 

3.41 ft 

T 16 = 100.125; absolute error = 0.125 

about 89,250 m? 


parabola 
divergent 


AN WIA 


Converges 
Converges to 1/2. 
-4 

a 

diverges 

diverges 

1.5 

diverges 

diverges 


. diverges 

. Both integrals diverge. 
375. 
377. 
379. 
381. 
383. 
385. 


387. 


diverges 
diverges 
a 


0.0 
0.0 
6.0 


2 
81n(16) — 4 
1.047 


7 5>0 


a ,s>0 
so +4 


Answers will vary. 
0.8775 


Review Exercises 


409. 
411. 


413. 


False 
False 
Vx? +16 


ieee 


753 


754 Answer Key 


415. Fp4in2 — x) +5In(x + 1) —9In(x +3) +C 


4 — in2 
417, 14 —sin"(@) ¥+ C 


sina) 


419. L(x? + 2) 


2 (3x°-4)+C 


2 
421, inf #2 + 2e42)~ Lan — xy 4 dtan tos ttc 
16 \x?-2x42) 8 8 

423, My = 3.312, Ty = 3.354, Sy = 3.326 

425, My = —0.982, Ty = —0.917, S4 = —0.952 


427. approximately 0.2194 
431. Answers may vary. Ex: 9.405 km 


Chapter 4 


Checkpoint 
4.2. 5 


4.3. y= 2x7 43x42 


4.5. y= a — 2x74 3x —6e* +14 


4.6. v(t) = —9.8t 
4.7. 


— 
| 
i a a 


T T T T 
eee ee eee 
,~ eee eee 


Sn natin atin tented 
pe ee ee 
+44 ee wf 
ae 
a ae i a 
FETS aE San teas “ann cad 
FE a a aes ee a 
San Ete ite ee ee 
ae ee 
EE Ee ee 


4.8. 
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Answer Key 


=2 is 


2. For this equation, y = —2 is an unstable equilibrium solution, and y 


The equilibrium solutions are y = —2 and y 


a semi-stable equilibrium solution. 


4.9. 
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Answer Key 


yi =Yothf(xo, Yo) = - 


Yo =p thfry, yy) = -1.1419 


¥3 =Yothf(x2, yo) = 


y4=Y3thf(x3, y3) = 


v5 =Yathf(x4, v4) = 


Yo =Y5thfxs, ys) 


y7 =Yothf(xo Yo) 


Yg= Yr thfxz y= 


Yo =Yethf(xg, yg) = 


Yio=Yothf(Xo, Yo) = 


2 
4.10. y=24Ce* +3" 


2 
KO EX. 
gat, y= Ste" ** 
1 _ Te* +x 
4.12. Initial value problem: a = =24— ie u(O) = 3 Solution: u(t) = 30 — 
4.13. 


a. Initial-value problem 


oT =k(T—70), 7(0) = 450 


b. T(t) = 70 + 380e" 


c. Approximately 114 minutes. 


4.14. 
dP _ Po z 
a a = 0.04(1 - -£-) P(0) = 200 
b. 
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—0.8387 


—0.5487 


—0.2442 


= 0.0993 


= 0.5099 


1.0272 


1.7159 


2.6962 


Ie —1/50 
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ne ee 


/ 
/ 
! 
! 
! 
I 
! 
I 
| 
l 
! 
! 
/ 
/ 


Seca ta as eas an 


04t 
P(t) = 3000e 


Cc. 


11 +4¢% 
d. After 12 months, the population will be P(12) © 278 rabbits. 
' 15, _ 10x—20. _ _15 — 10x — 20 
4.15. Yt Pay = 3 0 PO) = SZ fq and 9) = “3 
3 2 
4.16 ak FX” + C 
y x-2 
4.17. y= —-2x-44 26 
4.18. 
GUS ys 
dt v—9.8 
v0) = 0 


b. v(t) = 9.8(e" - 1) 
c, lim v4) = lim (9.8(e~' — 1)) = —9.8 m/s » — 21.922 mph 


. : —6.25 
4.19. Initial-value problem: 8g’ + aud =20sin5t, qO0)=4 gqn= 10sin5¢ — Seon at + 172e : 


Section Exercises 


ae 
3.3 
5.1 
7.1 
4 
19. y=44 3 
y=4t+ 4 
ate 
sa do 
23. y= 2e7V* 


Vx +1 
27. y= i ee 
29. y= C-—x+xInx — In(cosx) 
4* 
31. y= C+D 


33. y= V0 + 16(t7 + 16)+C 
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35. 


37. 


39. 


41. 
43. 


45. 


4 


NJ 


49. 
51. 
53. 
55. 
57. 


59. 


61. 


63. 


65. 
67. 


69. 
71. 
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x = 24 +137? + 40 - 32)+C 
y=Cx 


2 2 
= 2 ye 
y=e,y=-e! 
y =r? +5), t= 3V5 


y= 10e7*, t= — 4in() 


y= 4(41 - e"), never 


Solution changes from increasing to decreasing at y(0) = 0 


Solution changes from increasing to decreasing at y(O) = 0 


v(t) = -—32t+a 
0 ft/s 
4.86 meters 


x = 50t - B<os(at) ae 4, 2 hours 1 minute 
1 1 

y= 4e3t 

y=1-2r4+7 


y=te"—1) and Y= * 


y = 0 isa stable equilibrium 


Answer Key 
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, an nA 
, a fe A 
| a fe A 
| an fA 
Tad 
a aes 
| an fA 
Tt ft 
| an foe A 
| a fe A 
© tt 


VAN VAN 


79. 


Answer Key 
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97. 7.739364, exact: 5(e — 1) 
99. —0.2535 exact: 0 
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Answer Key 


101. 1.345, exact: A 
103. —4, exact: —1/2 


105. 
y 
A YN NN NN NY 
iN \ ‘\ ‘\ ‘ ‘ | 
ad Fol A A A A | 
yf fF ff F FF 
yest #£ F Ff Fi 
yf £ fF F Fi 
i ek « F ££ FI 
ys ff ¢ £ FI 
ie se Ss ff Sf ff 
KR ’ ’ ’ ’ NI 

“TNO ON NN NN] 

0 a 2 3 4  #S 

107. y/ = 262 

109. 2 

111. 3.2756 

113. 2ve 


h= 100 0.006612 
h = 1000 0.0006661 


115. 


762 Answer Key 


{ 
\ 
\ 
\ 
f 
f 
f 
t 


cee ie ie ae el 
See 
So ee a a 
ee ae 
ee a 
ett ie ae a a ee 
ie ie ie a a ee 


117. 4.0741e~!° 
119. y=e'-1 

121. y=1-e™* 
123. y = Cxe7!* 


125. Y= a 


127. y= — oem 
129. y= Ce*(x+1)+1 
131. y = sin(Int+ C) 
133. y = —In(e™*) 

1 


y = 
135. py — 2 


2 
137. y= tan (35) 


139. x = —sin(¢t — flnf) 
141. y = In(in(5)) — In@ — 5*) 
—2x 


s 


143. y = Ce +4 


- am 


SRY KF Oe 
Me 
ee ee Oe Ee ae 
RY 
ee ae Oe A 
tO ee ae et 
Se RY A Oe 


| 
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149. y= “(I —e 


151. y(t) = 10 - 9-90 
153. 134.3 kilograms 
155. 720 seconds 

157. 12 hours 14 minutes 


159. T(t) = 20 + 50¢e~0:!25" 

161. T(t) = 20 + 38.5e~°- 1? 
163, y=(c+S)e"-2 

165. y(t) = cL + (1 —cL)e 
167. y= 40(1—e-°"), 40 gicm? 
169. 


764 


PF ie ae 
ge Se 


\ 
\ 
; 
\ 
\ 
\ 


/ 
r 
/ 
/ 


rs a a at a 
4 4 n n rn n L 1 


-1 


—2 


10 19 
171. P= 
el 4 4 
10000e9-07! 
173. P®) = —*+ 
150 + 50e9-2 


175. 69 hours 5 minutes 
177. 7 years 2 months 


Population 
A Se Se ie Bec Sf a a 
a a i a a 
Sa a a a ed 
Re i ef et et 
ST ee eee re ee ah ee ca et ee 
2 ee ae 
2 a Se eas SS 


ce ee es ee ee ee 2 


0 200 400 600 
Time 


181. 
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—-_ RS SS Se eS Sy =«_-~<- =< < 


800 


<_ Se ey ~_~<+~_ + + 
-_ ee eR ee a ee ~_—<—_- <— + 


1,000 


Answer Key 
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Answer Key 


i et ee ee tl el al 


le ee ee 


Se i le i 


et ee ee ee le ll 


etl el ee el te eel le ee al 


el tl tle ll en en ln 


Ce ee 


uonejndog 


r 


vr 


a 


\ a 


Time 


P semi-stable 


183. 


~~ et to ee et ee ee 
~~ ese se as se ses se se ee 
~~ ee esse se sess a a 
~~ et a a ee oe ee ee 
~~ et tt ee ease se se se es ee 
~~ et Tt Tt st st ot ot a 
>> et ee ee ese ss 
~~. et eens ss ses se as se se 
~~ et es ses ase se se se se ss se 


>_> et ot oe ese a st 


uonejndod 


=_ 
= 
~_ 
= 
= 
=_ 
_ 
+ 
~-_ 
_ 


Time 


P,> 0 stable 


185. 


766 Answer Key 


Population 


A i a aa Oe ee oe - 
i i i a ae ot oe 
Cees ts + 
Pd te i i i ie 
eee ee ew ts 

a Rear erin ere 
Pl en 


4 yp Sane eR a 
iy of OE Ae Ae ie ee 


TA Ok SS OR 


é 


P, =0 is semi-stable 


~20 
I= 
aoe 4x 107° — 0.002e9-9!" 


189. 


ie Me. Me te Sa ee 
a Sh Oe Oh Sh On Oh On OS 


OQ LZ 


Population 


_ 850 + 5000900 
191. P(t) = ~ 85 4. 5¢0.0097 
193. 13 years months 
195. 
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Answer Key 


hd / fy Sess 
shh NRG cncaarmaneiaiansent 
AA / eer * 
AA 7 ANN 
AA 7 \ anes 
#F, / a Naame 
AA I s \oaainnaanaeen 
AA i | ekemeneenies 
Alf 

| 


WS 
et 


ZLLI\\\s0~0 


sth 


A, 7 \ NR cancaneccen cil ” 


oOo oO oOo oOo Oo oO 
oO Oo oO Oo oO o 
io So co) o + N 
a a 

uoneindod 


re OO, | 


100 


Time 


197. 31.465 days 


199. September 2008 


2 
203. r = 0.0405 
205. a = 0.0081 


K+T 


201. 


207. Logistic: 361, Threshold: 436, Gompertz: 309. 


209. Yes 


211. Yes 


213. y’ — wy = sinx 


215. y' 4 Gx+2), 


=0 


yx(x + 1) 


WY 
dt 


217. 


219. e* 


221. —In(coshx) 


2 
3 


=Ce*= 


223. y 


cx3 + 6x2 


225. y 


2 
= Ce* 2_ 3 


227. y 


x 
2 


C tan(X) —2x+ 4 tan( 


229. y 


= Cx? -— x? 


231. y 


= C(e+2)? +4 
+ 2sin(3r) 


233. y 


ae 
vx 


235. y 


C+ 1)? = 2" = oy 1 


237. y 


= Cesinh! x a) 


239. 
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241. y=x+4e*-1 
— _ 3x(,2 
243. y= — (x —1) 
245. y=l1- pian! x 
= xX+2 
247. y= (x + 2)In( $ ) 
249. y = 2e* —2x—2vx-1 
_— §&M(, _ (-ktlm 
251. v(t) =~ (1 - e) 
253. 40.451 seconds 
gm 
255. ee 
257. y = Ce*—a(x4+1) 
259. y= Cer 2g 


kt t 
261. y=£ —e 


k—1 

Review Exercises 
263. F 
265. T 
267. yx) = eo! apege tg = Waa ee 

In(2) 
269. y(x) = In(C — cosx) 

C+ 

271. yx) = e8 


273. yx) = 44+ 3x” + 2x — sinx 


2 
yx) = — 
= Lid 3(x? + 2sinx) 
277, y(x) = -2x? — 2x - 1 = a 
279. 


J, 447 
wea 
pear = 


L 


Sse e 
= SO YF 
ahem es Tes Bg AS Te Te 
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y(x) = Ce~* + Inx 


0.6939 shia Je 

281. Euler: 0. , exact solution: y(x) = 4 In@) 
283. a second 
285. x(t) = 5000 + a - 2 - 2 59, t = 307.8 seconds 
287. T(t) = 200(1 — e110) 
ogo. P(t) = 16000002907" 

9840 + 1600-92! 
Chapter 5 
Checkpoint 

n+1 
Bg, ete) 
ra 3+2n 

5.2. an= 6n = 10 
5.3. The sequence converges, and its limit is 0. 
5.4. The sequence converges, and its limit is 2/3. 
5.5. 2 
5.6. 0. 
5.7. The series diverges because the kth partial sum S; > k. 
5.8. 10. 
5.9. 5/7 
5.10. 475/90 
5.11. e-1 


5.12. The series diverges. 
5.13. The series diverges. 
5.14. The series converges. 


5.15. S5 ¥ 1.09035, Rs < 0.00267 


5.16. The series converges. 

5.17. The series diverges. 

5.18. The series converges. 

5.19. 0.04762 

5.20. The series converges absolutely. 

5.21. The series converges. 

5.22. The series converges. 

5.23. The comparison test because 2”/(3” + n) < 2”/3” for all positive integers 2. The limit comparison test could also be 


used. 
Section Exercises 
1. ad, = 0 if 1 isoddand ay = 2 if 7” is even 


3. {an} = {1, 3, 6, 10, 15, 21,...} 


+1 
5. a, = at) ) 
7. dy, =4n—-7 
9. a, = 3.10'—" = 30.10-” 
11. 4,=2"-1 


—| n—-1l 
18. a, = 5 


15. f(n) = 2” 


770 Answer Key 


17. f(n) = nl/2"~? 
19. Terms oscillate above and below 5/3 and appear to converge to 5/3. 
2 
1.9 
1.8 
uA g 
1.6 
1.5 
1.4 
1.3 
1.2 


1.1 


Oo 


5 10 15 20 25% 
21. Terms oscillate above and below y ® 1.57... and appear to converge to a limit. 
2 
1.9 
1.8 
L7 
1.6 
1.5 
1.4 
1.3 


1.2 


1.1 


23. 
25. 
27. 
29. 
31. bounded, decreasing for n > | 


- COON 


33. bounded, not monotone 

35. bounded, decreasing 

37. not monotone, not bounded 

39. @n is decreasing and bounded below by 2. The limit @ must satisfy q = V2a so 4 = 2, independent of the initial value. 


41. 0 
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43. 0: |sinx| < |x and |sinx| < 1 so = <adn< ali: 


45. Graph oscillates and suggests no limit. 


RS 


47. n'/" _, 1 and 2!" 41, so an 70 
49. Since (1 + I/n)" > e, one has (1 — 2/n)" x (1 +k) 7k = e? as k > @. 
51, 2"4+3"< 2-3" and 3"/4" 50 ast, sodng>7O0 ano. 


53. uth =n'/(n+ 1)(n+2)-(2n) = eae os < 1/2". In particular, 4 4 1/4n $ 1/2, 50 an > 0 as 


n> o. 

55. Xp 41 =Xn— (en — 1) — 2)Aen— Vs x= 1402, 182.4142, n=5 

57. Xn41 =Xn—Xn(ln@y,) -— Ds x=e, x 2.7183, n=5 

59. a. Without losses, the population would obey Py = 1.06P,,_ 1. The subtraction of 150 accounts for fish losses. b. After 
12 months, we have Pj ~ 1494. 

61. a. The student owes $9383 after 12 months. b. The loan will be paid in full after 139 months or eleven and a half years. 
63. 5; =0, x, = 2/3, by=1, X2=4/3-1= 1/3, 50 the pattem repeats, and 1/3 = 0.010101... 

65. For the starting values 4] = 1, ad) =2,..., @,= 10, the corresponding bit averages calculated by the method indicated 
are 0.5220, 0.5000, 0.4960, 0.4870, 0.4860, 0.4680, 0.5130, 0.5210, 0.5040, and 0.4840. Here is an 
example of ten corresponding averages of strings of 1000 bits generated by a random number generator: 0.4880, 0.4870, 
0.5150, 0.5490, 0.5130, 0.5180, 0.4860, 0.5030, 0.5050, 0.4980. There is no real pattern in either type 
of average. The random-number-generated averages range between 0.4860 and 0.5490, a range of 0.0630, whereas the 
calculated PRNG bit averages range between 0.4680 and 0.5220, arange of 0.0540. 


75. dn =Sy-Sy,_ 1 = —l. = a Series converges to S = 1. 
Rs Sts epee pm SS ects ee ; 
77. &n n n-1 We An Series diverges because partial sums are unbounded. 


772 Answer Key 


79. 8; =173, S,=1/3+2/4> 1/3 + 1/3 = 2/3, S3 = 1/3 + 2/4 + 3/5 > 3-(1/3) = 1. In general S; > k/3. Series 


diverges. 


S, = 12.3) = 1/6 = 2/3 - 1/2, 

S5 = 12.3) + 1/3.4) = 2/12 + 1/12 = 1/4 = 3/4 - 1/2, 

S3 = 1/(2.3) + 1/3.4) + 14.5) = 10/60 + 5/60 + 3/60 = 3/10 = 4/5 — 1/2, 

S4 = 12.3) + 1/3.4) + 1/45) + 145.6) = 10/60 + 5/60 + 3/60 + 2/60 = 1/3 = 5/6 — 1/2. 


Sy, = (kK + 1K +2) — 1/2 and the series converges to 1/2. 


The pattern is 


83. 0 
85. -3 
CO 
87. diverges, > I 
n= 1001 


89. convergent geometric series, r = 1/10 < 1 


91. convergent geometric series, ; = z/e2 < | 


[e.2) 
93. >) 5-(-1/5)", converges to —5/6 


re 


95. by 100-(1/10)”, converges to 100/9 


7.x es —x)"= Xe ios n 


99. > (-1)"sin2"(x) 


n=0 
101. §,=2-2 
103. S,; =1—\Vk + 1 diverges 


8 


PAGEL) a9 as k > o. 


ie2) 
105. )) Inn—In(n+ 1), Sg = Ink + 1) 


n= 


Nigar a eaeeeee ] 
107. @n= Tha Ina +1) 4 Sk TAQ) Ink+D ~ In 


[#2] 

109. )) an = f(l) — fQ) 
n=1 

111. Cote, t+eg+c¢3+c4=0 

113 2-1 _2, 1. Sn = (1-14 1/3) + (1/2 — 2/3 + 1/4) 
2 ol nee We 


+(1/3 — 2/4 + 1/5) + (1/4 — 2/5 + 1/6) + ++ = 1/2 


115. ¢x converges to 0.57721...t, is a sum of rectangles of height 1/k over the interval [A, k + 1] which lie above the graph 
of I/x. 
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06f 
0.55 + 
0.5+ 
0.45 + 
0.4+ 
0.35 


0.3 


0 10 20 30 40 50 60 70 80 90 100% 


117. N=22, Sy =6.1415 
119. N=3, Sy = 1.559877597243667... 


121. a. The probability of any given ordered sequence of outcomes for 7” coin flips is 1/2”. b. The probability of coming up 
heads for the first time on the 7 th flip is the probability of the sequence T7...[H whichis 1/2”. The probability of coming 
CO 
up heads for the first time on an even flip is > 1/27" or 1/3. 
n=1 


123. 5/9 


CO 
125. E= »? ni2"t! 1, as can be shown using summation by parts 


n=1 
127. The part of the first dose after ” hours is dr”, the part of the second dose is dr” ms , and, in general, the part 
remaining of the mth dose is drt so 
a ua a a ua (m+ DN 
A(n) =) dr®—"N =D) ark ON =D ar ON = ark YN = arklar nak + mn, 
[=0 [=0 qg=0 q=0 l-r 


129. Sy41=4y41+Sy 2 Sy 

131. Since S>1, ay>O0, and since K<1, S,=1+a,<1+(S—1)=S. If S,>S for some n, then there is 
a smallest n. For this n, S>S, 4, so Sn=Sy,—-y+kK(S—-S,_ 1) =kS+(1—-4)S,— 1 <S, a contradiction. Thus 
Sn<S and 4,41>09 for all n, so Sy» is increasing and bounded by S. Let S,»=limS,. If Sx <S, then 
5=k(S—S,)>0, but we can find n such that S» —S,< 6/2, which implies that Sy) 41 =Sn+k(S— Sy) 


> Sx +6/2, contradicting that Sy is increasing to S.. Thus Sp > S. 
k 
133. Let S,= s d, and Sy,—>L. Then Sx eventually becomes arbitrarily close to L, which means that 


n=1 
ie2) 
L-Sy= > ay becomes arbitrarily small as N > o. 
n=N+1 
CO 
135. L=(1+4) >) 12"=3. 
2) fon 2 
n=1 
137. At stage one a square of area 1/9 is removed, at stage 2 one removes 8 squares of area 1/92, at stage three 
one removes 82 squares of area 1/9 3. and so on. The total removed area after N _ stages is 
N=1 
NRN+1 
yy BN jgN +1 al! - (3/9) — 8/9) = 1 as N > oo. The total perimeter is AA yy 8°73 re 
n=0 n= 
139. lm an = 0. Divergence test does not apply. 


141. lm an = 2. Series diverges. 


774 


143. 
145. 
147. 
149. 


151. 
153. 
155. 
157. 


159. 


161. 


163. 


165. 
167. 


169. 


171. 


173. 


175. 


177. 


179. 


Answer Key 


lm an = © (does not exist). Series diverges. 
lm an = 1. Series diverges. 

lm an does not exist. Series diverges. 
bm an = 1/e”. Series diverges. 

lm an =0. Divergence test does not apply. 


Series converges, p > 1. 


Series converges, Pp = 4/3 > 1. 


Series converges, Pp = 2e-—a> 1. 
Series diverges by comparison with i te . 
oe +5) 
Series diverges by comparison with 5ax. 
1 ie +x? 


Series converges by comparison with vie 2x dx. 
1 1+x4 


g—Inn — {/y!2_ Since In2 <1, diverges by P -series. 
2-2lnn _ 47,2102 Since 2In2—1< 1, diverges by P -series. 


[oe] 


1 
R < -= = 0.001 
1000 hat t te 


Ries i = tan! oo — tan7!(1000) = 2/2 — tan~!(1000) ~ 0.000999 


ie +07 


dx _ 4 
Ry < f, 8= N,N > 10 


dx -0.01 600 
ky< fo 57 = 100N~°°!, N > 10 
Ry < "da = n/2 - tan~!(N), N > tan(z/2 - 10-4) ~ 1000 


N1+x 


[oe 
Rn < ie a =e" N>5In(10), okay if N = 12; > e " = 0.581973.... Estimate agrees with 1/(e — 1) to 


n=] 


five decimal places. 


181. 


oo 13 35 
Rn < i: dxlx* = 4IN?, N> (4.10°) , Okay if N = 35; 3 1/n* = 1.08231.... Estimate agrees with the sum 


oat 


to four decimal places. 


183. 
185. 
187. 


puts 


189. 
191. 
193. 
195. 
197. 
199. 
201. 


In(2) 

T = 0.5772... 

The expected number of random insertions to get B to the topis n +n/2 +n/3 +--+» + n/(n— 1). Then one more insertion 
B back in at random. Thus, the expected number of shuffles to randomize the deck is n(1 + 1/2 + --- + 1/n). 

Set bn =Gy4y and g(t) = f(t+N) such that f is decreasing on [f, 00). 

The series converges for Pp > | by integral test using change of variable. 

N= oe fy 108 terms are needed. 

Converges by comparison with 1/n7, 

Diverges by comparison with harmonic series, since 2n — 1 > n. 

adn = Wnt+ It2)< 1/n?. Converges by comparison with p-series, Pp = 2. 


sin(1/n) < 1/n, so converges by comparison with p-series, p = 2. 
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203. sin(1/n) < 1, so converges by comparison with p-series, Pp = 3/2. 

205. Since Vn + 1—va = U(\nt+1+ vn) < 2/vn, series converges by comparison with p-series for p = 1.5. 
207. Converges by limit comparison with p-series for p > 1. 

209. Converges by limit comparison with p-series, Pp = 2. 

211. Converges by limit comparison with 47”. 

213. Converges by limit comparison with 1/e!-17, 


215. Diverges by limit comparison with harmonic series. 
217. Converges by limit comparison with p-series, P = 3. 


219. Converges by limit comparison with p-series, P = 3. 

221. Diverges by limit comparison with 1/n. 

223. Converges for p > 1 by comparison witha P series for slightly smaller P- 

225. Converges for all p > 0. 

227. Converges for all r>1. If r>1 then r”>4, say, once n> In(2)/In(r) and then the series converges by limit 


comparison with a geometric series with ratio 1/2. 
ie2) 


229. The numerator is equal to 1 when ” is odd and 0 when 7 is even, so the series can be rewritten > 
n=1 


eae which 


diverges by limit comparison with the harmonic series. 

231. (a- by? = a*—2ab+b? or a2+b2> 2ab, so convergence follows from comparison of 24, with a nt b2 ee 
Since the partial sums on the left are bounded by those on the right, the inequality holds for the infinite series. 

233. (Inn) -Inn_ ,-in@Inin®) Fn jg sufficiently large, then InInn > 2, so (Inn) Inn <1 /n2, and the series converges 


by comparison to a Pp — Series. 


235. dn > 0, so a2 n < |d,| for large ”. Convergence follows from limit comparison. » In? converges, but o2 I/n 


co co 
does not, so the fact that » a’ n converges does not imply that » an converges. 
n=1 n=1 


(ee) 

2 

237. No. >» I/n diverges. Let 5; =0 unless & = n? for some ”. Then 2 by lk = >, Vk converges. 
wet 

239. |sinz| < It, so the result follows from the comparison test. 


co CO 
241. By the comparison test, * = y byl2" < » 1/2" =1. 


n=1 n=1 
co 
243. If 5} =0, then, by comparison, x < »y 1/2"°= 1/2; 
n= 
245. Yes. Keep adding | -kg weights until the balance tips to the side with the weights. If it balances perfectly, with Robert 
standing on the other side, stop. Otherwise, remove one of the | -kg weights, and add 0.1 -kg weights one at a time. If it balances 
after adding some of these, stop. Otherwise if it tips to the weights, remove the last 0.1 -kg weight. Start adding 0.01 -kg 


weights. If it balances, stop. If it tips to the side with the weights, remove the last 0.01 -kg weight that was added. Continue in this 


N 
way for the 0.001 -kg weights, and so on. After a finite number of steps, one has a finite series of the form A + 2 s,/10” 
n=1 


where A is the number of full kg weights and d, is the number of 1/10” -kg weights that were added. If at some state this 
series is Robert’s exact weight, the process will stop. Otherwise it represents the Nth partial sum of an infinite series that gives 
Robert’s exact weight, and the error of this sum is at most ]/ 10%. 

247. a. 10¢—10¢7-! < 10% b. h(d) < 94 «, m(d) = 107-!41 d. Group the terms in the deleted harmonic series 


together by number of digits. A(d) bounds the number of terms, and each term is at most Il/m(d). 
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[ee] co 
» h(d)/m(d) < > 94110)4-! < 90. One can actually use comparison to estimate the value to smaller than 80. The 
wet 


d=1 
actual value is smaller than 23. 
249. Continuing the hint gives Sy = (1+ U/N7\1 + IN - 1)... + 1/4). Then 


In(S jy) = In(1 + 1/N?) + In(1 + 1/(N - 1)*)+ + +In(1 + 1/4). Since In(1 + ft) is bounded by a constant times f, when 


N 
0<t<1 onehas In(Sy)<C >, 4, which converges by comparison to the p-series for P = 2. 
n=1Nn 


251. Does not converge by divergence test. Terms do not tend to zero. 
253. Converges conditionally by alternating series test, since \n+3/n is decreasing. Does not converge absolutely by 


comparison with p-series, p = 1/2. 

255. Converges absolutely by limit comparison to 3”/4”, for example. 
257. Diverges by divergence test since lim la nl =e. 

259. Does not converge. Terms do not tend to zero. 

261. im, cos *(1/n) = 1. Diverges by divergence test. 


263. Converges by alternating series test. 
265. Converges conditionally by alternating series test. Does not converge absolutely by limit comparison with p-series, 
p=n-e 


267. Diverges; terms do not tend to zero. 

269. Converges by alternating series test. Does not converge absolutely by limit comparison with harmonic series. 

271. Converges absolutely by limit comparison with p-series, p = 3/2, after applying the hint. 

273. Converges by alternating series test since n(tan~!(n + 1)-tan~! n) is decreasing to zero for large ”. Does not converge 


absolutely by limit comparison with harmonic series after applying hint. 


275. Converges absolutely, since 4n = 7 = are terms of a telescoping series. 


1 
n+1 
277. Terms do not tend to zero. Series diverges by divergence test. 

279. Converges by alternating series test. Does not converge absolutely by limit comparison with harmonic series. 


281. In(N+1)>10, N+1> 10, N > 22026; S926 = 0.0257... 

283. 2N+1, 196 or N +1 > 61n(10)/In(2) = 19.93. or N > 19; Sq = 0.333333969... 
285. (N +1)? > 10° or N > 999; Sj 099 % 0.822466. 

287. True. Db», need not tend to zero since if Cy = Dy —limby, then Co_~— 1 — Con = Pan —~ 1 — Bop. 
289. True. 53, — 1 — 53, 29, so convergence of y b3,— 2 follows from the comparison test. 


291. True. If one converges, then so must the other, implying absolute convergence. 


co 
293. Yes. Take by, = 1 if dy >0 and b, =O if ay, <0. Then > anby = > Gn converges. Similarly, one can 


n=1 n:anz=O0 


show > @n converges. Since both series converge, the series must converge absolutely. 
niady< 


295. Not decreasing. Does not converge absolutely. 


(es) 


297. Not alternating. Can be expressed as y ( 
n=1 


1 
3n—2 


zt a yy) which diverges by comparison with > at 7 


+ 


299. Let at n= pn if An =O and at n= 0 if dy < 0. Then at n <|dy| forall ” so the sequence of partial sums of at n 
iee) 


oda . : F + 
is increasing and bounded above by the sequence of partial sums of I|@y|, which converges; hence, > a” yn converges. 
n=1 


301. For N=5 one has Rvlbe = 6!9/10!. When 0= 1, Rs < 1/10! © 2.75 x 10-7. When 0= 2/6, 


Rs < (a/6)'°/10! & 4.26 x 10719. When 0= 2, Rs < 2!°/10! = 0.0258. 
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303. Let b,=1/(2n—2)!. Then Ry < 1/(2N)! < 0.00001 when (2N)!>10° or N=5_ and 


1-2 41-141 = 0,540325..., whereas cos1 = 0.5403023... 


2! 4! 6! 8! 
1 1 1000 
305. Let es > ae Then T-S= af, so S=T/2. \s x >, I/n? = 3.140638...; 
n=1 
1000 
y2 x » (-1)"- 12 = 3.141591...; a = 3.141592.... The alternating series is more accurate for 1000 terms. 
| n=1 


307. N=6, Sy = 0.9068 
309. In(2). The 3nth partial sum is the same as that for the alternating harmonic series. 


311. The series jumps rapidly near the endpoints. For ¥ away from the endpoints, the graph looks like (1/2 — x). 


313. Here is a typical result. The top curve consists of partial sums of the harmonic series. The bottom curve plots partial sums of 
a random harmonic series. 


400 600 800 


315. By the alternating series test, |S n—-S | <b, 41, so one needs 10% terms of the alternating harmonic series to estimate 
[e2) 


In(2) to within 0.0001. The first 10 partial sums of the series > a 
n=1 


0.5000, 0.6250, 0.6667, 0.6823, 0.6885, 0.6911, 0.6923, 0.6928, 0.6930, 0.6931 and the tenth partial sum is within 
0.0001 of In(2) = 0.6931... 


317. 4,4 1/a4n > 0. Converges. 


are (up to four decimals) 


2 
319. “LL = etl) > 1/2 < 1, Converges. 
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a 
321. tt — 1/27 < 1. Converges. 
n 


a 
323. nil — A/e* < 1. Converges. 
n 


a n+1 e ee z 
325. a oe 1. Ratio test is inconclusive. 
an 


327. = Ie? Converges. 


n+1 


329. ian —> 2> 1. Diverges. 
331. (a,)!" + 1/2 < 1. Converges. 
333. Gay — I/e < 1. Converges. 


335. an =lil Ee tran Converges. 


e€ 
14+1 
337. aj" = Obed 22) O by L’H6pital’s rule. Converges. 
(nn) 
gg9, “Kt+1-_1 __,9, Converges by ratio test 
" ay 2k +1 : 


341. (a,)!/" > 1/e. Converges by root test. 


343. a eg — In(3) > 1. Diverges by root test. 


32nt1 


a 
345, +1 — > 0. Converge. 


an a3n7 +3n+1 


347. Converges by root test and limit comparison test since x, > V2. 
349. Converges absolutely by limit comparison with p — Series, p = 2. 
351. ima = le? # 0. Series diverges. 


353. Terms do not tend to zero: 4; = 1/2, since sin 


355. dn = Gana which converges by comparison with Pp — series for p = 2. 


x<il. 


ies D1 deak 
Fh ke Oey TOKE 2IS3 


E < (2/3)* converges by comparison with geometric series. 


2 : 
359. a, ®& e nk — 1/42. Series converges by limit comparison with Pp — series, p = 2. 


ie2) co 
361. If bp=e!ne- 1) and 4, =k, then bp, ,-b, = —c7* and > ce a,b, +1) ck =—_¢ 7 
n=1C k=1 (c - 1) 
363.6+4+1=11 
365. |x| < 1 
367. |x| < co 
369. All real numbers P by the ratio test. 
371. r< l/p 
373. 0<r<1. Note that the ratio and root tests are inconclusive. Using the hint, there are 2k terms ;” for 
ss os: EFT 1 oo 
ke <n<(k+ iii and for r < 1 each term is at least -*. Thus, > pra » rp > me kr, which 
n=1 k=1 4232 k=1 


converges by the ratio test for r < 1. For r > 1 the series diverges by the divergence test. 
375. One has 4) =1, dy =a3 = 1/2,... dy, = yn 4.1 = 1/2". The ratio test does not apply because @, 4 1/dn = 1 if n 
is even. However, 4) 42/4n = 1/2, so the series converges according to the previous exercise. Of course, the series is just a 


duplicated geometric series. 


2 eee ees es, 
377. An /An = 5 n+ltxnt24+x 2n+x 


. The inverse of the kth factor is (29 +k +x)/(n+k) > 1+4+-x/(2n) so the 
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; a = 
product is less than (1 + x/(2n))~” ~ e~*/?, Thus for x > 0, at of: 


i) 


Review Exercises 


379. false 

381. true 

383. unbounded, not monotone, divergent 
385. bounded, monotone, convergent, 0 


387. unbounded, not monotone, divergent 
389. diverges 

391. converges 

393. converges, but not absolutely 

395. converges absolutely 

397. converges absolutely 


1 
399. 9) 


401. ©, 0, Xo 
403. Sjq ¥ 383, lim Sn = 400 


. The series converges for x > 0. 


Chapter 6 
Checkpoint 
6.1. The interval of convergence is [—1, 1). The radius of convergence is R = 1. 
6.2. 
S6 
S4 
S2 
—0.8 —0.4 0.4 0.8 ai 
Sy nt3 
6.3. Py a 77 With interval of convergence (—2, 2) 


6.4. Interval of convergence is (—2, 2). 


co 
6.5. a ici ” The interval of convergence is (—1, 1). 
6. f(x) = 7~—. The interval of convergence is (—3, 3). 


6.7. 14+ 2%+3x7 44x74 -- 


6.8. py (nt 2)(n + 1x” 


om: XS aw 


6.10. 


Po (x) = 1s py) = 1-2 = 1); pp (a) = 1 = Ae 1) + 30-1)” p3 (a) = 1 - A= 1) + 30" = 1)? - 4 


6.11. 


779 


1)3 
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nn 
Po@M=1 py =1-x po = Lix+x?; p3() =1-x42x7?— x3, Pra) =l—-xtx?—x tet (HD) x" = > (-1D)k xk 
k=0 


6.12. 
py) =2+ oe —4); py (x) =2+ Ho ae rm ~4)?: p, (6) = 2.5; p> (6) = 2.4375; 
IR (©)| < 0.0625; |R5 (6) < 0.015625 

6.13. 0.96593 


So n 
6.14. 4 (252) . The interval of convergence is (0, 4). 
n=0 


n yon 
6.15. 2 ( oi YI By the ratio test, the interval of convergence is (—0o, 00). Since |R,(x)| < a, I" = the series 
converges to COS for all real x. 
CO 
6.16. > (-1)"(4t Dx” 
n=0 
— (-1)” x4" +2 


o Qn+D! 


1)" 1-3-5+(Qn-1 
ers, Y) C13 5 Cn~ Dan 


4 8 5 9 
= sae, ec pa, IE a he = = ME 
6.20. y= a1 Sota )+ofe jetpers ) 
n 
6.21. C+ » (-1)"* "en ot The definite integral is approximately 0.514 to within an error of 0.01. 


6.22. The estimate is approximately 0.3414. This estimate is accurate to within 0.0000094. 
Section Exercises 


1. True. If a series converges then its terms tend to zero. 
3. False. It would imply that a,x” > O for Ixl < R. If dyn =n", then ayx” = (nx)” does not tend to zero for any x # 0. 


5. It must converge on (0, 6] and hence at: a. x= 1; b. x=2; c. x= 3; d. x=0; e. x = 5.99; andf. x = 0.000001. 
i Qn +1 x” +1 


_ Gn+1 peed | 
a, Dah = 2lxll-—G| > 2lal so R= 7 
n+1 n+1 
9 an+1@) x — alxi|en4+1 a\x| ig Ra = 
: n\n ~ Te | an | é o 
an Bx n 
1\2n+2 
a (-D" thx a 
ag, [eg ft |) go R= 1 
ay(-l)"x . 
n a x 
13. a, = 2 so aa > 2x. so R= . When * = + the series is harmonic and diverges. When x = the series is 


alternating harmonic and converges. The interval of convergence is J = [- 4, 4) 


x 
15. ¢n= an so ae at so R=2. When x= +2 the series diverges by the divergence test. The interval of 


convergence is 1 = (—2, 2). 


2 
17. dy =n so R=2. When x= +2 the series diverges by the divergence test. The interval of convergence is 
I = (-2, 2). 

k 
19. a,= ig so R= - When x = +1 the series is an absolutely convergent p-series. The interval of convergence is 
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21. dn = Lo ee = 10x, — 0 <1 so the series converges for all x by the ratio test and J = (—ov, 00). 
a a ae $0 ith = oy Ao 7g R=4 

25. 2 a A(T a py 0 “ett = Att dso R=2 

27, On e) so “tt = ce ts a = Gn ee iy fs R=4 

29. wi =o tea so R= 27 

31. an = 4 so Ayet = Ott a = (eh) >t so R=e 


33. f= )) -»)" on I= (0, 2) 
n=0 


yen l er T=(-l, 1) 


Ms 


35. 


= 
ll 
i) 


37. (1x? on TS EL D 


Ms 


= 
ll 
i) 


39. 


Ms 
NO 
= 
ta 
= 
° 
5 
I 
Nie 
Ni} 
— 


= 
ll 
—) 


41. 


= 
I 8 
1M 
aN 
= 
& 
bo 
= 
+ 
NO 
jo) 
i=} 
| 
Nie 
Nie 
— 


(es) 


n 
. Therefore, >, anX~ converges when |x| < 
n=1 


1 


T 


1 


43. ay x"| Vin _ la,” Ixl > Ixlr as 2 > © and [xIr < 1 when |x| < = 


by the nth root test. 


k 
45. =(£54) Pe CP ae aera ar ae 
Ak Ges ‘ 2 
n 
47. ayn = (ni - 1) so (a,)/" + 0 so R=0o 
co 
49. We can rewrite p(x) = > Anns er and p(x) = p(—x) since x2" +! = a er lia : 
0 


n= 
CO 


51.1f x € [0,1], then y= 2x-—1 €[-1, 1] so p2Qx-1)=pQ)= > any" converges. 
0 


n= 


53. Converges on (—1, 1) by the ratio test 
55. Consider the series oy by x* where b 4 = 4% if k =n? and 5, = 0 otherwise. Then ; < 4; and so the series converges 


on (—1, 1) by the comparison test. 
57. 
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-1 ~0.5 0 0.5 1* 


The approximation is more accurate near x = —1. The partial sums follow vk more closely as N increases but are never 


accurate near x = | since the series diverges there. 
59. 


The polynomial curves have roots close to those of sinx up to their degree and then the polynomials diverge from sinx. 
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(es) 


2n ~ 
63. (f(x) + g()) = >» Gaye and aif) - 8@)) = 2 Gnt br 


65. 

4 1 1 1 1 Ly S , 1d 
a as Ss oe ee a i nyn _ —yrtri_ n 
(x-3)e+1)”> x-3 x41 3(1 — 3) =e #3 2s (3) - 26 vy) xl 1) sha} 

5 ib. -.. She yi on 1y Oe 1 1.)\2 
67. (x? + 4x? - 1) ae ree pa 42, (5) p») yn+2 
2 
iS) At 4 1 
2 Pe es 
en ite 1 x—3 
71, X= 3 1S (x—3)*-1 
(x- = 
-20 
73, P=P,+-+++Po where P= 10,000-—! nk Then P= = ; = 10,000 Et) When 


k=1 ( 
r = 0.03, P = 10,000 x 14.8775 = 148,775. When r=0.05, P= ae x 12.4622 = 124,622. When 
r = 0.07, P = 105,940. 

Pr 
1-(d4+n% 
has C = 6721.57 when r = 0.03; C = 8024.26 when r = 0.05; and C x 9439.29 when r = 0.07. 


—N 
75. In general, p — C(I me) ) for N years of payouts, or C= For N = 20 and P = 100,000, one 
F 


77. In general, P = c Thus, 7 = oo =5x 10 = 0.05. 


3 
2 3 3 6 X+X°-xX 
79. (xt+tx°—x°-|ltxotxot--J= 
(ott Janta 
81 (x2? - 1434294.) = tea 
1-x? 
co 
83. dn =2, bn =N 50 Cn = 2D byt 42 k=(n)\(n+1) and fg) = ¥) n(nt Dx" 
= n=1 
n SO n 
85. dn = bn = 27" 50 Cn = 2 ee) 1 = Fy and fg 2, n(X) 
1 =-) 
87. The derivative of f is — =— (-1)"(n + 1)x”. 
(l+x)* Zo 
CO 
89. The indefinite integral of f is _l_= » (-1)" x7". 
1l+x n—0 
91. f@)= 2) x"= z)= PH ee) “ee -in=4s0 ), 4 =2 
is 2. 7 ‘i >> pal dx re I2 = a|e= 2 pa i 
1) Yt an-)) 1) 
93. (x) = x m( 2) = dG x= = 12 = 16 so 
f x = f’(4) Dae qn-2 a ae x= 1/2 a xp 1/2 
n(n — 1) 
AES EA 
n=2 2” 
n+1 
95. ae es my — 1\n _ ()i alr” 1)" - |) 
ee x)"dx = f[Levre 1)"dx= > Sar 


n+ 1) 


97. ai -- fF tar Fete -- 


t=0 
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x2 
pnt 4n+2 
99. * an n 
| ito - Lev ate Senet. years 
101. ial em integration gives 
= eo _4yn 
ie lnvde = AG Ng cme 5 =} ce pr "(f-—1 ple bth == inet », (yn? a ings 
n= = 
< n = n 
103. We have Ind-»y=- so Indl+xy= )) (-D" 7125, Thus, 
n=1 n=l 
CO 
n(x +4) = >> (1 +(-1)"7 "= 2 Le . When X = ; we obtain In(2) = 2 p Sa We have 
13 (2n — 1) 
3 
1 = ‘ 
2 ——_———_ = 0.69300..., while a = 0.69313... and In(2) = 0.69314...; therefore, 
N=4. 
Sk wr 3k 
105. Py a = —In(1 - x) so LH aE =- éin(1 - x), The radius of convergence is equal to 1 by the ratio test. 


eee zee 
fag" 10? > 


[ee] 
a = 
107. If y=2°>*, then >» y* = Tf ap= me then ae =2°-*<1 when x>0. So 


the series converges for all x > 0. 


109. Answers will vary. 
111. 


YA 
ot 


1.57 


+ t + + + + + { 
—0.8—0.6—0.456- 0 02 04 06 08 1x 


The solid curve is Ss. The dashed curve is Sp, dotted is S3, and dash-dotted is S4 


co co co 
1 1 1 : 1 1 1 
113. When x= —<s, -In(Q) =In{-)=—- : Since < = one has 
() 2, no" J, n2” 2, 2" gt 
10 
> i = (0.69306... whereas In(2) = 0.69314...; therefore, N = 10. 
n 


115. n__l__ One has 7-68 (45) = 0.00101... d 1-68 (4) = 0.00028... 
6y(4)= 2D 1) sn ed) ne has 7 43 and slg 


so N=5 is the smallest partial sum with accuracy to within 0.001. Also, «—6S, (+)- 0.00002... while 


a —6S¢ (+) = —0.000007... so N = 8 is the smallest N to give accuracy to within 0.00001. 


117. f(-l) =1; f(D) =-b fC) =2; f@) =1-@+D4@41? 


119. f’ (x) = 2cos(2x); f"(x) = —4sin(2x); p> (x) = | = 2) 


121. f'() = 1. ff") = - +, pPo(x) =04+(x- 1) — Far 1)? 
x 
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123, p(x) =e te(x— 1) + S(x- 1)? 


2 
125. a7 13 — are 2_> 73 2 —9.00092... when x2 28 so the remainder estimate applies to the linear approximation 


9 p27) =34+2522, which gives (28)'3 ~3 +4 Fz = 3.037, while (28) ~ 3.03658. 


710 
; < 0.000283 we can use the Taylor expansion of order 9 to estimate e* at x= 2. as 


127. Using the estimate Or 


oP mw py(2)= 14.24 24 24 we 4 2 = 7.3887... whereas ¢? w 7.3891. 


2 6 9! 
1000 n-1 
129. Since (nx) =(- pr ea R 1000 opr" One has pyqo9(1) = > CD) ~ 0.6936 whereas 
n=1 


In(2) © 0.6931--. 


1 
4 6 8 10 12 3 5 7 9 11 13 
131. | (-2+4 —~X 4X _xX_ 4x Jax ejelig tot ge a 74683 
0 


2, 6 24 120 720 3 10 42 9-24 120-11 720-13 
Ie a9) 
whereas 7 e* dx » 0.74682. 
0 


133. Since rial D i) is sing or COSZ, we have M=1. Since Ix—Ol< on we seek the smallest n such that 


n+1 
aa < 0.001. The smallest such value is 1 = 7. The remainder estimate is R7 < 0.00092. 
n ! 
n+l 
135. Since fi" vy (z) = +e * one has jf = e>, Since |x — 0] < 3, one seeks the smallest n such that ir a < 0.001. 
The smallest such value is n = 14. The remainder estimate is R14 < 0.000220. 
137. 
y 
0.9 f 
0.8+ 
0.7+ 
0.6+ 
0.5 + 
0.4+ 
aa | (0.5966, 0.2) 
0.2 
0.1 + 
O| 01 02 03 0.4 05 06 0.7 08 09 1% 
Since sinx is increasing for small x and since sin”x = —sin.x, the estimate applies whenever R2 sin(R) < 0.2, which applies 


upto R= 0.596. 
139. 


786 


0.20 


Answer Key 


0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5* 


Since the second derivative of COSX is —COSX and since COSX is decreasing away from x = 0, the estimate applies when 


R2cosR < 0.2 or R < 0.447. 


141. 


143. 


145. 


147. 


149. 


151. 
153. 


155. 


157. 


159. 


161. 


163. 
165. 


(xt D3 - 264+ 12 +2041) 


a _ a "(= 2m)" On)" 
Values of derivatives are the same as for x = 0 so cosx = > (-1) ~ at 
(x _2)" +1 
cos(2] = 0, —sin —1 so = nt+1* 2 which is also —cos{x — 4}. 
(5) (5) = cosx = py (-D Gn+Di” ( 5) 
_ n 
The derivatives are FM =e soe =e s aa 


n=0 


1 (ja? 1 8 St (+24 Dx" 
(x —1)3 Gs T-x 2 p) ) 
2-x=1-(«-1) 

(x- 1-1? =@-1?-2«-1) +1 


i _¥ i 


co [e<} co 
x», 2" = x)7" _ py; 2" (x- iD aaa by 2" (x - 1)" 
n=0 = n=0 


co 


Qn 
ok = eth D42 _ 2 a at 
2 es 34,913 
x=e*3 Sip 75 7.3889947 


sin(2z) = 0; Sq = 8.27 x 10-> 
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-4 -3 -2 -1 % 1 2 3 4* 
The difference is small on the interior of the interval but approaches 1 near the endpoints. The remainder estimate is 


3 
[Ral = op © 2-552. 


20 
167. 
0.05+ tan2(x) — (3) 
c(x) 
et ei 
-5 -4°-3 -2 -1 % 1 2 3 4 5* 
/ —0.05 + \ 
i ‘ 
' —0.1+ 4 
i 2 s Z ' 
aia | ear) 
' i] 
! -0.2+ ' 
' i] 
—0.25+ : 


The difference is on the order of 19~+ on [—1, 1] while the Taylor approximation error is around 0.1 near +1. The top curve 


2 
is a plot of tan?x — 55() and the lower dashed plot shows 2 — a5 . 
C4 (x) C 4 


169. a. Answers will vary. b. The following are the %n values after 10 iterations of Newton’s method to approximation 
a root of Py(x)—-2=0: for N=4, x =0.6939...; for N =5, x = 0.6932...; for N = 6, x = 0.69315...;. (Note: 
In(2) = 0.69314...) c. Answers will vary. 


In(1 — x?) 
a74) ds 

x2 

_t a. Jad 

173. cos(vx) — 1 2 4! al 

2x 2x 4 

-1/3 ee. -$ 
175, (1+x7) = 3} 
n=0\n 


177. (1 — 2x)? = 2 ens 3)" 


788 Answer Key 


179. (24 = ¥ 2 hn (x2) <2) 
n=0 


181. 2x —x2 = 1 -(«—1)? so Vax — x? ee v*{z}x- 


n=0 


4 


183. vx = 2y1 +254 X=4 0 ve= & 21-2"[2 9" 


n=0 
ee 1 
185. x= )) 31-3(7 fa — 99 
n=0 
13 1 
187. 10(1 + iy) oo 10! -(3}" Using, for example, a fourth-degree estimate at x=1 gives 
ck 1 uli ab 
(1001)! = 10)1 +|3 [1073 +] 3 [107° +] 3 flo-? +] 3 flo 2 
1 2 3 4 whereas 
= 1o(1 +L - 1+ 5 ~ lg) = 10.00833222. 
3.10° 9.10" 81.107 243.10 
(1001) 1/3 — 10,00332222839093.... Two terms would suffice for three-digit accuracy. 
189. The approximation is 2.3152; the CAS value is 2.23.... 
191. The approximation is 2.583...; the CAS value is 2.449.... 
193. 
2 4 6 
V1— oe, ee ee ee 
1-x7=1 7 3 ~ 16 Det" ‘ Thus 
1 
1 ,-—_, 3 5 a) 9 
| a 2 me a HK = 5x. oie ~ _1l_ 1 = 1 = 10 = whereas 
fn dx = x — A A A SA tol 2-4 Bg — BETH Oo pg t ertor = 1.590... 
£- 
7 1.570... 
43 _ ded 2, D3 0A oe ee ee ake © ne 
195. (1+x) =(1+9(1+4x 1x24 S31 4. )= ee ee 
1/3 
197. Dees ree 2-- 1, 4,5. 6 Bie 
(1+@+3)) =14+46043)?- dat 344 oir + 38-4 3)8 + 


199. Twice the approximation is 1.260... whereas 2!/3 — 1.2599... 
201. f°) = 0 


203. >) (in 2)z)" 


(2n + 1)/2 


205. For x > 0, sin(vx) =P) Cee re = CU esa 


eo} y3n 
207.e" = » 
209. sin” x = — 


211. tan”! x = 2, 


; yn +1 
213. sin“! x = > 2} + 1)n! 


n+l 
215. F(x) = § (-D" as pant 
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217. F(x) = ye ae 


n=1 


5 

219. es ae 
x+ 3-4 Se 
4 


3 
221. -_X _xX_ 
l+x 3 6+ 


2x* | 17x® 
a ea a 


225. Using the expansion for tanx gives 1 ++ 3 + = 


CO 
227, — 5= » (-1)" x" so R=1 by the ratio test. 
1+x n=0 
ao 
229. In (1+ x’) =y Ss = so R= 1 by the ratio test. 
n=1 
= 2n 


231. Add series of e* and e~* term by term. Odd terms cancel and coshx = » =. 
iat (2n)! 


233. 


| —0.004 + 
' 

' —0.006 + 

! 
' —0.008 + 
! 
i -0.01 

S 
n(x) approximates tanx better than does pj(x) = x+ = + a + 11x! for N > 3. The dashed curves are 


The rati 
e ratio Cu(x) 


— tan for n = 1, 2. The dotted curve corresponds to n = 3, 


en 
curve is P7 — tanx. 
co co co 
235. By the term-by-term differentiation theorem, y’ = > Nay x" , so y= > na, x" ' xy = > na, x", 
n=l n=l r= 
co co 
whereas y’ = > n(n — Da,x"~? so xy" = ¥ n(n — 1)a, x". 
n=2 n=2 
(b — pio 
a=90 and b=100, that 


2 
237. The probabiliy is p= OF "2 dx where 
I’ (a-—wlo 


1 
l 4 5 5 
1 =—x“/2 4 _ I Yep 5 2 Gael 
e aL] (-1) Sit = ie 2 Ga D2" 7 © 0.6827. 


and the dash-dotted curve corresponds to n = 4. The solid 
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239. 


As in the previous problem one obtains dy = 0 if 1 is odd and 4n = —(n+2)(n+ la, 42 if 1 is even, so 9 = | leads to 
_(-1" 
aon = (Qn)! ° 
co 
241. y= » (n+2)(n+ l)ay42x" and =2 (n+ Day41x" so y"—y’+y=0 implies that 
n=0 n= 
an-1 an-2 


(n+2)(n+ l)dyyo-(M+)ay4,+4n=9 of Gn=—-F ne for all 2-yO)=aj=1 and 
y’ (0) =a, =0, s0 4) = 4,03 = 4, a4=0, and a5 = oe 


243. a. (Proof) b. We have Rs< on = 0.0082 < 0.01. We have 


r 2 4 6 8 3 5 7 9 m. 
x x x x = fy 4 ‘ _—_— sint 7, _ 
( = 37 tp waar )ax =1— 3.3! 31 +e ST 5! —aoart 9.901 = 1.852..., whereas 6 =, at = 1.85194..., So 


245. 


: n pnt a : 4n +3 
Since cos(t a (-1) — I and sin(¢ 2 (-1) Oaep? one has S(x) = 2 (-1) Ge 7 yon FI 


4n+1 
and C(x) = z (- "Gr Domt The sums of the first 50 nonzero terms are plotted below with C59 (X) the solid curve 


n=0 


and S59 (x) the dashed curve. 


1/4 i) 3 4 By 
~X£_ xe _ x Sx Te 
ant sa(1 28 16 128 ax 
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— 29-3_ 125-5 25-7 _ 1 25-9 


1 Se DG Nine OSS 
Br OS 87 16 9 Dei v5 1S ee whereas 


—— 
Vx — x2dx = 0.076773. 
0 


9. 


oe) 


Wo! in2 cl 
249. T = 2a\) (1 ie v2) = 6.453 seconds. The small angle estimate is T ~ 2n\ 5% = 6.347. The relative error 


is around 2 percent. 


a/2 TT 2 
‘a4 — 3n ~ OL ki, 9 74 
251. i sin49d0 = $2. Hence x 2a +1 + 5eck ) 


Review Exercises 


253. True 

255. True 

257. ROC: 1; IOC: (0, 2) 
259. ROC: 12; IOC: (—16, 8) 


(es) 


Se ne ee 
261. >» graTt's ROC: 3; JOC: (-3, 3) 


Bi Gls ona 
: Baan a n+ 
263. integration: ; > ; on aT 72) 
265. p4(x) = (x +3)? — 11+ 3)? + 39(x + 3) — 41; exact 


(es) 


n 2n 
267. >, Cie) 


1 
=z 2n! 


n 2n 
269. Da oma = z) 


271. 


_ oo. (-1)" 2n+1 
273. F(x) = py Qn+DQn+ DM" 


275. Answers may vary. 
277. 2.5% 


Chapter 7 


Checkpoint 
7.1. 


792 Answer Key 


x(t) = 3t+ 2 


yt)=?-1 
=3=ft=2 


7.2, x=2+ ae or y= 1+ 3 This equation describes a portion of a rectangular hyperbola centered at (2, —1). 


7.3. One possibility is xH=t, yH= #4 2t, Another possibility is 
Mt) =2t-3, y)=(Qt- 3)? + 2(2t—3)= At? — 8t + 3. There are, in fact, an infinite number of possibilities. 
dy _ 67-6 _ 31?-3 
7.4. x' (ft) = 2t—4 and y'(f) = 6t2— CY 6 = 6 230 = 3. 
”) Be MeO OP SY ga Ope geo 
This expression is undefined when ¢ = 2 and equal to zero when ¢t = +1. 
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x(t) = t2— 4t 
y(t) = 203 — 6t 
—2=t=3 


7.5. The equation of the tangent line is y = 24x + 100. 
d* 2 
7.6. — = a Critical points (5, 4), (—3, —4), and (—4, 6). 
dx 2(t — 2) 
7.7. A = 3a (Note that the integral formula actually yields a negative answer. This is due to the fact that x(t) is a decreasing 
function over the interval [0, 27]; that is, the curve is traced from right to left.) 


7.8. s = 2(10°? — 29) w 57.589 


fil joes ET TES) 


1215 
7.10. (8V2, 3) and (-2, 2V3) 
7.11. 
f 
v lr 
/ = e / a) 
(3.4) «(4,3 


7.12. 


794 Answer Key 


The name of this shape is a cardioid, which we will study further later in this section. 
7.13. y= x2, which is the equation of a parabola opening upward. 


7.14. Symmetric with respect to the polar axis. 


7.15. A = 32/2 
7.16. A= “ +43 
7.17. s=32 
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7.18. x = Ay +3) -2 


x=2y+3)?-2 


2 2 
7.19, & 1 sn 4 


9 


94 3(y_ 
245 1). 


o SB os 


123 4 5 6 7% 
;  « 


Ae 79x? + 16y + 18x — 29 = 0 


“Ns 
‘ ~:> 
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7.23. The conic is a hyperbola and the angle of rotation of the axes is 9 = 22.5°. 
Section Exercises 
1. 


orientation: left to right 
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0.5 10 15 2.0 2.5 3.0% 


13. 
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Asymptotes are Y = * and Y= —* 


17. 


1.0 15 2.0 25 3.0% 


19. 
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21. 


23. 


25. 
27. 


29. 


31. 


33. 
35. 
37. 


39. 
41. 
43. 
45. 
47. 
51. 


x = 4y?— 1; domain: x € [1, 00). 


(x — 1)? + (y— 3)? = 1; domain: x € [0, 2]. 


x2 [-4, 4] 

*A_4-_ = ]; domain x € |—4, 4]. 

io 9 

y = 3x +2; domain: all real numbers. 

y= \Vx2 —1; domain: x € [-1, 1]. 
2_1-x. 

y = ) ? 

y =Inx; domain: x € (0, 00). 

y =Inx; domain: x € (0, 00). 

x? $y? = 4; domain: x € [—2, 2]. 

line 

parabola 

circle 

ellipse 

hyperbola 


26+ 


1.5+ 


53. 


10 15 20 25* 


domain: x € [2, co) U (—o, —2]. 


The equations represent a cycloid. 
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55. 22,092 meters at approximately 51 seconds. 
57. 


X = 2tan(t), y = 3sec(t) 


yy 
204 


61. 
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x =cosht,y=sinht 


aS 


0 + 1 + 1 a 
15 2.0 2.5 3.0 3.5% 


63.0 
a 
65. 5 
67. Slope =0; y=8. 

69. Slope is undefined; x = 2. 


4 


71, ¢ = arctan(—2); (4. =8) 


73. No points possible; undefined expression. 


85. — = 4, —~ = —613; the curve is concave down at g=2 


77. y=2x-7 
x 5a 3n In 
we A? a? a 
dy _ | 
81. ao tan(t) 
ay 3 
83. aA a ft 
has a constant slope but no concavity. 
dy a y 
dx dx? 


87. No horizontal tangents. Vertical tangents at (1, 0), (—1, 0). 


89. —sec? (at) 


91. Horizontal (0, —9); vertical (+2, —6). 


93.1 
95.0 
97.4 
99. Concave up on ft > 0. 


101.1 
3x 

103. ~5 

105. 62a 

107. 2xab 

109. 4(2V2 — 1) 


111. 7.075 
113. 6a 
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115. 6\2 
aig, 27(247V13 + 64) 
1215 
121. 59.101 
123, 8£(17V17 - 1) 
125. 
4 
6 
127. 
4 
wha 
6 
129. 
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a 


131. 


—e—________® + 
’ 


133. B(3 =) B(-3, 21) 


Tn\p(_5 £ 
135. (5, i ( 5, x) 
137. (5, -0.927) (—5, -0.927 + 2) 
139, (10, —0.927)(-10, —0.927 + m) 


141, (2V3, -0.524\-2v3, —0.524 + 2) 


143. (-V3, —-1) 
V3 -1 

145. (-8, >) 

147. (0, 0) 


149. Symmetry with respect to the x-axis, y-axis, and origin. 
151. Symmetric with respect to x-axis only. 

153. Symmetry with respect to x-axis only. 

155. Line Y = * 

157. y=1 


159. Hyperbola; polar form r7cos(20) = 16 or r2 = 16 sec 0. 


803 


804 


2: 


the 3 cos 6 — sin@ 


163. x7 + y? =4y 


165. xtan\|x? + y =y 
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167. 


y-axis symmetry 
169. 


806 Answer Key 


y-axis symmetry 
171. 


x- and y-axis symmetry and symmetry about the pole 
173. 
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X-axis symmetry 
175. 


x- and y-axis symmetry and symmetry about the pole 
177. 


807 


808 Answer Key 


KP 


no symmetry 
179. 


20 40 60 80 


a line 
181. 
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183. 


120° 


185. 


810 


187. 
189. 


191. 


193. 


195. 


197. 


199. 


201. 


nN 


Answers vary. One possibility is the spiral lines become closer together and the total number of spirals increases. 


a 
Of «2 
ah sin~ 6 d@ 
n/2 
32/ — sin2(20)do 
J, sin?20) 


Qn 
1 — cin Q)2 
tf (1 — sin@)2d0 
a/2 


(2 — 3 sin @)*do 
sin! (2/3) 


a a) 
f (1—2cos 0)?d0— f (1 —2cos 6)2d0 
0 0 


al3 al2 
af do+i6f . (cos*o\i 


on 


203. = 


205. 


207. 


209. 


211. 
213. 


215. 


217. 


219. 
221. 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


18” — 273 
2 


Han — 3/3) 


4x = 3/3) 
2a —4 


2n 
j. V1 + sin 0)? + cos2d0 
1 
0 
2 do 
Bes 


32 


Answer Key 


Answer Key 


223. 
225. 


227. 4. 


229. 


231. 


233. 


235. 


237. 
239. 
241. 


243. 


245. 
247. 


249. 
251. 
253. 
255. 
257. 
259. 
261. 


263. 


265. 


267, ~__—_ 


269. 


271. 


273. 


275, }— = A 


277. 


279. 


281. 
283. 


2 a 
G =) ois asl ee 
A=al¥ =Fand5/ (1 +2sind cos dad = 5 
a 
C = 2a(3)=32and | 3d0 = 32 
(5) i 


a 
C = 2n(5) = 102 and [ 10d0 = 10x 


dy _ f'(@)sin@ + f(A) cosd 
dxf’ (@cos0— f(6)sin@ 


The slope is F 
The slope is 0. 
At (4, 0), the slope is undefined. At (-4. x) the slope is 0. 


The slope is undefined at d= i 
Slope = -1. 

is =2 
Slope is +. 
Calculator answer: —0.836. 
Horizontal tangent at (+12, 2) (+12, = 2) 


F a Tx iin F a 5n 
Horizontal tangents at ” 6’ 6° Vertical tangents at 6 6 


N 
NWN 


ba 


Sx 
alt 

2 

No 
7r— 
& 
+ 
i) 
— 

No 


e=1, parabola 


_— 


e= ellipse 


e = 3, hyperbola 


and also at the pole (0, 0). 


811 


812 


4 


285. 7 = 5+cos0é 


= 4 
287.7 = 7 +2sin0 
289. 


291. 


+ + + + eal 
—20 -15 -10 -5 5x 


293. 


8 10 12 14 


295. 
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297. 


299. 


301. 


813 


814 Answer Key 


“NS 


303. 


305. 


307. Hyperbola 
309. Ellipse 
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311. Ellipse 
313. At the point 2.25 feet above the vertex. 
315. 0.5625 feet 


317. Length is 96 feet and height is approximately 26.53 feet. 


ook D616 
319. "= 750.995 cosO 
be 5.192 


1+ 0.0484 cos @ 
Review Exercises 


323. True. 
325. False. Imagine y=t+1, x=-t+4+1. 


327. 


-4 -3 -2 -1 9% 1 2 3 4* 


2 
x —~])= 
16 t 0 1) 1 
331. 


815 


816 


Symmetric about polar axis 
a, 
sin? — cos? 


2 
333. 7 = 
335. 


—3+ 
_ 32,1 43) 
arg +Hox+ 2 
2. 
eg 
337. £ 
339. 9V10 


341. (y +5)? =-8x + 32 


343, Wt i Gao a4 
16 9 


345. e€= a ellipse 
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2 2 
347. — x 1, e=0.2447 


+——, = 
19.037 19.632 


817 


818 Answer Key 


This OpenStax book is available for free at http://cnx.org/content/col11965/1.2 


Index 


INDEX 
A 


absolute convergence, 500, 525 
absolute error, 320, 346 

air resistance, 408 

Airy’s equation, 588 

algebraic function, 264 
alternating series, 496, 525 
alternating series test, 498, 525 
angular coordinate, 642, 694 
annuities, 558 

annuity payments, 603 
aphelion, 63 

arc length, 169, 254 
Archimedean spiral, 654. 
Archimedes, 6 

area density, 184 

area under the curve, 17 
arithmetic sequence, 429, 525 
asymptotically semi-stable 
solution, 369, 422 
asymptotically stable solution, 
369, 422 

asymptotically unstable solution, 
369, 422 

autonomous differential 
equation, 381, 422 

average value of a function, 114 
average value of the function, 
40 


B 

bald eagle, 78 

binomial series, 581, 600 
bounded above, 440, 525 
bounded below, 440, 525 
bounded sequence, 440, 525 


C 

carbon dating, 239 

cardioid, 652, 694 

carrying capacity, 394, 422 
catenary, 250, 254 

center of mass, 202, 254 
centroid, 205, 254 
chambered nautilus, 606, 654 
change of variables, 82, 114 
cissoid of Diocles, 670 
comparison test, 485, 525 
compound interest, 234. 
computer algebra system 
(CAS), 346 

computer algebra systems 
(CAS), 311 

conditional convergence, 500, 
525 


conic section, 671, 694 
convergence of a series, 452, 
525 

convergent sequence, 432, 525 
coupon collector’s problem, 484 
cross-section, 134, 254 

curtate cycloid, 620 

cusp, 694 

cusps, 616 

cycloid, 615, 694 


D 

deceleration, 77 

definite integral, 27, 114 
density function, 183, 254 
differential equation, 352, 422 
direction field (slope field), 366, 
422 

directrix, 672, 694 
discriminant, 688, 694 

disease epidemics, 380 

disk method, 140, 254 
displacement, 32, 65 
divergence of a series, 452, 525 
divergence test, 471, 525 
divergent sequence, 432, 525 
doubling time, 236, 254 

drugs in the bloodstream, 391 
dummy variable, 7, 27 


E 

Earth’s orbit, 607 
eccentricity, 685, 694 

elliptic integral, 593 
epitrochoid, 624 

equilibrium solution, 368, 422 
Euler transform, 508 

Euler’s constant, 465 

Euler’s formula, 603 

Euler’s Method, 373, 422 
evaluation theorem, 53 

even function, 70 

explicit formula, 525 

explicit formulas, 428 
exponential decay, 237, 254. 
exponential growth, 232, 254 


FE 
faye, 40 

federal income tax, 78 
Fibonacci numbers, 445 
focal parameter, 686, 694 
focus, 672, 694 

Fresnel integrals, 598 
fruit flies, 98 


819 


frustum, 174, 254 
Fundamental Theorem of 
Calculus, 47 
fundamental theorem of 
calculus, 114 
Fundamental Theorem of 
Calculus, Part 1, 50 
fundamental theorem of 
calculus, part 1, 114 
Fundamental Theorem of 
Calculus, Part 2, 53 
fundamental theorem of 
calculus, part 2, 114 


G 

Gabriel’s Horn, 333 

general form, 674, 694 
general solution, 354 
general solution (or family of 
solutions), 422 

geometric sequence, 429, 525 
geometric series, 456, 525 
golden ratio, 445 

Gompertz equation, 406 
growth of bacteria, 97 
growth rate, 393, 422 


H 

half-life, 239, 254 

hanging cables, 250 

harmonic series, 454, 525 
Hooke’s law, 187, 254 

Hoover Dam, 196 

hydrostatic pressure, 193, 254 
hypocycloid, 616 


I 

iceboat, 69 

improper integral, 330, 346 
indefinite integrals, 267 
index, 6 

index variable, 428, 526 
infinite sequence, 428 

infinite series, 452, 526 

initial population, 393, 422 
initial value, 355 

initial value(s), 422 

initial velocity, 359, 422 
initial-value problem, 355, 422 
integrable function, 27, 114 
integral test, 472, 526 
integrand, 27, 114 

integrating factor, 411, 422 
integration by parts, 262, 346 
integration by substitution, 82, 
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114 

integration table, 346 
integration tables, 311 
interval of convergence, 534, 
600 


J 
joule, 186 


K 
Koch’s snowflake, 459 


L 

lamina, 205, 254 

Laplace transform, 341, 344 
left-endpoint approximation, 11, 
114 

Leibniz, 27 

limagon, 652, 694 

limit comparison test, 489, 526 
limit of a sequence, 526 

limit of the sequence, 432 
limits of integration, 27, 114 
linear, 409, 422 

logarithmic function, 264 
logistic differential equation, 
394, 422 

lower sum, 18, 114 


M 

Maclaurin polynomial, 600 
Maclaurin polynomials, 563 
Maclaurin series, 562, 600 
major axis, 677, 694 

Mean Value Theorem for 
Integrals, 47 

mean value theorem for 
integrals, 114 

method of cylindrical shells, 254 
method of cylindrical shells., 
156 

method of equating coefficients, 
300 

method of exhaustion, 6 
method of strategic substitution, 
300 

midpoint rule, 316, 346 

minor axis, 677, 694 

moment, 202, 254 

monotone sequence, 441, 526 


N 
nappe, 694 
nappes, 671 


net change theorem, 65, 114 
net signed area, 31, 114 
Newton, 47 


Newton's law of cooling, 237, 
387 

Newton’s second law of motion, 
358 

nonelementary integral, 590, 
600 

numerical integration, 316, 346 


O 

odd function, 70 

order of a differential equation, 
353, 422 

orientation, 608, 694 


P 

p-series, 477, 526 

parameter, 607, 694 
parameterization of a curve, 
614, 694 

parametric curve, 608, 694 
parametric equations, 607, 694 
partial fraction decomposition, 
298, 346 

partial sum, 452, 526 
particular solution, 355, 422 
partition, 10, 114 

pascals, 193 

Pascal's principle, 193 
perihelion, 63 

phase line, 394, 422 

polar axis, 645, 694 

polar coordinate system, 642, 
694 

polar equation, 694 

polar equations, 650 

pole, 645, 694 

Population growth, 232 

power reduction formula, 346 
power reduction formulas, 281 
power series, 532, 600 
power-reducing identities, 274 
present value, 549 
price—demand function, 95 
probability, 333 

probability density function, 345 
prolate cycloid, 621 


R 

radial coordinate, 642, 695 
radial density, 184 

radius of convergence, 534, 600 
Ramanujan, 520 

rate of change, 65 

ratio test, 509, 526 

rational functions, 298 

RC circuit, 417 

recurrence relation, 428, 428, 
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526 

regular partition, 10, 114 
relative error, 320, 346 
remainder estimate, 479, 526 
Riemann sum, 17 

riemann sum, 114 

Riemann sums, 316 
right-endpoint approximation, 
11, 114 

root test, 512, 527 

rose, 652, 695 


Ss 

separable differential equation, 
381, 422 

separation of variables, 381, 
422 

sequence, 527 

Sierpinski triangle, 469 
sigma notation, 6, 114 
simple interest, 234 
Simpson’s rule, 322, 346 
skydiver, 58 

slicing method, 136, 254 
smooth, 169 

solid of revolution, 137, 254 
solution concentrations, 385 
solution curve, 367, 422 
solution to a differential 
equation, 352, 422 
space-filling curve, 653, 695 
space-filling curves, 616 
spring constant, 187 
standard form, 409, 423, 673, 
695 

step size, 372, 423 
summation notation, 6 

sums and powers of integers, 8 
Surface area, 173 

surface area, 255 

symmetry, 655 

symmetry principle, 205, 255 


T 
Taylor polynomials, 562, 600 
Taylor series, 562, 600 

Taylor’s theorem with 
remainder, 568, 600 
telescoping series, 463, 527 
term, 428, 527 

term-by-term differentiation of a 
power series, 552, 600 
term-by-term integration of a 
power series, 552, 600 
theorem of Pappus for volume, 
214, 255 
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threshold population, 404, 423 
total area, 34, 114 

Tour de France, 75 

traffic accidents, 333 
trapezoidal rule, 318 
trigonometric integral, 346 
trigonometric integrals, 273 
trigonometric substitution, 285, 
346 


U 
unbounded sequence, 440, 527 
upper sum, 18, 114 


V 

variable of integration, 27, 114 
velocity, 65 

vertex, 672, 695 

von Bertalanffy growth, 469 


Ww 

washer method, 146, 255 
wingsuits, 59 

witch of Agnesi, 618 
work, 187, 255 
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